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A star of the 5 + 21p type produced by a primary particle of ~ 10!" ev was investigated. The 
measured angular distribution of the secondary shower particles exhibits two maxima. The 
event was interpreted as a peripheral coilision of two nucleons. The ratio of the number of 
neutral m mesons to the total number of charged shower particles was found to be of the 
order of 0.4. A secondary interaction of the 0 + 6p type, which is probably due to a single 
m-N collision in a peripheral collision of nucleons, was detected. 


A star of the 5+ 21p type has been found ina 

' stack of Ilford G-5 nuclear emulsions, irradiated 
in Italy at an altitude of 25 —30 km. The particles 
of the narrow cone are contained within a half- 
angle of 0.017 radians, while the half-angle of the 
wide cone is equal to 0.62 radians. 


1. DETERMINATION OF THE PRIMARY PAR- 
TICLE ENERGY. ANGULAR DISTRIBUTION 
OF SHOWER PARTICLES. 


| The angles were measured using a MBI-8M 

_ microscope with total magnification of 1800. 

_ Angles smaller than 2° were measured by the 
coordinate method! while a goniometer was used 
for larger ones. One of the particles, apparently 
belonging to the shower, was emitted backwards 
in the laboratory system (very unfortunate geom- 
etry). In the following discussion, this particle 
has not been taken into account. 

The energy of the primary particle Ey) was de- 
termined, first assuming a nucleon-nucleon, then 


a tunnel-effect interaction. Under the first assump- 


tion, the energy was determined by two methods: 
1) the half-angle method? and 2) the Castagnoli 
method.® The following results were obtained: 


N - N collision 
Method 1 
Method2 7,=21.0735; 


Ey = 7.5x1011 ev 
Ey = (8.3 +3:2)x104 ev 


Tunnel-effect collision (1 = 8.2) 


Eg = (1.82 )-8p1012 ev. 


In the above, Yq is the Lorentz factor of the 
center-of-mass system of the colliding nucleons 
with respect to the laboratory system (l.s.), and 
1 is the length of the nuclear tunnel (in terms of 
the number of nucleons). 

The histogram of the differential angular distri- 
bution in the l.s. is shown in Fig. 1. The figure 
also shows the Landau curve‘ (curve 1) for a sym- 
metrical distribution in c.m.s., the Heisenberg 
curves? for an isotropic (curve 2) and anisotropic 
(curve 3) distribution in c.m.s. for a head-on N-N 
collision, and the Landau curve for a tunnel-effect 
collision (curve 4). The probability that the shower 
is symmetric was determined by the x? method. 

It has been found that P(y?) = 92%. The probabil- 
ity of a good fit between the histogram of the ex- 
perimental distribution and the Landau distribution 
amounts to 1%; with a Heisenberg distribution (as- 
suming an anisotropic distribution) it amounts to 
2%. From the theories of Landau and Heisenberg, 


228 


Ons” 


i 
98 7, dintané 


fh Bao) a4 =O hoe eo) 0 
Intan@ 


FIG. 1. Histogram of the differential angular distribution in 
the laboratory system. 


one expects the maximum number of particles in 
the angle range of 1 — 9° in the |.s. for the investi- 
gated event. The distribution obtained indicates, 
however, a marked deficiency of particles in this 
range, which in c.m.s. corresponds to the vicinity 
of the angle 7/2. 

According to Lindern,® in the coordinate system 


X =log(y, tan 9), y = AN | dlog(y, tan 6) 


(@ represents the angles in 1.s.) the differential 
angular distribution can be approximated by a 
Gaussian curve with o = 0.36 for an isotropic and 
o = 0.70 for an anisotropic Heisenberg distribution. 
The angular distribution of the event investigated 

is shown in such coordinates in Fig. 2. The curve 
represents a Gaussian curve corresponding to the 
experimental data for 0 = 0.9. As could be expected 
from the angular distribution in the l.s., the distri- 
bution is characterized by the presence of two max- 
ima. A similar angular distribution is expected for 
a peripheral collision of two nucleons in the case 
where they are similarly excited’’® (a double 1-N 
collision). 
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FIG. 2. Differen- 
tial angular distribu- 
tion in the c.m.s. 
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From the energy conservation law, one can de- 
termine the Lorentz y factor of the excited nucle- 
ons in the c.m.s. 

ee (1) 


where Ej is the nucleon energy in the c.m.s., E* 
= 2vVeEj is the energy of the excited nucleon in its 
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proper system, and ¢ is the m-meson energy. For 
an average value €=0.5uye, we have y=1.8. If 
the excitation energy E* is known (in our case, it 
is equal to 11.5M, where M is the rest mass of 
the nucleon), one can determine the expected num- 
ber of shower particles ng and the number of par- 
ticles ng emitted by each of the excited nucleons.? 
It was found that ng =ng = 7. 

To compare the theories with experiment, ng, 
ng, and y have also been determined from an 
analysis of the experimental data. For a first ap- 
proximation, the symmetry between the two nucle- 
ons in the c.m.s. makes it possible to put ng =ng. 
However, for a small number of secondary particles, 
large fluctuations may be expected, and thus the 
values of ng and ng have been estimated by plot- 
ting the integral distribution curve in the c.m.s. 
(see Fig. 3. The quantity F indicated in the 
figure represents the ratio of the particles with 
angles smaller than @ to the total number of sec- 
ondary shower particles.) From this curve, the 
values ng =9 and ng =11 have been obtained. 
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FIG. 3. Integral angular distribution in the c.m.s. 


The straight lines 1 and 2 in Fig. 3 correspond to 
isotropic and anisotropic distributions. It can be 
seen that the angular distribution in the event in- 
vestigated cannot be approximated by any straight 
line, which again indicates a deficiency of particles 
near the angle 7/2. 

For a determination of y, measurements were 
made separately for the particles ng and ng. It 
was found that 


%=( (1+ te) /V ive = 3.0, (2) 


where y; and y, are the Lorentz factors in l.s. of 
the first and second excited nuclei respectively, de- 
termined according to reference 3. 

The integral angular distribution of shower par- 
ticles is shown in Fig. 4 separately for each emit- 
ting nucleon. The experimental points lie on a 
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FIG. 4. Integral angular distribution of particles emitted: 
a — by the first nucleon, b — by the second nucleon. 


straight line with slope equal to two, corresponding 
to an isotropical distribution. 


2. THE SOFT COMPONENT 


For a study of the soft components accompany- 
ing the shower, the cone with an opening angle of 
0.06 rad was scanned for about 4 cm from the 
shower origin. Ten pairs have been detected. The 
criterion established in reference 10 was used for 
distinguishing the “associated” and bremsstrahlung 
pairs. According to this criterion, four “associ- 
ated” pairs have been detected. The energy of 
these pairs was determined from the opening angle 
according to reference 11: 


2 
4me lo (2 


where @ is the pair opening angle and mc? is the 
rest energy of the electron. For two pairs, it was 


also possible to determine the energy from the rela- 


tive scattering (see Table). 
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For a known number of electron-positron pairs, 
one can determine the expected numbers of n> me- 
sons.!° (For nm mesons in the energy under con- 
sideration, the decay mean free path is p = 33yu.) 
The value N(m°) =3 (for the narrow cone) has 
been obtained, which yields a value of the order of 
0.4 for the ratio of the number of neutral a mesons 
to the total number of charged particles in the nar- 
row cone. 

The resulting mean energy of 7 


narrow cone is 


Ea= (7.3 ia Bev- by the opening-angle method 


9 mesons of the 


E,»=(7.3 + 1.0) Bev-by the relative scattering method. 
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The energies of six particles in the narrow cone 
were also determined by the relative-scattering 
method. The average was ~4 Bev. This value is 
of the same order of magnitude as the 7’ -meson 
energy. However, for the transverse momentum, 
Pp,» One obtains a considerably lower value as com- 
pared with the one generally accepted. The disa- 
greement is possibly due to errors in the measure- 
ment of secondary-particle energy in connection 
with the unfortunate geometry. 


3. THE SECONDARY INTERACTION 


In the scanning, a secondary interaction of the 
type 0+6p was found at a distance of 3.5 cm from 
the first star. This interaction was produced by 
one of the particles of the narrow cone. The event 
is characterized by a narrow particle jet with a 
half-angle of two degrees. Strong collimation of 
the jet particles and their small number indicates 
the possibility of interpreting this case as a periph- 
eral collision of two nucleons, in which only the in- 
cident nucleon was excited (a single 1-N collision) .® 

Since, in such a collision, the shower-particle 
distribution will be symmetrical not in c.m.s. but 
in the system of the excited nucleons, the angular 
distribution in the l.s. yields not yg but y‘, which 
is the Lorentz factor of the excited nucleons in the 
l.s. We have found that 


yo sel 927. ee, by the Castagnoli method 


In order to determine the energy of the primary 
nucleon in the l.s., it is necessary to find E*, the 
excitation energy of the nucleon in its own system. 
E* can be determined from curves presented in 
reference 9 for a known number of shower par- 
ticles emitted by the excited nucleon. The excita- 
tion energy determined in such a way is equal to 
E* =8M. The energy in the l.s. is 

2 p08 
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To strengthen the validity of the above interpre- 
tation, the event was tested for a possible N-N col- 
lision. For this purpose, assuming the p, of the 
particle that produced the secondary star to be 
equal to the generally accepted average value of 
0.5 Bev/c, its energy in the l.s. was estimated, 
and it was found that Ey ~ 101 ey. This energy 
value leads to ye ~ 7. This is in sharp disagree- 
ment with the value yg ~ 20 determined from the 
angular distribution of shower particles in the Ls., 
which should not occur in a head-on N-N 
collision. 
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4, DISCUSSION OF EXPERIMENTAL RESULTS 


The investigated event has been analyzed assum- 
ing a head-on collision of two nucleons and a colli- 
sion of a nucleon with a tunnel of nuclear matter. 
However, the angular distribution obtained strongly 
contradicts the predictions of the theories of Lan- 
dau and Heisenberg for such collisions. A similar 
angular distribution with two maxima can be ex- 
pected in a peripheral collision of two nucleons 
where both nucleons are excited. In addition, since 
the probability of a symmetrical distribution for 
the investigated shower P(x) = 92%, one should 
assume that they have an equal degree of excitation. 
An estimate of the energy of the primary particle 
by methods presented in references 2 and 3 re- 
mains valid, as these methods are correct for all 
symmetrical stars. 

The angular distribution constructed separately 
for the particles emitted by each excited nucleon 
is almost isotropic, which, in the energy range 
under consideration, does not contradict the data 
presented in the literature!*-* or the analysis 
carried out above. 

The large number of heavily ionizing tracks Np 
can be explained by a mechanism similar to that 
described in reference 15, namely by an excitation 
of a nucleus in the interaction of any m7 meson of 
the incident nucleon with the nuclear matter in the 
tunnel (which is possible for b ~ f/uc). To this 
assumed interaction, one can also ascribe the 
2—3 particles having the largest angles in the l.s. 
The symmetry of the shower then becomes more 
complete. 

The experimental values ng and ng, within 
the limits of possible fluctuations, do not contra- 
dict the theoretical predictions, nor are the latter 
contradicted by the experimental value of y. 

Thus, the investigated event can be interpreted 
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as a peripheral collision of a nucleon with a pe- 
ripheric nucleon of the emulsion nucleus. 

The secondary interaction in all probability 
represents a single 1-N collision ina peripheral 
collision of two nucleons. 

The authors are deeply indebted to D. 8. Cher- 
navskil for discussion of the results and helpful 
advice. 
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Results of an investigation of the transition effect of stars produced in lead and graphite ab- 
sorbers at an altitude of 3100m above sea level are presented. Photographic emulsions were 
used in the experiments. The effect amounts to 30% and 10% in lead and in graphite, respec- 
tively. A hypothesis is proposed concerning the properties of the particles producing the 


effects. 


( Sewianaenee results have been obtained by 
various authors in the study of the transition effect 
of the stars in dense absorbers. It has been shown! 
that the reason for this might lie in the low effi- 
ciency of a single scanning, and in the small depth 
at which the maximum of the transition curve oc- 
curs. It would therefore be of interest to set up an 
experiment which would enable us to carry out these 
measurements more accurately. For this purpose, 
the transition effect of stars in lead and graphite 
absorbers has been measured on Mount Terskol 
(3100m above sea level). The experimental ar- 
rangement was placed in a wooden hut with dimen- 
sions 1.6 x 2.8m, and having walls and roof of 1 
cm thickness. The hut was set up on an open pla- 
teau. (A single-story building was also situated 
on the same plateau at a distance of 100m from 
the hut.) 

Emulsion layers of the type NIKFI-BR-400, 
5 em in diameter, were used in the experiments. 


_ The emulsion layer was wrapped in black paper 


and placed in a rubber case (thickness 107? g/cm’). 
A getinax (paper-laminated bakelite) plate 6 cm 

in diameter and of 1 mm thickness was placed 
under the emulsion layer to prevent curling. 

Stars with a number of prongs = 3 were se- 
lected. To increase the efficiency of scanning, 
each layer was scanned three times, since, as has 
been mentioned in reference 1, the observed value of 
the effect is decreased, owing to the low scanning 
efficiency. All values of the relative number of 
stars that are presented correspond to the same 
weight of undeveloped emulsion layer. 

The experimental arrangement with the lead 
absorber (Fig. 1) consisted of nine layers of lead 
placed one above the other. The dimensions of 
each layer were 40 x 60 cm. A frame 40 x 60 cm, 
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FIG. 1. Diagram of the experimental arrangement for meas- 
urements with lead absorber. The numbers on the right denote 
the thickness of the lead layers in mm. 
made of a 25 X 25 mm Steel angle 3 mm in thick- 
ness, was placed under each lead layer. To prevent 
the buckling of the lead layers, two duraluminum 
angles 15 x 15 mm, 1.5 mm thick, were placed on 
the frame in two places. Each was placed 15 cm 
from the edge of the longer side of the frame. The 
position and thickness of the layers are shown in 
Fig. 1. Instead of additional duraluminum angles, 
25 x 25 mm Steel angles were placed under the lay- 
ers of 25 mm and 42 mm thickness, which consisted 
of separate lead bars. Above these, 1.5 mm thick 
getinax plates were placed. The remaining lead 
layers were solid, and were placed on the frames 
directly. On top of the array and below each lead 
layer, a single emulsion layer was placed horizon- 
tally in the center. 

Results of the scanning are shown in Fig. 2. It 
can be seen that the intensity curve of the stars 
attains a maximum at the depth of 5—6 mm of 
lead. The value of the transition effect is 30%. At 
the depth of the order of 2.5 —3 cm of lead, the 
transition effect almost completely disappears, and 
the slope of the curve beyond this point corresponds 
to the absorption of the N component in lead. 
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Relative number of stars 


98 


Depth, cm Pb 
FIG. 2. Variation of the number of stars with the thickness 
of the lead absorber. Solid curve — the observed number of 
stars, according to Eq. (1). Dashed curve — the number of stars 
produced by the N component. 


The existence of a transition effect of stars in 
graphite? indicates that the photon component is 
not the cause of the transition effect of stars. In 
the experiments of Rossle and Schopper, the value 
of this effect in graphite was calculated by subtract- 
ing from the total number of stars those which were 
produced by the N component. The latter were 
obtained by calculation. The purpose of our ex- 
periment with the graphite absorber was the meas- 
urement at each depth both of the total number of 
stars and the number of stars produced by the N 
component. 
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FIG. 3. Schematic diagram of the experimental arrangement 
with the graphite absorber. 

The array consisted of four graphite blocks 
(Fig. 3), the dimensions of each being 60 x 60 cm. 
The blocks were placed one above the other, and 
were supported by steel frames held in a steel 
shell. A 25 x 25 mm steel angle was used. 

Under each graphite block and in its center, two 
emulsions were placed horizontally. One of these 
was shielded from above by a 3 cm lead plate of 
15 x 15 cm size. In order to decrease the shield- 
ing by the lead plates above the higher-placed 
emulsions, the lower-placed emulsions were 
turned with respect to the upper emulsions by 90°. 
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From the experimental data it follows that, at a 
depth of 3 cm of lead, the transition effect of the 
stars almost completely disappears, and the 
shielded emulsion recorded, therefore, only those 
stars produced by the N components at a given 
depth. The difference between the number of stars 
recorded in the unshielded layers, taking the ab- 
sorption of the N component in 3 cm of lead into 
account, gives directly the number of stars of the 
transition effect. 
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FIG. 4. Variation of the number of stars with the thickness 
of the graphite absorber. @ — number of stars under graphite 
absorber (curve 1), O — number of stars under the lead plate, 
xX — number of stars under graphite absorber obtained by count- 
ing the number of stars detected under the lead plates (curve 
2). In calculating this curve, the geometry of the arrangement 
has been taken into account. 


The results of the experiment are shown in 
Fig. 4. From the figure, it can be seen that the 
intensity of stars under the graphite absorber 
(curve 1) is greater than the intensity of stars 
produced by the N component (curve 2). It is 
thus evident that there exists atransition effect of 
stars in graphite. Its value is 10 —15%. From 
the existence of the transition effect of stars in 
graphite it follows that the star-producing par- 
ticles of this effect are unstable. The presence 
of a maximum in the intensity curve of stars in 
lead indicates that these particles are produced 
in the absorber and, consequently, are secondary 
ones. According to Réssle and Schopper,’ they 
are neutral. It has been shown earlier by the 
authors® that the “primary ” particle incident 
on the absorber and responsible for the pro- 
duction of “secondary” particles cannot be 
charged. 

In order to obtain a good agreement with the 
experimental data, it is necessary to assume that 
the mean free path for the production of “second- 
ary” particles by the “primary” ones is approxi- 
mately equal to the mean free path for star pro- 
duction by “secondary” particles. If, for simplic- 
ity, we consider a one-dimensional picture, we 
obtain the following expression for the intensity 
of stars at various depths in lead: 
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Aexp(— =) B= exp ( a) (1) 


(solid curve in Fig. 2). The first term gives the 
intensity of stars produced by the N component 
(dashed curve in Fig. 2), while the second term 


gives the intensity of stars of the transition effect 

(difference between the solid and the dashed curve). 
From our experimental data, we obtain: A ~ ies 

Br 0.8, X= 0.5 cm, and L = 33.5 em. The value 


A is markedly smaller than the mean free path 
corresponding to the geometrical cross section 
for nuclear interactions. No known particle pos - 
sesses such a small mean free path for star pro- 
duction. Knowing A, B, A, and L we can de- 
termine the intensity of the “primary” particles. 
This was found to be of the order of 4% of the in- 


tensity of the star-producing component at the ob- 


servation altitude. 
The expression (1) has been obtained under the 


assumption that the “primary” particles fall on the 


absorber from the air. This corresponds to the 


steep slope of the star-intensity curve after it has 


passed through its maximum in lead, indicating 
that the production of “primary” particles in lead 
is insignificant as compared with air. 


From an analysis of experimental data at other 


altitudes,‘ it follows that these particles are in 
equilibrium with the N component. In view of 


the fact that the atomic weights of air and graphite 
_ are approximately equal, one can expect that the N 


component will also produce “primary” particles 


in graphite. To check this, a graphite array simi- 


lar to the one described above was surrounded 
from all sides, except on the bottom, by a 4 cm 
lead layer. This lead layer shielded the side of 
the array from the air, both from “primary” and 
“secondary” particles. The diagram of the posi- 
tion of the experimental arrays in the wooden hut 
is given in Fig. 5. 
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FIG. 5. Schematic diagram of the position of the experi- 
mental arrays. 


The experiments were carried out in two series. 


First, the arrays with plane lead absorbers and 


with a graphite absorber shielded by lead were si- 


multaneously exposed. Then, the graphite array 


took the place of the lead-shielded graphite array. 


The time of exposure of each series amounted to 
about two months. The results of the experiments 
are shown in Fig. 6. 


Relative number of stars 


Depth, cm C 
FIG. 6. Variation of the number of stars with the thickness 
of the graphite absorber in the experiment with the graphite 
absorber shielded by lead. Notation as in Fig. 4. 


The existence of the transition effect in the de- 
scribed array confirms that the particles respon- 
sible for this effect are also produced in graphite. 
Thus, in graphite not shielded by lead, one should 
observe a total transition effect from “primary” 
particles produced both in air and in graphite. As 
a result, the slope of the intensity curve beyond 
the maximum should correspond to the absorption 
of the N component in graphite. As can be seen 
from Fig. 4, the experimental data up to the depth 
of 32 cm of graphite do not contradict our conclu- 
sions. 

It should be mentioned that the production of 
“secondary” particles, as a result of a spontane- 
ous decay of the “primary” ones, is excluded. In 
fact, in such a case the mean free path of the 
“primary” particles for the production of the 
“secondary” ones should be equal to ~ 0.5 cm. 
Consequently, the transition effect in lead can be 
produced only by those “primary” particles which 
were produced in the 0.5 cm of air directly above 
the lead array. By calculating the number of in- 
teractions of the N components with the air nu- 
clei in this layer of air we find that for each such 
interaction there are 10° stars of the transition 
effect with => 3 prongs. Since one three-prong 
star has, on the average, an energy of 150-Mev, 
then the energy lost in a single act of interaction 
by one particle of the N component to the pro- 
duction of the “primary” particles should be 
greater than 150 Bev, which contradicts well- 
known data. 

It should be concluded that the “secondary” 
particles are produced as a result of the interac- 
tion of the “primary” particles with nuclei. The 
energy transferred to the nucleus should, more- 
over, be insufficient for the production of a vis- 
ible star. Such a picture does not contradict the 
energy which is available in the star-producing 
component of cosmic rays. 
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A method is described for studying the energy spectra of scattered and sputtered ions pro- 
duced in the bombardment of metals by positive ions. The energy spectra of the Cs*t, Mo’*, 
and Ta* ions obtained by bombarding molybdenum and tantalum targets (T ~ 1600 —1800°K) 
with Cs* ions with energies U = 900 —2150 ev have been investigated. The sputtering and 
scattering components have been separated from the secondary-emission ion spectra which 
have been described earlier; the result is a considerable reduction in the limiting energy in 
the spectrum of Cs* scattered on molybdenum. The width of the energy spectrum for the 
sputtered ions is found to be 30 —35 ev for Mo* and 35 —50 ev for Ta*; these values are 
much higher than the value of 5 ev which is quoted in the literature. These results indicate 
that the probability of ionization of a sputtered atom which escapes from the surface increases 


as its energy increases. 


‘Tae energy distributions of scattered secondary 
ions which arise in the bombardment of surfaces 
by accelerated positive ions have been studied by 
many authors.!~4 However, the energy distribu- 
tions of the ions which are emitted in cathode sput- 
tering of surfaces have not been investigated to any 
great extent, although this process has been studied 
recently by a number of workers.*~° This situation 
is a result of the difficulty of the required experi- 
mental techniques and the fact that a mass-spec- 
troscopic analysis is needed. Honig’ has studied 
the energy distributions of Ge* and Na* ions 
ejected from the surface of a non-degassed single 
germanium crystal and reports that at primary-ion 
energies of U = 100 —400 ev the maximum in the 
distribution occurs at anenergy of the order of 2 ev, 
although there is a considerable number of ions 
with energies of the order of 10 —12 ev. Bradley® 
has estimated the width of the energy distribution 
for Mo* ions sputtered from a molybdenum surface 
from the shape of the Mo* peak of a mass spec-. 
trometer measurement and reports a value of the 
order of 5 ev (U ~ 500 ev). This author concludes 
that the ionization probability is higher for slower 
sputtered atoms. 

In the work described by Honig" and Bradley® 
there is no indication that account has been taken 
of the variation in transmission of the mass spec- 
trometer with changing initial ion energy; this ef- 
fect can lead to appreciable distortion of the ion 
energy distribution (the main distortion is an ex- 
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aggeration of the number of high-energy ions). An 
analysis of the operation of the instruments in ques- 
tion indicates that this distortion effect is more im- 
portant inthe work reported by Bradley thanin that 
reported by Honig. Thus, at the present time there 
are no reliable data on the energy distributions of 
the ions produced in cathode sputtering. This prob- 
lem is of interest from the point of view of obtain- 
ing information concerning the energy distributions 
of neutral particles produced in cathode sputtering 
as well as accumulating information on the nature 
of electron exchange in the interaction of a slowly 
moving atom with the surface of a material (ef- 
fects which are probably different for metals and 
semi-conductors). There are also certain contra- 
dictions in the data on scattering of ions from me- 
tallic surfaces. 

In the present work we describe an investigation 
of the energy spectra of different ion-emission com- 
ponents, carried out by means of a method which is 
free from the shortcomings indicated above; results 
are reported on the energy distributions of sput- 
tered and scattered ions produced in the bombard- 
ment of molybdenum and tantalum surfaces by Cs* 
ions. 


1. APPARATUS AND METHOD 


The complexity of the isotopic spectra of certain 
ions and the relatively low resolution of the mass 
spectrometer at our disposal made it impossible 
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to carry out an analysis of the energy spectra with 
the required resolution (several electron volts ) 
by direct examination of the shapes of ion peaks 

in the mass spectrometer. Hence, in addition to 
separating the secondary emission products by 
the mass spectrometer we also used an electro- 
static retarding field. Appropriate tests have 
shown that because of scattering of the secondary 
ions in the mass spectrometer tube the application 
of a retarding field at the output of the mass ana- 
lyzer causes a considerable distortion of the dis- 
tribution curves. For this reason the retarding 
field was applied in the region in which the primary- 
ion target T is located (Fig. 1). 
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FIG. 1. Diagram of the apparatus: S — primary-ion source, 
S—R—D — ion gun, C,, C,, C, — deflection capacitors, T —tar- 
get, K — cylinder of the energy analyzer, P — accelerating cyl- 
inder, M — mass-spectrometer tube, H — collector for ‘‘straight- 
through”? ions, E — shield, W — traverse, S, — screen. 


The Cs* ions obtained from the thermo-ionic 
source S are accelerated by a voltage applied 
between S and the nickel electrode D which has 
two longitudinal slits; these define a beam of cross 
section 0.4 x5 mm. The width of the beam is es- 
timated from the voltage applied to capacitor Cy, 
used for transverse deflection of the primary ions 
and to aim the primary beam on the target (a cyl- 
inder 1 mm in diameter made of molybdenum or 
tantalum foil 0.015 —0.030 mm thick). The cur- 
rent density of the primary beam at the target was 
1—6x10°§ amp/cm?. This part of the apparatus 
and its operation have already been described by 
us in detail in reference 6. The ring R, which is 
at a positive potential with respect to S, serves 
to focus the primary Cs* ions. The traversing 
device W, which serves as a current feed for one 
of the ends of the target, is surrounded by a nickel 
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shield E. The cylinders K and P, which are 
shown in two projections in the figure, each have 
three slits which are covered by brass wire mesh 
with a transmission of 85% and a spacing a = 0.25 
mm. The mesh is made by dipping low-transpar- 
ency mesh in a 30% solution of HNO;. The pres- 
ence of these wire-mesh screens and the face 
shields on cylinder K (diameter 25 mm) pre- 
vents the penetration of the external electrostatic 
field into the space between T and K, in which 
the secondary ions are slowed down by the retard- 
ing voltage Vy. A voltage Vy is applied between 
cylinders K and P; this voltage provides prelimi- 
nary acceleration of the secondary ions which 
move toward the mass spectrometer. The total 
secondary-ion voltage which is applied between 
the cylinder K and the mass spectrometer tube 

M is 1250 v. 

Depending on their energies, the secondary ions 
which leave cylinder K have different probabilities 
y(W) of passing through the mass spectrometer. 
The energy distribution of the secondary ions f(W), 
the mass-spectrometer output current i, and the 
function @g are related by the expression 


i(Vo)=e \ F(W)¢ (W —ev,) aW 
evo 

which is an integral equation with kernel y(W-—eVj)). 
In the method used here an approximate form of the 
function g(W) is found experimentally by plotting 
the dependence of the current due tothe ions, which 
are produced by surface ionization onan incandescent 
target and reachthe mass spectrometer detector, as 
a function of the voltage that accelerates these ions 
(between T and K). These ions can be obtained 
by letting a stream of neutral particles (formed 
when the ion source S is operated with no voltage 
between S and D) strike the incandescent target. 
It has been found subsequently (cf. below and ref- 
erence 3) that at a primary-ion energy U = 2150 ev 
approximately 95% of the secondary Cs* ions 
formed at the incandescent target have energies 
close to thermal. It is thus possible to obtain the 
curves under conditions which are similar to the 
operating conditions (only the sign of Vy is dif- 
ferent). The values of g(W) obtained in both 
cases are found to be in good agreement. All the 
y(W) curves used for solving Eq. (1) have been 
obtained by the second method since it has certain 
advantages. 

The function g(W) is found to be strongly de- 
pendent on both the accuracy of the adjustment of 
the system with respect to the tube M and the 
voltage Vy; its form was therefore investigated 
in all cases in which these factors were changed. 


(1) 
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To illustrate the change in this function with 
changes in the voltage Vn, Fig. 2 shows two g(W) 
curves obtained with one of the molybdenum targets. 
These curves have been obtained by adjusting the 
TKP analyzer to achieve maximum current in the 
detector with minimum voltage applied to capaci- 
tor C,; nevertheless, the shape of the curves in- 
dicates that the “transmission” of the mass spec- 
trometer is quite different for ions of different 
energy. This result verifies the statement made 
in the introduction with regard to the errors which 
may have been introduced by Bradley.® 


20 4 40 80 100 1%20— 140 
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FIG. 2. The transmission of the mass spectrometer as a 
function of the initial energy of the ions for fixed adjustment 
and different values of eV,: curve 1 — 100 ev, curve 2 — 250ev. 


It should be noted that the conditions under 
which g(W) is obtained by the surface ionization 
method (acceleration voltage applied to electrode 
K) differ somewhat from the conditions under 
which the volt-ampere characteristics are obtained 
in actual practice (retarding voltage applied to K). 
Hence, in spite of the measures taken to achieve 
identical conditions for the ion motion in the region 
T-K in both cases (cylindrical electrode system, 
small width of the emitting portion of the target), 
the effective width of the secondary ion emitter 
can be somewhat greater than the actual width 
under operating conditions. The measured results 
can be distorted by this effect, especially when high 
retarding potentials are used. Thus, some experi- 
mental method for checking the results is required. 
A check of this kind can be made by measuring a 
spectrum twice with highly different g(W). In 
Fig. 3 we show two such spectra for Cs” ions 
scattered on molybdenum (U = 900 ev) obtained 
by differentiation of the volt-ampere characteris- 
tics plotted for different values of Vy (curves 1 
and 2, solid points). The hollow circles and tri- 
angles denote the results obtained from solutions 
of the integral equation (1) corresponding to curves 
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FIG. 3. Energy spectra for Cst ions scattered on molybde- 
num (U = 900 ev, T = 1800°K) obtained for different functions 
¢(W) and by solution of the integral equation (curve 3). Curves 
1 and 2 are obtained by differentiation of the corresponding 
volt-ampere characteristics. 


1 and 2. It follows from the figure that the results 
obtained by solution of the integral equation (1) with 
the experimentally determined values of the func- 
tion g(W) (cf. above) show considerably better 
agreement between themselves than the curves 
plotted by simple differentiation. Similar agree- 
ment of the curves is found in other cases which 
have been investigated (Cs* on molybdenum at 

U = 2150 ev with Vy as the variable, Mo* at U 

= 2150 ev with varying alignment of the system, 
etc.). The distribution functions obtained by using 
different g(W) can differ by a constant; hence, 
in comparing these functions it is necessary to 
normalize the area under the f(W) curve in each 
case. This has been done in plotting curves shown 
in Fig. 3. However, in an analysis of the energy 
distribution of the particles there is no need for 
such normalization and the results given below 
have been obtained without normalization. 

Knowing that there is a cylindrical field in the 
operating region T-K-P, we can estimate the vari- 
ation of the potential in the region of screen S, of 
electrode K using a modified Maxwell formula,? 
which applies for a system of equally spaced paral- 
lel wires: 


Vas i (Vn a BV.) In (1—2e?*/2 cos (2ry / a) alte e4tx/2) 
+ [V,>+ Vo, + Vn) ay] (1 + Bx), (2) 


where a =rk In(rp/rgK), B-'=rK nN (rK/rT), 
rT, rK, rp are the radii of cylinders T, K, and 

P respectively; y = —(a/27) In[2 sin mce/a], ¢ is 
the radius of the wire, a is the screen spacing, 

x is the radial coordinate, which is measured out- 
ward from cylinder K, and y is a coordinate which 
is measured from the center of some wire in the 
direction perpendicular to the x axis of the wire. 
An analysis of this formula shows that the minimum 


238 Vor: 


10 20 30 


departure of the potential from the potential Vz of 
a wire in the plane y =a/2 is 


AVimin = ay (Vo + Vn). (3) 


Under operating conditions Vy is —100 and 
—250 v, i.e., AVinin with V)=0 is respectively 
—0.8 and —2v. Actually, these figures should be 
reduced when account is taken of the fact that wire- 
mesh screens are used rather than parallel wires. 
If, to the quantities indicated above we add the po- 
tential drop along that part of the heated target 
which is bombarded by ions, AV” =0.5v (the 
electrical system has a provision for applying the 
voltage V,) between cylinder K and the center 
point of the target), we can determine the radial 
and angular components of the momentum in terms 
of energy without taking account of the contact po- 
tential, which is 1.8 v when Vn = 100 v and 2.5 Vv 
when Vn = 250 v. 

The pressure of the residual gas in the appa- 
ratus is measured with an ionization gauge, while 
the target temperature is measured with an optical 
pyrometer. Before operation, the glass chamber 
of the instrument is heated by gas while the target 
is annealed for a long period of time at T = 2300 
— 2500°K by passing current through it. Under 
these conditions cylinder K is heated to 900°K by 
radiation while the temperature of the walls in the 
operating portion of the glass chamber is approxi- 
mately 370°K. This outgassing procedure is con- 
tinued until repeated heating of the target is no 
longer accompanied by a noticeable pressure rise. 
In operation the system is evacuated by mercury 
diffusion pumps and liquid-oxygen traps. The 
pressure by adsorption at the target with the pri- 
mary ion source on was estimated by the flash 
method; this pressure is of the order of 5—8 
x 1078 mm Hg. An adsorption pressure of this 
order of magnitude has also been obtained by an- 
other method which we have used earlier.!! 
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FIG. 4. Retardation curves (a) and energy 
spectra (b) for Cs* ions scattered on a molyb- 
denum (T = 1800°K): curve 1 — U = 900 ev, 
curve 2 — U = 2150 ev. 
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The currents due to secondary ions are meas- 
ured by a vacuum-tube electrometer located at 
the output of the mass spectrometer; the sensitiv- 
ity of this instrument is 5 x 107!* amp/mm. 

The integral equation (1) can be easily reduced 
to the form 


, 1 [di (eV) , C ; ; 
HV =—s oy laeery + | Fe (= eV) a], C4) 
This equation is solved by numerical integration 
using an iteration method in which the first term 
on the right side of Eq. (4) is used as the zeroth 
approximation for f(W). 


2. EXPERIMENTAL RESULTS AND DISCUSSION 


The retardation curves for secondary Cs* ions 
obtained in the bombardment of molybdenum (Vy 
= 100 v) and tantalum (Vy = 250 v) targets by Cs* 
ions are shown in Figs. 4a and 5a respectively.* 
The distribution functions f(W) obtained from 
the retardation curves in Figs. 4a and 5a by means 
of Eq. (1) are shown in Figs. 4b and 5b. 

In all curves obtained at high target tempera- 
tures, an especially noteworthy feature is the sharp 
drop of f{(W) at W~1-—2 ev. This drop is prob- 
ably due to the presence of Cs* ions among the 
scattered ions; these ions are produced by surface 
ionization of the cesium atoms which diffuse from 
inside the material. These atoms, in turn, are 
formed from Cs* ions of the primary beam which 
penetrate into the volume of the target. This effect 
has been observed earlier.2 The energy width of 
this segment of the curve is found tobe inagreement 
with the estimate of the resolving power given above. 


*All these curves, as well as the curves in Figs. 6a and 7a 
(with the exception of curve 3 in Fig. 5a) are given in units of 
the current i, that corresponds to the curves for V, =O. In 
order to facilitate a comparison with curve 1 in the same figure, . 
curve 3 in Fig. 5a is given in units of the current i, for curve 1. 
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FIG. 5. Retardation curves (a) and energy 
spectra (b) for Cs* ions scattered on a tan- 
talum target: curve 1 — U = 900 ev, T=1600°K: 
curve 2 — U = 2150 ev, T = 1600°K; curve 
3 — U = 900 ev, T = 300°K. 


06 


20 40 &0 80) 100 120 


40 Wev 


The retardation curves for Mo* and Ta* ions 
ejected from molybdenum and tantalum targets 
are given in Figs. 6a and 7a respectively. 

A check on whether or not ions which enter the 
mass spectrometer come from the target is given 
by the presence of a clearly defined peak on the 
mass spectrogram; this peak vanishes when the 
primary beam is deflected from the target. The 
peaks corresponding to Mo* and Ta” ions are also 
checked by the absence of Ta* (Mo*) peaks when 
molybdenum (tantalum) is bombarded by Cs”. It 
should be noted that at V, = 250 v and small val- 
ues of Vo, a peak due to Cs” is partially super- 
imposed on the Mo* peak; the Cs* ions arise as 
a result of bombardment of the output grid of cyl- 
inder P by scattered Cs* ions which come from 
the target. This situation causes a sharp drop in 
current on the retardation curve in the region of 
small Vo, which is characteristic of surface ioni- 
zation of Cs. Hence the Mo” peak is always stud- 
ied with Vy = 100 v. 


ake 
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The identification of the Mo* peak is also 
checked by the temperature dependence of the Mo* 
current (Fig. 8). At high target temperatures, in 
which case the surface may be assumed clean, this 
dependence is similar to that obtained by us ear- 
lier® in the bombardment of molybdenum by Hg* 
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FIG. 6. Retardation curves (a) and energy spectra (b) for 
sputtered Mo* ions (T = 1800°K): curve 1 — U = 900 ev, curve 
2 — U = 2150 ev. 
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FIG. 7. Retardation curves (a) and energy spectra (b) for 
sputtered Ta* ions (T = 1800°K): curve 1 — U = 1200 ev, curve 
2 — U = 2150 ev. 
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06 of sputtered Mo* ions as 
04 a function of target tem- 
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and by Bradley in the bombardment of molybdenum 
by Ar*.® 

The fact that the temperature dependence of the 
ion component of the cathode sputtering coefficient 
is not affected by the nature of the bombarding ion 
is of interest in itself. This result indicates that 
the structure of the electron shell of the bombard- 
ing ion is not a factor in the sputtering of matter 
in the form of ions. 

The energy distribution functions for Mo* and 
Ta* obtained from the retardation curves (Figs. 
6a and 7a) by means of the integral equation (1) 
are shown in Figs. 6b and 7b. To demonstrate that 
the integral equation can be applied in this case in 
Fig. 6b we also show curve 3, which is obtained 
from curve 1 of Fig. 6a by direct differentiation. 
It follows from curves 1 and 8 that in the present 
case the correction for the change in transmission 
of the mass spectrometer as a function of W is 
small, although the position of the maximum on 
curve 3 is displaced toward higher energies. The 
reduction of this correction when the retarding- 
field technique is used, as compared with the anal- 
ogous correction (Fig. 2) when the energy spec- 
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trum is determined from the shape of the peak at 
the output of the mass spectrometer, apparently 
results from the fact that at higher values of Vo 
ions with a given initial energy W reach screen 

S, with almost zero energy and have approximately 
the same probability of reaching the detector of 
the mass analyzer. 

Since the probability for surface ionization of 
Cs on molybdenum and tantalum is approximately 
100%, the current i) (Figs. 4a and 5a) can, ina 
rough way, serve as a measure of the primary ion 
beam at the output of the mass spectrometer;°® thus 
we can estimate the scattering coefficient Ky for 
Cs and the sputtering coefficient Kg for Mo* and 
Ta* (this estimate turns out to be somewhat large 
since we neglect scattering of cesium in the neu- 
tral state, which should have a small probability ). 

In the case of Cs* scattering (U = 900 ev) 
from a tantalum surface, Ky is found to be of the 
order of 6% (V») = 4 ev) a value which is in poor 
agreement with the value of approximately 18% 
(U = 400 ev) reported by Arifov and Ayukhanov, 
but in much better agreement with the data re- 
ported by Brunnee?® on the reflection of Rb* ions 
from a molybdenum surface. 

It is likely that the disagreement with the data 
reported by Arifov and Ayukhanov is due to the 
difference in the primary-ion energy in their work 
and the work reported here, or to the existence of 
noticeable anisotropy effects in the angular distri- 
bution of the scattered ions. In references 2 and 3 
the scattering was averaged over all angles, where- 
as in the present work scattering is measured at 
approximately 120° with respect to the primary 
beam. 

A comparison of curves 1 and 3 (Fig. 5a) indi- 
cates that when the surface of the equilibrium layer 
(T ~ 300°K) contains cesium atoms with an admix- 
ture of impurity atoms, the coefficient for second- 
ary ion emission increases although the limiting 
energy of the distribution is reduced. It is possible 
that this phenomenon is to be associated with the 
sputtering of a cesium film at low temperatures, 
since the mean energy of the sputtered ions ex- 
ceeds the mean energy of the ions obtained in 
surface ionization. 

In cases of interaction of Cs* with a molybde- 
num surface, in spite of the fact that the mass m 
of the incident ion is greater than the mass M of 
the lattice atom,‘ it is found that the Cs* scatters 
on the molybdenum. The numerical value of the 
scattering coefficient (Ky ~ 4% at U = 2150 ev) 
is of the same order of magnitude as that reported 
by Brunnee.? The energy spectra of the scattered 
ions obtained by Brunnee and by us are also simi- 
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lar. However, the values of the limiting energy 
given in Fig. 4b (approximately 40 ev) are some- 
what lower than the values reported by Brunnee. 

It is possible that this difference is due to an angu- 
lar dependence for the limiting energy or, what is 
more probable, the presence of sputtered ions 
(not taken into account in reference 3). It follows 
from the data of Fig. 6b that the limiting energy 
Wmax in sputtering of the surface is greater than 
100 ev (in reference 3 the secondary ion emission 
components were not analyzed). 

Whereas the curves in Fig. 5b indicate a pro- 
portionality between Wmax and U, as has already 
been observed earlier in references 1 and 3, in 
the scattering of Cs* from a molybdenum surface 
Wmax increases very slowly as U increases. 
This difference can be explained qualitatively as 
follows. 

In recent papers!~*?!? the interactions of the 
bombarding atoms with the lattice are treated as 
elastic pair collisions with atoms of the lattice. 
Within the framework of this analysis, scattering 
of the primary ion at angles greater than 90° is 
possible in single collisions between these ions and 
lattice ions only if m <M, in which case the limit- 
ing energy of the scattered ion that escapes from 
the surface is determined by the energy loss of 
the ion for a single pair collision. The condition 
m <M is satisfied when Cs* scatters on a tanta- 
lum surface, in which case Wy,gx must be propor- 
tional to U. 

In order to explain scattering of primary ions 
at angles greater than 90° when m >M (Cs* on 
molybdenum) we must assume multiple collisions 
of these ions with the lattice atoms, owing to the 
increased path length of the primary ions inside 
the material as compared with the preceding 
case, to the increase in the energy loss with in- 
creasing U (for motion back to the surface), and, 
as a consequence, owing to the slower increase in 
Wmax: 

A further verification of this interpretation can 
be obtained by a comparison of the distortion of 
the function {(W) with increasing U in sputter- 
ing of Mo* and Ta* (cf. Figs. 6b and 7b). In one 
case (Ta*) this distortion is essentially a change 
in the scale of the abscissa axis almost proportional 
to the energy U; because of the normalization of 
the distribution function this change is proportional 
to the reduction in the height of the curve f(W). 

In the case of Mo*, however, there is no change 
in scale but the maximum of the f{(W) curve is 
shifted toward lower energies with increasing U. 
It may be assumed that in the first case the for- 
mation site of the sputtered ions remains close to 
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the surface whereas in the second case it is dis- 
placed into the material. 

The width of the energy distribution of the sput- 
tered ions corresponding to half the maximum en- 
ergy of £(W) obtained in the present work (Figs. 
6b and 7b) is found to be appreciably greater (30 
— 35 ev for Mo* and 35 —50 ev for Ta*) than 
the corresponding value obtained by Bradley® 
(5 ev for Mo*). A possible cause for this dis- 
agreement is discussed above. It might be thought 
that the recording of high-energy sputtered ions by 
the electrometer is subject to error because of 
ionization of sputtered atoms from deep inside the 
target which reach the spectrometer. (Ionization 
can be caused by thermal electrons from the tar- 
get; under the present experimental conditions this 
electron current is of the order of one milliampere. ) 
However, as is shown by experiments carried out 
at lower target temperatures and by a detailed | 
theoretical calculation, the probability for this 
effect is vanishingly small. The fact that the 
widths of the energy distributions are about the 
same for the scattered and sputtered ions seems 
to indicate that the mechanisms for sputtering 
and scattering are closely related and that the 
transition between these phenomena is a smooth 
one. 

The absolute value of the sputtering coefficient 
(Kg ~ 2.5 x 1073 in the case of Mo* and 6 x 107° 
in the case of Ta* for U = 2150 ev and T = 1800°K) 
agrees with the values reported in the literature.*»® 8 

A comparison of the mean values of the ener- 
gies of the neutral particles produced in cathode 
sputtering (15 —20 ev, Wehner;® 5 —7 ev, Sporn 
with the mean values of the energy of the sputtered 
ions (Figs. 6b and 7b) (21 —23 ev for Mo* and 
26 — 36 ev for Ta*) indicates that the ionization 
probability for Mo and Ta atoms which escape 
from the surface increases as their energy in- 
creases. Support for this interpretation is also 
found in the fact that there is an initial increase 
in the function f as W increases: although the 
shape of the energy distribution of the neutral 
atoms obtained in cathode sputtering has not been 
investigated as yet, there are a number of indirect 
data (for example, the behavior of curve 3 in Fig. 
5a of the present work) which indicate that the de- 
pendence is a monotonically decreasing one. 

It should be noted that these facts are in quali- 
tative agreement with the expected small (propor- 
tional to YW ) increase for the ionization proba- 
bility of an atom which leaves the surface of a metal 
as its energy increases. This increase is predicted 
theoretically from an analysis of electron exchange 
in the interaction of a slowly moving atom with the 
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Paramagnetic absorption in parallel fields was measured for aqueous manganese salt solu- 
tions at concentrations of 0.25N and higher. It is shown that the thermodynamic theory of 
paramagnetic relaxation and the Brons-Van Vleck formula are valid for aqueous manganese 
salt solutions. The spin-lattice relaxation time equals 107° sec and depends on the nature 

of the anion and on the concentration of the Mn** ions in the solutions. Its temperature de- 
pendence can be described by the Al’tshuler-Valiev theory. The internal field constants have 


been determined. 


Tae fast development of paramagnetic resonance 
and paramagnetic relaxation methods in recent 
years is connected with the great importance of 

the obtainable results for certain branches of phys- 
ics and chemistry. These methods are of particu- 
lar interest in the study of the structure of solids 
and liquids. The principal parameters of paramag- 
netic relaxation are: the spin-lattice relaxation 
time pj, the spin-spin relaxation time ps, and 
the constant b/c, which characterizes the internal 
field in a paramagnet. 

In the present investigation, we measured the 
paramagnetic absorption in parallel and perpen- 
dicular fields for aqueous solutions of certain man- 
ganese salts at concentrations from 0.25 mole/liter 
and above. 

The measurements were by the Q -meter method, 
previously described by one of the authors.! It was 
shown in that reference that the spin-lattice relaxa- 
tion times in liquid solutions of electrolytes and 
the constant b/c can be determined with the Q- 
meter from measurements of xy” at two frequen- 
cies assuming the Casimir and du Pré equation, 
corrected for spin-spin absorption after Shaposhni- 
kov,23 is correct. 

The correction was determined by measuring 
the absorption in zero field as obtained from ex- 
periments in perpendicular fields; it was assumed 


here that the spin-spin absorption becomes negli- 
gibly small at fields = 1500 oe. 

We shall first treat here in greater detail the 
applicability of the formula 


x= %oFe,v/(l+ pV), FSH? /(bje= H) (1) 


to the description of the spin-lattice relaxation in 
liquid solutions of electrolytes. If the values py, 
and b/c, obtained from measurements of y”(H) 
at two frequencies, coincide with the values of py, - 
and b/c obtained at two other frequencies, this 
obviously will serve as evidence of applicability 
of (1) in the given frequency range to a description 
of relaxation processes in liquid electrolyte solu- 
tions. Frequencies of 12, 21, 32, and 42 Mcs were 
used in the measurements. 

To calculate pj, we used all possible combina- 
tions of frequencies, with the exception of the com- 
bination v = 32 and v =42 Mcs, which were too 
close to each other. From the values of pyz, thus 
obtained the average was taken. The deviation of 
the individually computed value of py, from the 
average amounted to approximately +6%. The cal- 
culated values of 10° pL (sec) for a 1N solution 
of MnSO, at 22°C are given in Table I. The con- 
stant b/c, which characterizes the internal mag- 
netic field in the paramagnet, was determined from 
the experimental curves and from the obtained val- 


TABLE I 
H, oe 
1200 1600 2000 2400 2800 | 3200 3600 

Vj—Vo i \ 

42—24 0.9 ila) 1.45 1.6 | 1.78 1.85 4.94 

{2—32 1.28 1.47 5) Sa dleeeCiare ma 1.86 1.97 

42—42 ‘ilgili 1.24 NL) 1.61 IAT SY alle © da} 1.88 

21—42 AD) i 1.4 ATi 1.63 drs howe, al 1.8 ; 1.86 

PB) 1.38 52 oA 4, afl 1.8 i; 4.9 2 

average ¥ : Aes a ‘i Serta ; 
108, 1 1840.14]1.39-40.14)1.48-+-0.04]1.65--0.04]1.77-0.02}1 8440.03 1.93-40.05 
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ues of pj,.! The deviation of individual calculated 
values of b/c from the average amounted to 
~+10%. Table II lists the values of b/c fora 
3.2N solution of MnSQ, at 22°C. 


TABLE II 
Vv, Mcs A, H, (b/e)-10-* 
42 2400 3200 2.165 
2800 3600 2.26 
32 2400 3200 2.865 
2800 3600 DEG 
24 2400 3200 2.43 
2800 3600 2.74 
12 2400 3200 2.49 
2800 3600 27355 
Average: | 2.48+0.18 


Figure 1 shows, by way of an example, an ex- 
perimental curve of yx”(H) for a 3.2N solution 
of MnSQ, at 300°K for 12, 21, 32 and 42 Mcs 
(solid curves); the values of x”(H), represented 
by the circles at 32 and 42 Mcs, were calculated 
from the values of py, and b/c determined ex- 
perimentally at 12 and 21 Mcs. It is seen from 
Fig. 1 that the experimental values of x”(H) coin- 
cide with the computed ones. 


eter 
7, 
BZe v=2) 
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The results obtained thus testify to the applica- 
bility of Eq. (1) for the spin-lattice relaxation in 
aqueous solutions of electrolytes at the given fre- 
quency range. The experimental values of py, for 
aqueous solutions of Mn(NO3)., MnSOQ,, and MnCl, 
at concentrations ranging from 0.25N upward are 
on the order of 1078 sec, which is almost one order 
of magnitude less than the py, of the corresponding 
solid substances.? Experiment has shown that the 
dependence of pj, on the intensity of the constant 
field H is described by the Brons-Van Vleck 
equation 

2 
rey ee (2) 
where py is the spin-lattice relaxation time for 
H=0 and p isaconstant (p< 1). 

Figure 2 shows a comparison of the experimen- 
tal values of pyz,(H) for 2N solutions of nitrate, 
sulfate, and chloride of manganese (circles) and 
the values calculated by the Brons-Van Vleck for- 
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mula (solid curves). It is seen from this figure 
that py, depends substantially on the type of anion. 

The dependence of py, on the type of anion and 
on the concentration (N) of the Mn** ions in 
aqueous solutions of Mn(NO3),, MnSO,, and MnCl, 
is shown in Fig. 3. It is found that the spin-lattice 
relaxation times increase with dilution. The great- 
est increase in pj, with changing concentration is 
observed in manganese chloride. 

The difference in pz, between solutions of dif- 
ferent salts becomes equalized at small concentra- 
tions. At concentrations from 1.5N to 2N and 
lower the value of py, of manganese nitrate re- 
mains constant, within the limits of experimental 
error; pj, remains likewise almost constant as 
the concentration increases from 4N upward. 

An attempt can be made to explain the observed 
dependence of py, on the concentration, as well as 
the individual behavior of the curves for all three 
solutions, by arguing as follows. 

In solid crystals the Mn** ion makes up, together 
with its nearest diamagnetic surrounding, a para- 
magnetic complex MnX,, where X isa water mole- 
cule or some other diamagnetic particle. Judging 
from the chemical formulas, one can assume that 
in solid hydrated sulfate and chloride of manganese 
the nearest surrounding includes also anions in ad- 
dition to the water molecules, whereas in the case 
of manganese nitrate the nearest surrounding con- 
sists of six water molecules. One can assume fur- 
ther that in sufficiently concentrated solutions the 
structure of the corresponding hydrated crystal is 
retained, i.e., the nearest surrounding of the ion 
includes anions along with the water molecules and, 
in addition, entire molecular aggregates may be re- 
tained. This gone teen has been obtained by sev- 
eral authors‘~® on the basis of results of x- ray dif- 
fraction investigations, a study of the Raman spec- 
tra, ete. 

As the dilution increases, the groups break up, 
the anions become “washed out” with water, and 
as a result in strongly diluted solutions the para- 
magnetic ions will be surrounded by water mole- 
cules only. 

According to the Al’tshuler-Valieyv theory,’ we 
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shall assume that the relaxation time is determined 
above all by the interaction within the complex, 
formed by the paramagnetic ion together with its 
closest surrounding. The Brownian motion of the 
molecules in the liquid disturbs the natural oscilla- 
tions of the complex and this changes the electric 
field in which the paramagnetic particle is located. 

In our case one can assume, for the solution of 
manganese nitrate, that at high concentrations 
(starting approximately with 4 or 5N), entire par- 
ticle aggregates exist, which begin to break up upon 
dilution, causing py, to increase, and after these 
groups have entirely disappeared further dilution 
should no longer influence the spin-lattice relaxa- 
tion time. 

In the case of manganese sulfate and chloride 
solutions, the region of strong dilution, when the 
Mn** ion is surrounded only by six water molecules 
and where pj, should remain constant, lies appar- 
ently below 0.25 N and was not investigated here. 
At a concentration of approximately 0.5 N and 
above, apparently, the anion begins to penetrate 
into the first surrounding sphere of the Mn** ion; 
at concentrations greater than 3.5N for the sulfate 
and greater than 5N for the chloride of manganese, 
this penetration is essentially complete. At the 
same time, at these concentrations the influence 
of the ions becomes most strongly pronounced, 
and as a result of this the py, of the sulfate and 
chloride of manganese exhibit the greatest differ - 
ence from each other in strongly concentrated 
solutions. 
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Figure 4 shows the dependence of the constant 
of the internal field b/c -on the type of the anion 
and on the concentration N of the solutions of ni- 
trate, sulfate, and chloride of manganese. It is 
found that b/c varies approximately linearly with 
concentration, and the values of b/c for the solid 
salts (6.2 x 10° for MnSO,°4H,O and 19.3 x 10° 
for MnCl,- 4H,O) fit well on the corresponding 
straight lines. The linear dependence of b/c on 
N is typical for each salt, i.e., the dependence on 
the type of anion becomes manifest. This is an 
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additional confirmation of the correctness of the 
model used to explain the dependence on the con- 
centration and on the type of anion. In fact, the 
increase in b/c with increasing concentration 
can be explained by assuming that the structure 
of the solution approaches the structure of the 
solid. . 

Preliminary measurements of the magnetic ab- 
sorption in parallel fields for alcohol solutions of 
MnCl, at concentrations from 0.25 N to 1.7 N have 
shown that the py, of alcohol solutions differs 
very little from those of aqueous solutions within 
the same concentration range. 

To explain the dependence of py, on the tem- 
perature, measurements were made with a 2N 
solution of Mn(NOs3). at —2, +22, and +58°C. 

A value of 2N was chosen for the concentration 
because further dilution from this value leaves 
py, almost unchanged and it can be assumed that 
the Al’tshuler-Valiev mechanism holds in this 
range of concentration, i.e., py, is determined 
essentially by the natural oscillations of the para- 
magnetic complex Mn(H,0O)¢, perturbed by the 
Brownian motion of the molecules of the liquid. 

Measurements made at these temperatures have 
shown that, in agreement with the theory, the curve 
pL(T) passes through a maximum; the maximum 
occurs at t ~ 20°C (pj, =2.7x10° sec at H 
= 3600 oe); at —-2 and +58°C, py, decreases to 
2.05 and 2.4 x 1078 sec respectively. 

These measurements were performed several 
times. The difference in the values of py, at dif- 
ferent temperatures lies outside the limits of ex- 
perimental errors. 

Such a temperature dependence of the spin- 
lattice relaxation time is confirmed by measure- 
ments of the line widths in solutions of Mn**.®® 

However, the minimum line width AH * 1/py, 
+ 1/pg is observed not at ~ 20°C but at ~ 80°C. 
This is understandable, for according to Bloem- 
bergen, Purcell, and Pound,!° the contribution of 
magnetic dipole-dipole interactions to AH should 
decrease monotonically with increasing tempera- 
ture. A clarification of the temperature depend- 
ence of pz, in solutions of paramagnetic salts re- 
quires further experimental study. 

Experimental data make it possible to calculate 
the spin-spin relaxation time pg. This is calcu- 
lated from experimental data by the formula 


Po e= (1 ppv?) 


— V+ pr — Ie Pe, |) 2kF oe, *, (3) 


where 


k= 7, (0/7) (A), 
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and py, was taken to be the spin-spin relaxation 
time for H = 3600 oe. This formula was obtained 
under the assumption that the Casimir and du Pré 
equation holds for fields = 2,000 oe and the equa- 
tion 


x" (Hy = 0)/% = psv/ (1 + ov’) (4) 


is valid. This equation is derived in Shaposhnikov’s 
general theory of paramagnetic relaxation.’ Riv- 
kind!! has verified Eq. (4) experimentally and dem- 
onstrated its correctness. The sign of the root in 
(3) is determined from the experimental frequency 
dependence of x(v). The values of pg calculated 
with Eq. (3) are plotted in Fig. 5 as functions of the 
concentration N of the magnetic ions for solutions 
of MnCl,. 


FIG. 5 
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The paramagnetic-resonance absorption line 
widths in perpendicular fields and the spin-spin 
and spin-lattice relaxation times are determined 
essentially by the same interactions. The line 
width AH and the relaxation times pj, and pg 
are frequently!* connected by the approximate re- 
lation 


AH ZA fog 1 / pp. (5) 


We calculated AH by using the value of py, at 
H =0, the latter being obtained with the aid of the 
Brons-Van Vleck equation from the experimental 
value of pyj,(H). Figure 5 shows a comparison of 
the values of AH calculated with the foregoing for- 
mula (continuous line) and those obtained by meas- 
uring y” in perpendicular fields!! [circles on the 
AH(N) curve] for aqueous solutions of MnCl,. 
Analogous calculations of AH were carried out 
also for solutions of manganese sulfate and nitrate. 
For low concentrations (<1N) the agreement be- 
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tween the calculated and the experimental values of 
AH is just as good as for solutions of manganese 
chloride. At high concentrations the discrepancy 
in the calculated values of AH reaches in some 
cases up to ~ 30%. This is not surprising, for 
actually the connection between AH and the re- 
laxation time is much more complicated than that 
given by (5). 

It is seen from the above that a study of the spin- 
lattice relaxation in liquid solutions of electrolytes 
also offers great possibilities for the investigation 
of the structure of these solutions. 

In conclusion, we take this occasion to thank 
B. M. Kozyrev for guidance and continuous aid in 
this work and B. K. Silant’eva for participating in 
the experiments. 
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The effective mass of the current carriers in cuprous oxide was determined at helium tem- 
peratures by the method of diamagnetic resonance. The value obtained is close to the polaron 
mass calculated for cuprous oxide using Pekar’s theory. 


1. STATEMENT OF THE PROBLEM 


A number of investigations on the theory of po- 
larons have appeared, but so far as we are aware 
there has been to date no direct experimental con- 
firmation of the existence of mobile polarons. The 
experimental observation of a carrier mass equal 
in order of magnitude to the calculated polaron 
mass would provide such confirmation. We set 
ourselves the problem of measuring the polaron 
mass in Cu,O, using the method of diamagnetic 
(cyclotron) resonance. 

It should be noted that, because the infra-red 
oscillation frequencies of ions in a crystalline lat- 
tice are large in comparison with resonant fre- 
quencies in the centimeter band, the polarization 
of the crystal is able to follow the high frequency 
field of the absorbed radiation, and, consequently, 
diamagnetic resonance will reveal the mass of 
the polaron, if it exists, and not the effective mass 
of an electron moving relative to the polarization 
well. 

For the polaron mass Pekar! has given a for- 
mula (10.35) which, using the relationship (10.37) 
in the same work, can be written in the form 


M = 9,08- 10 (m* / m)? ct / @?, (1) 


where m* is the carrier effective mass, m is 
‘the electronic mass; w, is the limiting frequency 
of the polarization oscillations of the ions; 


Co = 1/n?—1/8, (2) 


n is the refractive index, and ¢€ ) is the static di- 
electric constant. Equation (1) was obtained for a 
crystal of the rock-salt type, but for other crystals 
it can only differ by a numerical factor of order 
unity. 

If, following Pekar (reference 1, pp. 210 and 
214), we take for cuprous oxide 
ep Oat = 4) 6 = 0.139, nfm = sl oO, =413-10") 
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then formula (1) gives 


M=9-10", M/m=98. 


These values should, however, be considered in the 
light of more recent investigations. The ratio 
m*/m = 1.81 used by Pekar was obtained indirectly 
and is unreliable. Gross and Pastrny ak,” from 
measurements of the diamagnetic Landau levels, 
adopt for cuprous oxide m*/m = 0.80; they ob- 
tain approximately the same value from the exci- 
ton spectrum.’ In reference 2 are also given more 
accurate values of €) and n’, viz: e)=7.5 n=1.8, 
which lead to the value cy = 0.176. Using these val- 
ues of m*/m and cp, we obtain M/m = 2.20. 

However, as Haken’ has remarked, because of 
the rapid motion of the electron, the polarization 
of the neighboring electronic orbits does not take 
place completely. Consequently, instead of the di- 
electric constant n*, some effective smaller value, 
kK, Should be taken, because the frequency of oscil- 
lation of the electron in the polaron well is much 
larger than optical frequencies. This viewpoint is 
confirmed by the calculations of Muto and Okuno?® 
who, for the x-ray exciton in KCl, obtained better 
agreement with experiment by taking x =1.5 in- 
stead of n? = 2.12. 

The idea of retarded electronic polarization 
was used by Toyozawa® for a calculation on the 
electron polaron. 

Thus, the creation of the polaron well results 
not only from ionic polarization, but in part also 
from the electronic polarization; this leads to an 
increase in the parameter Co, to which the polaron 
mass is very sensitive. It is sufficient, for exam- 
ple, to take n?=1.6 and cy = 0.258 to obtain M/m 
= Os 

It should also be remarked that according to 
Feynman’ formula (1) for the polaron mass is in- 
accurate and its error is difficult to estimate. 

So, even if we take the correct value of cy, the 
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calculated ratio M/m is correct only with an 
accuracy of tens of percent. 


2. EXPERIMENTS 


The study of the absorption of high-frequency 
energy was carried out in a microwave-spectrom- 
eter of the superheterodyne type similar to that 
described by Manenko and Prokhorov® with an in- 
termediate frequency of 60 Mcs. The wavelength 
of the radiation used was A = 3.27 cm. The range 
of magnetic fields in which the resonance absorp- 
tion of the polaron is expected was determined 
from the resonance condition 


M=eH /oc, (3) 


in which, having substituted the theoretical esti- 
mates of the polaron mass, values of from 7 x 10° 
to 3.3 x 104 oe were obtained. 

The resonator consisted of a section of rectan- 
gular waveguide with a diaphragm of diameter 6.3 
mm placed in a liquid-helium Dewar. 
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FIG. 1. Experimental apparatus. 


The Cu,O specimen (1 in Fig. 1) in the form 
of a plate 3 x 3 x 1 mm was affixed to a polysty- 
rene support, 2, situated at an antinode of the elec- 
tric field of the high frequency wave. The specimen 
was illuminated through the aperture, 3, of 2 mm 
diameter in the wide wall of the resonator by a 
340-watt PZh lamp (4) through a lens and dia- 
phragm system, 5, and an SZS-14 filter, (6). To 
avoid contact with the liquid helium, the resonator 
and the waveguide carrying the energy were placed 
in a thin-walled glass tube, 7. The electromagnet, 
8, with pole diameter 150 mm, produced fields up 
to 26,000 oe. Modulation of the magnetic field was 
produced in a number of experiments by additional 
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coils at a frequency of 50 cps. The magnetic field 
was measured by the ballistic method. 


Absorption (relative units) 


60 


ay 

FIG. 2 

Polycrystalline specimens of Cu,O were used; 
they were optically transparent and aged for a 
while. A number of curves were obtained for the 
absorption of electromagnetic energy as a function 
of the external magnetic field. One of the curves 
is given in Fig. 2; the others had similar forms. 
Three absorption maxima were observed at mag- 
netic field values of H = 2350, 19,600 and 21,600 
oe, which, according to formula (3), correspond to 
ratios of carrier masses to the electronic free 
mass of 0.7, 6, and 6.6. 

It should be mentioned that the effect of illumi- 
nation on the crystal was already very large at 
H=0. No maxima were observed on the curve 
in the absence of illumination at T = 4.2°K. Con- 
trol experiments also showed that illumination 
without the filter did not essentially change the 
results, and the support without the specimen did 
not give absorption maxima. 


3. DISCUSSION OF RESULTS 
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As was shown by Dresselhaus, Kip, and Kittel,?® 
a clearly-displayed maximum of the diamagnetic 
absorption can only be observed under the condi- 
tions 


Oneal. (4) 


where w is the resonance frequency and 7 is the 
free path time of the carriers. 

The photomagnetic effect in Cu,O has been stud- 
ied in this laboratory at helium temperatures," and 
it was shown that the effect has a maximum in fields 
of the order of 6000 oe. This maximum occurs 
near wT =1. Consequently, for fields greater than 
6000 oe, condition (4) is satisfied. Thus, the two 
maxima obtained in large magnetic fields are, in 
fact, due to diamagnetic resonance. The corre- 
sponding values of the ratio M/m = 6 and 6.6 lie 
within the limits obtained by theoretical estimates 
for polarons. From what has been described, it 
follows that our experiments confirm the existence 
of polarons in cuprous oxide crystals. 

The maximum at small magnetic fields H = 2350 
oe gives a carrier mass close to the effective mass 


of band electrons or holes obtained by Gross and 
Pastrnyak.?»3 


—— 
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The simultaneous observation of the effective 
masses of the band electrons and the polarons 
indicates the existence of some equilibrium be- 
tween the number of electrons in the band and 


number of polarons when the crystal is illuminated. 


It should be remembered that light excites elec- 
trons into the conduction band and polarons are 
formed subsequently. The existence of two polaron 
masses can, apparently, be explained by the pres- 
ence of n- and p-type polarons. According to 
Gross and others,!! the effective’ masses of elec- 
trons and holes in Cu,O are approximately the 
same. But it should be noted that even a small 
difference in effective masses for the electrons 
and holes leads to a marked difference in the mass 
of the polarons, since the polaron masses are pro- 
portional to the cubes of the effective masses m*.! 
This explains the presence of one maximum for 
electrons and holes and two maxima for polarons. 
Apparently the maximum of the photomagnetic 
effect!” is determined by the polarons, since their 
concentration is greater than the concentration of 
electrons in the band; this follows from the larger 
height of the absorption maxima caused by polar- 
ons. So, in fact, wr=1 at H = 6000 oe for po- 
larons, and for electrons in the band this probably 
occurs at much smaller fields, because the maxi- 
mum of diamagnetic absorption at H = 2350 oe 

is quite clearly displayed. 
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> 4, due to interaction of 9-Bev protons with 


Ag and Br nuclei in photographic emulsions, was investigated. The fragment-production cross 
section, and the angular, energy, and charge distribution of the fragments were determined. The 
peculiarities of nuclear disintegrations involving the formation of fragments are examined. 


1. INTRODUCTION 


Tre fragmentation process, formation of multiply- 
charged particles with Z = 3 in nuclear disinte- 
grations, a process which plays a rather small role 
at comparatively low energies of bombarding par- 
ticles (on the order of several hundreds Mev), as- 
sumes great significance at energies greater than 
1 Bev. The cross section of the fragmentation 
process reaches in this energy range, for silver 
and bromine, values on the order of 10% of the 
total cross section of inelastic interaction. This 
circumstance results in a substantial change in 
the mass curve of nuclear disintegration products 
in the region near several Bev. Failure to account 
for fragmentation in the “cascade-evaporation” 
model of interaction between high-energy particles 
and nuclei leads thus to a substantial distortion of 
the actual picture of nuclear disintegration. In ad- 
dition, fragmentation is in itself an interesting ob- 
ject of study, for it can yield information on the 
structural features of nuclei and on the interaction 
between fast particles and nucleon clusters in the 
nuclei. 

We report here the first results of an investiga- 
tion of fragmentation at proton energies near 10 
Bev. 


2. EXPERIMENTAL PROCEDURE 


Small emulsion chambers containing ten layers 
of P-R 200-y emulsions were bombarded by 9-Bev 
protons in the proton synchrotron of the Joint Insti- 
tute for Nuclear Research. The individual layers 
of the chambers were marked by the method de- 
scribed by Sidorov and Trukhin.! The thickness 
of the emulsion chambers made it possible to ob- 
tain complete range distributions of multiply- 
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charged particles produced in the nuclear disinte- 
grations, and the sensitivity of the emulsion to rela- 
tivistic particles made it possible to observe all the 
charged particles emitted from the nuclei. 

In scanning the emulsion we analyzed nuclear 
disintegrations containing tracks of particles with 
Z = 4, which could be reliably distinguished from 
tracks of singly and doubly charged particles. In 
the analysis of the nuclear disintegrations, the 
tracks were classified as “black,” “gray,” and 
“thin” (“black” — proton energy less than 30 Mev; 
“gray” — proton energy <1 Bev; “thin” — proton 
energy >1 Bev). The number of particles, their 
angles with the direction of the incident proton, 
and different characteristics of the fragments 
were determined. 

The fragment charge was determined by meas- 
uring the integral track width over a fixed length 
from the end of the range (see reference 2). The 
widths were measured with an ocular micrometer 
on seven sections of the track, spaced every 3p 
from the end of the range. 


3. EXPERIMENTAL RESULTS 


In scanning the nuclear emulsions irradiated by 
9-Bev protons, a total of 1028 disintegrations with 
more than four prongs were investigated. This 
number of ordinary disintegrations included 188 
disintegrations containing fragments with Z = 4. 

An additional 709 disintegrations with fragments 
were obtained for the investigation of the fragmen- 
tation process. Thus, a total of 997 disintegrations 
with fragments having Z=4 were registered. 

a) Characteristics of nuclear disintegrations with 
fragments. One of the essential features of nuclear 
disintegrations with fragments produced by 9-Bev 
protons is, as in the case of lower proton energies, 
the considerably greater average number of par- 
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Average number of prongs 
Character of disintegrations 
“black” “sray” | “thin? Totai 
Disintegration without fragments 8.3 
Disintegration with one fragment of Z 2 4 10,2 4.8 MA G8 
Disintegration with two and more | 
fragments of Z 2 4 11,0 aK) AR 18.3 
Disintegration with fast fragments 11.44+1.5)5.24+0.8/4.8+0.3] 18.4 


ticles in the disintegration than in ordinary disinte- 
gration, this difference being due, essentially, to 
relatively slow particles. 

The table lists data on the average number of 
particles in disintegrations with fragments and in 
ordinary stars.*? In disintegrations with fragments, 
the fragments themselves are not included in the 
number of “black” prongs. 

The average number of particles in disintegra- 
tions with fragments is considerably greater than 
in ordinary disintegrations. This number is even 
greater in disintegrations containing several frag- 
ments, and in disintegrations with fast fragments 
at energies greater than the Coulomb barrier (with 
ranges greater than 100). 


FIG. 1. Dependence 
of the probability of 
disintegrations with 
fragments on the num- 
ber of prongs: @— 
‘<“hlack.2’0 = “oray,” 
and x—‘‘thin.’’ 


Relative probability 


0 Lied CO ae ra 
Number of prongs 


This increase in the average number of particles 
in stars with fragments is due to the considerable 
increase in the probability of fragment emission 
with increasing number of particles in the disinte- 
gration. Figure 1 shows the dependence of the 
probability of the production of disintegration with 
fragments on the number of “black,” “gray,” and 
“thin” prongs. A strong dependence of the proba- 
bility of fragment production on the number of 
“black” and “gray” prongs in the disintegration 
is observed. The dependence for the production 
of fast fragments is analogous. 

b) Cross section of production of stars with 
fragments. The cross section of production of 
fragments was found starting with the proton cur- 
rent, determined from the number of tracks in the 
emulsion, the number of nuclei per unit volume of 
the emulsion, and the observed number of disinte- 
grations with fragments. In addition, the fragmen- 


tation cross section can be determined from the 
known cross section of inelastic interaction of 
9-Bev protons with photoemulsion nuclei and the 
distribution of disintegrations by number of prongs,? 
knowing the relative fraction of stars with frag- 
ments among all the disintegrations induced by 
protons. 

The results obtained by both methods were in 
agreement. The cross section for the production 
of disintegrations with fragments of Z=>4 was 
found to be 100 + 30 mb in Ag and Br nuclei. 
Thus, the cross section for production of disinte- 
grations with fragments with Z = 4, for 9-Bev 
incident protons, was ~ 10% of the total cross 
section of inelastic interaction. For the sake of 
comparison with results obtained at lower proton 
energies, it is useful to determine the cross sec- 
tion of production of Li§ and B§ nuclei. This 
cross section amounts to approximately 3 mb 
for 9-Bev protons. 


g | | 
FIG. 2. Dependence Re I 
of the cross section of ; 
production of fragments g 
with Z > 4 in the dis- 8 & | 
integration of Ag and iP 
Br nuclei on the energy $ 60 ; 
of the incident protons, Z 
E_: e—data of refer- = ah 
ence 4, x —data of € 
reference 5, O —pres- Ev 
iss] 
ent data. s 
100 7000 10000 
fy, Mev 


Figure 2 shows the dependence of the cross 
section for the production of fragments of Z = 4 
in the disintegration of Ag and Br nuclei on the 
energy of the incident protons, plotted from data 
available at the present time. The sharp increase 
in the cross section at energies near 1 Bev is 
clearly pronounced. 

c) Multiplicity of fragment production. As the 
the energy of the incident proton increases, the 
relative fraction of stars containing two or more 
tracks of multiply-charged particles increases. 
In the investigation of disintegrations due to 9-Bev 
protons, it was found that out of 838 disintegra- 
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tions with one fragment of Z > 4, there are 144 
disintegrations with two, 13 with three, and 2 dis- 
integrations with four such fragments. Thus, the 
average number of fragments with Z = 4 in dis- 
integrations with fragments is approximately 1.2. 
The relative fraction of disintegrations with = 2 
fragments amounts to 0.2 at 9-Bev proton energy, 
whereas for 660-Mev protons this value is approx- 
imately 0.05.° 

d) Nature of the fragments. To measure the 
charge, we used tracks of fragments with depth 
angle not greater than 7° in the developed emulsion 
and with lengths not less than 15y. The emulsion 
was calibrated with the tracks of Lif and Bf. A 
total of 120 tracks of particles of Z=4 were 
measured. The analysis of the resultant distri- 
bution of tracks by integral widths has led to the 
charge dependence of the fragment yield shown in 
Fig. 3. The same figure shows the distribution of 
fragments by charge at proton energies of 6.2 Bev.’ 


N 
100 


FIG. 3. Distribution of frag- 
ments by charge. @—energy of 
incident protons 6.2 Bev,’ o— 
energy of incident protons 9 Bev. 
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A comparison shows a close agreement between the 
charge distributions of the fragments at these pro- 
ton energies. Comparison with the data of refer- 
ences 5 and 6 leads, in addition, to the conclusion 
that the fragment distribution by charge depends 
little on the energy of the incident protons. 

During the course of the work we investigated 
the possible B activity of the fragments for the 
purpose of obtaining certain information on their 
mass distribution. For this purpose we estimated 
the effectiveness of registration of decay electrons 
by stopping a B-active particle in the emulsion; 
this could be done by observing the decay electrons 
due to muons and Li§ and B§ ions stopped in the 
emulsion. This effectiveness was found to be ap- 
proximately 70%. 

From anong the 175 fragments of charge Z = 4, 
investigated for this purpose, we could observe 
tracks of fast electrons at the end of the fragment 
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FIG. 4. Angular distribution of fragments with Z >4 rela- 
tive to the direction of incident protons: a—disintegrations 
with one fragment; b—disintegrations with fast fragments, 
c —disintegrations with two and more fragments. 


range in only nine cases. Of these nine fragments, 
two are B? ions. Thus, if fragments with Z = 4 
are considered, allowing for the probability of ob- 
serving the decay electron, we find that not more 
than 10% of the fragments can be B-active. 

e) Angular and energy distributions of the frag- 
ments. The angular distribution of the fragments 
with Z=>4 in space, relative to the direction of 
incident protons, was found by recalculating the 
angular distribution found in projection on the 
emulsion plane, by the method described by Os- 
troumovy and Filov.® 


FIG. 5. Distribution of “+ 
the number of disintegra- 2 
tions with several frag- 4% 
ments with respect to the 
angle between fragment 8 
tracks (projected on the : | 

4 ba =. pean Seer! _ 
emulsion plane). QO 30 0 90 120 150 180° 


Figure 4 shows the angular distributions ob- 
tained for the fragments, and Fig. 5 shows the dis- 
tribution of the number of stars with two fragments 
relative to the angle between these fragments, 
measured in projection on the emulsion plane. An 
analogous correlation with the direction of emis- 
sion of two multiply-charged particles was noted 
earlier at 660 Mev.? 

As the fragment energy increases, the angular 
distribution becomes more anisotropic: for frag- 
ments with R>100y, the forward/backward ratio 
is 3.6 + 1.1, while for all other fragments the ratio: 
is 2.1 + 0.2. 
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Along with investigating the dependence of the 
probability of disintegrations with fragments on 
the number of thin prongs, a study was also made 
of the angular correlation between the fragments 
and fast particles (thin prongs). It was found that 
for the most part small angles (< 90°) between 
fragments and thin prongs are observed. A com- 
parison of this correlation with that calculated on 
the basis of the experimental angular distributions 
of fragments and thin prongs shows that the ob- 
served angular correlation can be attributed to a 
random distribution of the angles. 
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FIG. 6. Energy distribution of fragments with following 
charges: a—4, b—5, c—6. 


The energy distribution (Fig. 6) was plotted for 
those fragments, the charge of which was deter- 
mined. 

Owing to the identical charge distribution of the 
fragments at different proton energies, a compari- 
son can be made between the range distribution of 
the fragments, observed at different energies. 
Figure 7 shows distributions of fragments with 
Z = 4 by ranges at proton energies of 660 Mev 
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(reference 9) and 9 Bev. The difference between 
the two distributions is due to the different frac- 
tion of fragments with ranges greater than 100p. 

A comparison of these distributions, and also 
the energy distribution of particles with charges 
4, 5, and 6 (Fig. 6) shows that the energy spectrum 
of the fragments has a weak dependence on the en- 
ergy of the incident particles. The only important 
factor is the increase in the relative fraction of 
fast fragments. 

f) Formation of hyperfragments. In a total of 
997 investigated fragments with Z = 4, three cases 
were found of hyperfragment production, one of 
which had a charge 6, and the other two had a charge 
2 or 3. It must be indicated that the procedure of 
scanning in our experiment admitted of the possi- 
bility of losing sight of a considerable portion of 
the long-range light hyperfragments (H or He 
nuclei). 


4. CONCLUSION 


A comparison of the experimental data, obtained 
in the present investigation for disintegrations of 
Ag and Br nuclei, with the data available for lower 
energies of bombarding protons, leads to the fol- 
lowing conclusion: 

1. If the energy of bombarding protons is approxi- 
mately 9 Bev, the fragmentation cross section con- 
tinues to increase, but apparently more slowly. 

2. Disintegrations with fragments, at 9-Bev pro- 
ton energies, are due to the greater average trans- 
fer in energy, than in ordinary disintegrations. The 
probability of a disintegration with a fragment in- 
creases with increasing number of both black and 
gray prongs and is independent of the number of 
thin prongs. 
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3. The charge distribution differs little from the 
distributions obtained at lower energies of the bom- 
barding particles. 

4. The angular distribution of the fragments at 
a proton energy of 9 Bev has a lower anisotropy 
relative to the direction of the incident protons 
than at energies less than 1 Bev. 

5. The fragments produced are for the most 
part stable isotopes of light nuclei. 

6. The energy distribution of the fragments dif- 
fers little from the distributions obtained at differ- 
ent incoming-particle energies. 

In conclusion, the authors take this occasion to 
thank the High-energy Laboratory staff of the Joint 
Institute for Nuclear Research for aid in irradiating 
the emulsion chambers. 
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The heat capacity of p-type Bi,Tez was measured between 1.37 and 65°K. At temperatures 
below 2.5°K the heat capacity can be described by a linear term with y = 17 x 10° joule- 
deg~? (g-atom )~! and a cubic term with @) = 155.5°K. Between 2.5 and 8°K the heat capac- 
ity is proportional to a power of the temperature greater than three. The heat capacity of 
the laminar Bi,Te; lattice is not consistent with the calculations performed for lattices with 
a larger difference between the elastic moduli in the layer and between the layers. Data are 


presented on measurements of the Hall effect and resistivity of Bi,Te; at a number of tem- 
peratures between 2° and 300°K. The linear term of the heat capacity is ascribed to holes. 


The hole mass is estimated as 1.46 mp. 


INTRODUCTION 


Tae intermetallic compounds Bi,Te3, Bi,Se3; and 
Sb,Te3 are semiconductors with lattices which have 
strong layer characteristics. This property makes 
a study of their heat capacity especially interesting 

An investigation of the heat capacity of cadmium 
halides at low temperatures! showed that its tem- 
perature dependence for these layer lattices is con- 
siderably different from that characteristic of less 
anisotropic structures. The attempt at a quantita- 
tive comparison with theory was unsuccessful be- 
cause the anisotropy of Cdl), CdBr,, and CdCl, is 
not as great as the theory requires.”3* In addition, 
a temperature range was found for all three salts 
in which the heat capacity varied with temperature 
according to a power greater than three. This was 
ascribed to the effect of soft optical branch modes, 
- corresponding to inter-layer interactions. 

In the last 3 or 4 years Bi,Te3; has become a 
much studied substance.4~* However, there are 
only the data of Gul’tyaev and Petrov! on the heat 
capacity in the temperature region attainable with 
liquid nitrogen. We have undertaken a study of 
bismuth telluride to widen the investigation of the 
heat capacity of layer lattices. 


1. THE COMPOUND AND METHOD OF MEAS- 
UREMENT 


Bismuth telluride has a typical layer lattice, 
which consists of five-chain layers, with the mon-~ 
atomic networks alternating in the order Te-Bi- 
—-‘*¥It was shown by Itskevich and Kontorovich’ that graphite 
shows the required anisotropy. 
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Te-Bi-Te. The bonding between such layers is 
produced by van der Waals forces. Within the 
weakly bound layers the atoms are held consider- 
ably more strongly by covalent (with an ionic 
component ) forces .'!-18 

The Semiconductor Institute of the Academy of 
Sciences kindly prepared the p-type Bi,Te3 for 
us. The alloy was recrystallized twice to increase 
the purity and was not analyzed for purity. A cyl- 
inder consisting of large crystals was cast from 
this material and pieces were cleaved from the 
top and bottom for measurements of resistivity, 
thermal emf and Hall constant. These measure- 
ments, made at room temperature in the Semi- 
conductor Institute, gave the following results: 
for the upper part of the casting the conductivity 
o =47027!cm, thermal emf a = 37.7pv/deg 
and Hall constant R = 0.965 cm?/coul; for the 
lower part o=173Q27!cm™, a = 30.5yuv/deg 
and R=1.06 cm?/coul. The upper and lower sur- 
faces of the cylinder were drilled and a cylindrical 
hole bored along the axis for the thermometer. 
The weight of the specimen was 567.6 g. 

The outside of the cylinder was coated with 
polymer varnish BF-2, and enamelled constantan 
wire wound on as a heater of resistance ~ 180 
ohms at 4.2°K. The measurements were made 
in the calorimetric apparatus described previ- 
ously.! The cylinder was hung on three caproic 
threads in a vacuum jacket. The high heat capac- 
ity of the specimen above 20°K (20.34 joule/deg 
at 20.8°K and 68.92 joule/deg at 64.8°K), together 
with the good vacuum obtained with the adsorption 
pump, made it possible to carry out measurements 
without any further adiabatic arrangements up to 
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FIG. 1. Heat capacity of p- 
type bismuth telluride. The 
straight line corresponds to the 
law C)~T°. Below right; data 
of the author (open circles) and 
the values obtained by Gul’tyaev 


and Petrov’® (full circles). 
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65° K, using liquid and gaseous hydrogen as coolant 
and heat exchange medium above 20°K. At 30°K 
the temperature drift was 5 x 107* deg/min and at 
65°K it was 4 x 10°? deg/min. A platinum resist- 
ance thermometer was used at hydrogen tempera- 
tures, a bronze thermometer in the helium range 
(1958 scale) and a carbon thermometer between 
3.5 and 16.3°K. The thermometer construction 
and calibration and the measuring procedure have 
been described.! Thermal equilibrium was estab- 
lished rapidly in the specimen. Calculation showed 
that apart from the copper and BF-2 varnish, the 
heat capacity of all components of the heater and 
thermometer could be neglected at all tempera- 
tures. Corrections were made for the copper and 
varnish, calculated from the data of Corak et al.!4 
and of Kalinkina,’* extrapolated according to the 
Debye law above helium temperatures. At all tem- 
peratures the total correction was less than 1% of 
the measured heat capacity and only reached 1.5% 
below 2°K, so that any error in determining the 
correction could be neglected. 


The measurements made between 3.5 and 4.1°K 
using both the bronze and carbon thermometers, 
and those between 12.2 and 16.3°K with the carbon 
and platinum thermometers almost coincide; there 
may be an insignificant systematic difference be- 
tween the data obtained between 12° and 14° K with 
the two thermometers, which does not influence 
the final result. 


2. RESULTS 


A total of 135 measurements was made between 
1.37 and 64.8°K. The range between 1.37 and 38.6°K 
was covered continuously and no phase transition 
was found. Figure 1 shows the results from 1.37 to 
20.0°K. Our data from 1.4 to 65°K are also shown 
together with the smoothed data of Gul’tyaev and 
Petrov!” between 80 and 300°K. 

Below 2.3°K the results can be fitted by the 
expression 


C= 4T + 464.5 (T/8,)%, (1) 
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with y = (17 +8) x 107° joule-deg~?/g-atom and 
@, = (155.5 + 3)°K — the Debye temperature at 
absolute zero. It can be seen from Fig. 2 that the 
linear term in (1) shows up clearly and at 1.5°K 
contributes 12% of the measured heat capacity. 
The exponent of the temperature dependence 
of the heat capacity increases considerably above 
2.5—3°K (see Fig. 1). In this region the contri- 
bution of the linear term is negligible (it com- 
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prises 4% at 3°K, and this rapidly falls off with 
increasing temperature). The experimental 
points fit a dependence C = aT*® up to 8°K. 
Above 8°K the power falls monotonically and 
again goes through a region of cubic dependence. 
This can easily be seen in Fig. 3, where there is 
a minimum in the @p(T) curve between 8 and 
11°K. The greatest deviation from the curve cor- 
responding to Eq. (1) is greater than 200%. There 
is no extension of the linear and quadratic depend- 
ence found previously.! 

We estimate that the overall mean error in the 
results is 1% above 20°K and between 2 and 3% 
below 20°K. 


3. DISCUSSION OF THE FORM OF THE HEAT 
CAPACITY OF THE BISMUTH TELLURIDE 
LATTICE 


It can be seen from Fig. 1 that the heat capacity 
curve for the Bi,Te3 lattice is considerably differ- 
ent from that of the cadmium halides:! the cubic 
law for Bi,Te3 (allowing for the linear term be- 
low 2.3°K) agrees with Blackman’s requirement 
that it should hold for R < @®p/50; the square 
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FIG. 3. Characteristic Debye. temperature for Bi,Te, between 1.37 and 50°K, derived from the experimental data. The region 
below 3.5°K is shown separately and corresponds to the portion of the main figure which has no points. The crosses indicate 
the value of @p calculated on the assumption that the whole measured heat capacity is due to the lattice. 
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and linear regions are clearly absent; there is a 
larger interval in which the temperature depend- 
ence is greater than cubic and the exponent has a 
greater maximum value. 

Figure 3 shows the @p(T) curve below 3.5°K 
and also over a wide temperature range. (The 
Debye temperature is calculated from the data on 
Cp. The difference between Cp and Cy is neg- 
ligible over the whole range; it is 1% at 90°K and 
rapidly decreases at lower temperatures.) The 
linear term can be separated out from the trend 
of the ®p points below 2°K. Both this curve and 
Fig. 2 lead to the conclusion that @) = @p (0) 
= (155.5 + 3)°K. @p decreases above 2.3°K, 
corresponding to a more rapid C-T relation. 
There is a broad minimum (@p min =117°K) at 
8 —11°K, reminiscent of Blackman’s pseudo-cubic 
region,'® after which there is a more gradual rise: 
between 30 and 65°K, @p only increases from 144 
to 151°K. The dependence of ®p(T) for the cad- 
mium halides is qualitatively similar. Other crys- 
tals show a similar variation, and in particular this 
curve resembles de Sorbo’s for bismuth. !" 

From everything described here it is evident 
that the layer lattice of Bi,Te3 is so different from 
the lattice for which the formula of the Lifshitz 
theory’ applies, that we will not attempt to derive 
quantitative results, as for graphite. It is prob- 
able that the increase in the power of the tempera- 
ture dependence above three is related, as was 
suggested in the case of the cadmium halides, to 
the inclusion in the heat capacity of soft optical 
branches, corresponding to weak inter-layer inter- 
actions. 


4. HALL EFFECT AND RESISTIVITY OF BIS- 
MUTH TELLURIDE AT LOW TEMPERA- 
TURES 


From the Hall-effect measurements mentioned 
above, it follows that our specimen had a hole con- 
ductivity at room temperature. However, to deter- 
mine the type of carrier responsible for the linear 
term in the heat capacity it is necessary to meas- 
ure the Hall effect at low temperatures. If the 
conductivity is produced by charge carriers of 
one sign, their concentration could be deduced 
from such measurements. From the concentration 
and the coefficient of the linear term in the heat 
capacity, if it is assumed that the Fermi surface 
is an ellipsoid, the limiting Fermi energy can be 
derived and the effective mass, if it is assumed 
isotropic. 

There are data on the Hall effect in p-type 
Bi,Te3 in several papers in recent years (e.g., 
references 4—9), but the measurements only 
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extend down to nitrogen temperature.* All meas- 
urements on Bi,Te3; specimens show a slight de- 
crease in the absolute value of the Hall constant 
on going from room temperature to nitrogen tem- 
perature. 

Stil’bans and Vlasova‘ found that for a hole spe- 
cimen with 0.2% bismuth in excess of the stoichio- 
metric proportion, the Hall constant fell sharply 
with decreasing temperature and was close to zero 
at 82°K. On this basis, they suggested that there 
might be a change of sign and an unfilled impurity 
band with electronic conductivity near 0°K. 
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FIG. 4. Resistivity of p-type Bi,Te, between 2 and 300°K: 
@ — specimen No. 1, O — specimen No. 2. 

We measured the resistance and Hall effect at 
low temperatures (helium, hydrogen and nitrogen). 
The resistance measurements were made on two 
polycrystalline circular rods, made from the upper 
and lower parts of the specimen used for the heat 
capacity measurements. One of these rods was 
then polished down to a disc for determining the 
Hall emf. The measurements were made by a 
null method, and for this, current and potential 
leads were attached to the ends of the rod. The 
resistance was compared with a 0.01-ohm stand- 
ard. The specimens were joined in series and 
were placed close together in a Dewar vessel con- 
taining the appropriate liquid. Temperatures be- 
low the boiling point were obtained by pumping. 

The results are shown in Fig. 4 and in Table I. 


TABLE I. Resistance of two spe- 
cimens of p-type Bi,Te3 at 
low temperatures 


|Specimen No. 1 | Specimen No. 2 
Tak 
o, o 
R, Q Q-l.enmrt R, 2 Q-1.cnrt 
1.9 0.0057} 3880 | 0.0037! 2950 
2.6 0.0057 | 3880 | 0.0037} 2950 
4.2 6.0056} 3950 | 0.0037} 2950 
10.2 0.0059; 3780 | 0.0037] 2950 
14.0 0.0059} 3760 | 0.0038] 2940 
20.4 0.0061} 3630 | 0.0040] 2760 
52 0.0082} 2700 | 0:0051! 2440 
59 0.0088} 2520 | 0.0054} 2020 
78 | 0.0104} 2130 | 0.0064; 1700 
room tem- 
perature 0,052 420 | 0.020 550 


*See the next footnote. 
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TABLE II. Absolute values of 
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emf and Hall constant, R, for 


p -type bismuth telluride (specimen No. 1) 
SS ee a ee Oe oe ee ee 


emf at | ! j emf at i 
T.*K | H=10.2 | R, em'/coul | mee H=10.2 | R, cm3/coul 
| koe, piv koe, pv 
| | ! | : 
(aor 3 31.2 | +0.182 || 78.0 | 377 | 40.293 
4.2 Bie") |) 0.186. || room | res 
20.4 Som | +0,192 || temperature | 50,9 | +0.306 


The results show our specimen to have a metal- 
lic type conductivity, starting from the lowest tem- 
peratures. The conductivity is independent of tem- 
perature below 10°K, which is probably to be ex- 
plained by the presence of a large impurity concen- 
tration. The impurity could be bismuth atoms pro- 
duced, as Satterthwaite and Ure have shown,? by the 
exact stoichiometric proportions in the liquid not 
giving rise to the same proportions in the crystals. 

The Hall emf was measured on specimen No.1 
at liquid helium temperatures and at the boiling 
points of hydrogen and nitrogen using a KL-48 
potentiometer. Our magnet made measurements 
possible up to fields of 10,200 oe. The direction 
of the field was reversed by rotating the specimen. 
Measurements were made in different fields at 
each temperature, and no field dependence of the 
Hall constant, R, was found (in the range 2.0 to 
10.2 koe). The results are shown in Table II and 
im) hig. 5.* 


R. cm?/coul [°K 
200 100 =50 29 «10 of 2 1 


3 5 10 —O 30 100 200 500 1000, : 
wT (PHY 
FIG. 5. Hall constant of p-type Bi,Te, between 2 and 
300°K. 


The Hall constant is always positive, which does 
not bear out the suggestion of Stil’bans and Vlasova 
about a change in sign, and the conductivity of our 
Bi,Te3 is by holes at all temperatures. We can 
deduce the hole concentration at helium tempera- 
tures and possibly at hydrogen temperatures, 
where the Hall constant is practically independent 
of temperature. Using the formula R = 31/8ne 
or n=7.35 x 10!8R~!, we obtain n = 4.0 x 10"? 
em~* for our sample. 

Since the Hall constant increases, although 
slowly, with increasing temperature, we can pre- 
sume that one or more further groups of charge 
carriers come into evidence above hydrogen tem- 


4 


——¥We recently learned of Yates’ work’* on the measurement 
of electrical resistance and Hall effect in Bi, Te, between 1.3 
and 660°K. Our results are in satisfactory agreement with 
Yates’ results. 


peratures. Our data on the temperature depend- 
ence of resistance and Hall constant do not fit into 
the simple scheme with an unfilled impurity band, 
proposed by Vlasova and Stil’bans. 


5. DISCUSSION OF THE RESULTS ON THE HEAT 
CAPACITY OF THE HOLES IN BISMUTH TEL- 
LURIDE 


On the assumption that in p-type Bi,Te3; near 
0°K there is one group of holes in a large concen- 
tration, giving the main contribution to the linear 
term in the heat capacity and to the Hall emf, we 
can deduce their effective mass at 2°K from their 
concentration and heat capacity. 

The atomic heat capacity of a highly degenerate 
gas of holes is 


Cy = {T = 3.86- 10° Vn's(m/m,)T cal/g-atom-deg, 
(2) 


where V is the atomic volume, n the number of 
holes per unit volume, and m/my the ratio of the 
effective hole mass to the mass of the electron. 

This relation applies for T «Tf, where Tr is 


the Fermi temperature: 


rig: =11 y2/s 
Trp=4.2-10 Yn, / im: 


In our case the Fermi temperature comes out to 
be 336°K, so that Eq. (2) is applicable, and from 
it we obtain m/my = 1.46. 

Since the Hall constant changes little between 
2 and 300°K it is possible that the activation en- 
ergy for the impurities in our Bi,Te3 is close to 
zero. 

In conclusion, the author considers it a pleasant 
duty to express his sincere appreciation to Acade- 
mician P. L. Kapitza for making it possible to 
carry out this work in the Institute for Physical 
Problems of the Academy of Sciences and to Pro- 
fessor P. G. Strelkov for his constant interest in 
the work and for valuable advice. 
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The possibility of polarizing the nuclei of paramagnetic elements — indium, antimony, and 
gold — in weak solutions of these elements in iron is established. Samples of ferromagnetic 
alloys In-Fe, Sb-Fe, and Au-Fe were cooled to a temperature of ~ 0.03°K and magnetized 
to saturation by a not too large (~ 2000 oe) magnetic field. The gamma-ray anisotropy of 


In! 14m i Sb122 


198 : ; : 
, and Au” nuclei contained in the samples was measured. Measurements showed 


that a strong inner magnetic field acts on the nuclei of the elements dissolved in iron; the 
value of this field has the following limits: for In-H = 2.5 x 10°, for Sb-H => 2.8 x 10°, for 
Au-H =1.0 x 108 oe. The assumption is expressed that this field is created by the conduction 
electrons, which have a substantial degree of polarization in a ferromagnet. At temperatures 
of 0.03°K the value of the polarization of the investigated nuclei is not less than 30 —50%. 


1. INTRODUCTION 


I N recent years a considerable number of experi- 
ments with oriented nuclei was performed. In the 
majority of cases a study was made of the angular 
distribution of the gamma rays. In these experi- . 
ments, except for checking the polarization methods 
themselves, information was also obtained that 
made the decay schemes of radioactive nuclei more 
precise. After the widely known experiment by Wu, 
Ambler et al., a certain number of experiments 
was performed on the angular distribution of elec- 
trons and positrons released during beta decay. 
Some experiments were also performed to study 
the interaction of polarized neutrons with polar- 
ized nuclei, by observing the anisotropy of the 

_ angular distribution of alpha particles during alpha 
decay and of fragments in neutron-induced fission 
of nuclei. 

In the overwhelming majority of cases two sta- 
tistical and equilibrium methods, proposed in ref- 
erences 1 and 2, were used for orientation. Both 
\ methods are applicable to the limited number of 
elements that form paramagnetic compounds which 
retain their paramagnetic properties down to very 
low temperatures. This requirement is very strin- 
gent and explains why all the experiments were 
performed solely with the isotopes of several ele- 
ments of the iron group, the rare earths, and acti- 
nides. A limitation is also inherent in two other 
statistical methods — the method of reference 3 
and the direct method. The first of these is applic- 
able to a narrow class of compounds whose nuclei 
have large quadrupole moments; the second re- 
quires the use of static magnetic fields with an 
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intensity of 10° to 10° oe, the production of which 
entails at present considerable technical difficul- 
ties. The use of the method proposed in refer- 
ences 4 and 5 for the polarization of ferromagnetic 
nuclei is naturally limited to ferromagnetic ele- 
ments. 

The dynamic methods, proposed in references 
6, 7, and by others, extend somewhat the circle | 
of elements whose nuclei can be oriented. Thus 
a sufficiently large degree of orientation of As" 
nuclei was attained in references 8 and 9; this 
the authors were able to measure by means of 
the anisotropy of the gamma radiation. However, 
obviously even the dynamic methods must not be 
considered universal. In addition their practical 
carrying out is more complicated than that of the 
statistical methods, particularly if a study of beta 
or alpha radiation emitted by the oriented nuclei 
is necessary. 

We have attemped to find new methods for 
polarizing nuclei. Earlier we published’! pre- 
liminary results of experiments on the polariza- 
tion of Au!®8, Sb!22, and In!!4™ in weak solutions 
of these elements in iron. In all three cases a 
relatively large degree of polarization, which was 
determined by the extent of the gamma-ray aniso- 
tropy, was attained. The method of polarization 
consists essentially of the cooling of a sample of 
ferromagnetic alloy, containing active nuclei mag- 
netized to saturation, to a temperature of several 
hundredths of a degree. The above nuclei were 
chosen only because both their magnetic moments 
and their decay schemes” are known. 

In this paper we publish the final results of the 
experiments on the polarization of Au'*®, Sb'2, 
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and In!!4™) nuclei in weak solutions of gold, anti- 


mony, and indium in iron. Possible explanations 
of the polarization mechanism are discussed in 
Sec. 4 of this paper. 


2. EXPERIMENTAL SETUP AND METHOD OF 
MEASUREMENT 


The adiabatic demagnetization method for para- 
magnetic salt was used to cool the samples down to 
a temperature of several hundredths of a degree. 
Potassium chrome alum was used. The thermal 
contact between the salt and the sample was ac- 
complished by means of a “heat conductor” — a 
copper rod ~ 150 mm long and with a diameter 
of 2.5 to 3mm. The sample was soldered to one 
end of the “heat conductor.” At the other end of 
the rod, copper plates, serving as the thermal 
contact between the rod and the salt, were soldered 
on with silver solder. The previously ground salt 
was pressed under a pressure of several thousand 
atm around these plates into the form of a cylinder 
50 mm long and with a diameter of 20 mm. The 
total surface of the copper plates in contact with 


the salt amounted to 40 —50 cm’. 


[|_-w 


FIG. 1. Arrangement of 
the instrument. 


The salt block with the “heat conductor” was 
suspended in the vacuum chamber of a cryostat 
by means of thin stainless-steel wires and was 
centered with the aid of a thin-walled glass tube 


in the upper part of the chamber (Fig. 1). On this 
figure, 1 is the block of paramagnetic salt, 2-— 
the “heat conductor” between the contact plates 3 
and sample 4; 5 — the centering glass tube held 
by Plexiglas washers surrounding the salt, 6 —a 
textolite sleeve for centering. The block was sus- 
pended on the thin wires 7, whose tension was ad- 
justed by little springs attached to brass hooks 8 
sliding in a frame of thin-walled tubes coated with 
German silver. The tubes of the frame were sol- 
dered on to the flange 9, fixed to the lid of the 
vacuum chamber. A centering sleeve was screwed 
into the flange. The position of the salt block with 
the sample was chosen such that the sample was 

at the lower end of the polepieces of the electro- 
magnet 10. The electromagnet produced fields up 
to 2 —2.5 koe at the position of the target. In these 
fields the samples used were magnetized practi- 
cally to saturation. The vacuum chamber was con- 
nected by a pipe 11 to a volume where a resistance 
thermometer 12 was placed, and to an adsorption 
pump 13 (reference 13). The upper end of the “heat 
conductor” with the soldered-on sample was also 
inside this pipe. The thermometer was connected 
to the measuring circuit through air-tight isolated 
leads 14 (cf. reference 14) by means of thin con- 
stantan wires. The thermometer served as the 
vacuum indicator in the chamber. A glass test 
tube 15 served as the outer wall of the vacuum 
chamber. The test tube was attached to a copper 
cylinder 16 which was sealed to the chamber lid 
with low-melting-point solder. Tubes 17 and 18 
served for pumping out the small pump and the 
chamber, and for filling the chamber with helium 
for heat exchange through a special measuring 
device placed in the cryostat lid. To measure the 
magnetic susceptibility of the salt, a ccil with two 
windings, primary winding 19 and secondary wind- 
ing 20, was placed over the test tube. 

The vacuum chamber was fastened inside the 
helium Dewar flask by means of a thin-walled 
silver-coated tube joined to the lid of the Dewar. 
Inside this tube there was a second tube which 
served as the connection to the valve of the ad- 
sorption pump. The electromagnet was fastened 
to a flange equipped with three stainless-steel 
wire braces of about 1 mm diameter whose upper 
ends were attached to the lid of the cryostat, since 
during magnetization of a paramagnetic salt in the 
field of a large magnet a considerable force tends 
to pull the electromagnet in. The whole cryostat 
was placed on a swinging truss making it possible 
to transfer the device after demagnetization from 
the magnet into the measuring setup quickly and 
without shaking. The helium evacuation line was 
equipped with an oilseal packing permitting, in ad- 
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dition to a rotation of the truss, also the adjust- 
ment of its height above the field. The end of the 
evacuation line was fastened to the lid of the cryo- 
stat through a bellows which made it possible to 
change the distance between the axis of the device 
and the axis of rotation of the truss. This provided 
the device with a third degree of freedom. The 
evacuation of the helium was effected by means of 

a VN-4 pump with a geometric efficiency of about 
60 l/sec. The pump was in a different room and 
was secured on a massive foundation. The evacu- 
ation line practically did not decrease the efficiency 
of the pump. With a completely open valve the pump 
allowed an evacuation up to 0.2 —0.2 mm Hg above 
liquid helium; this corresponded to a salt tempera- 
ture of 1.05 —1.10°K before demagnetization. 

A powerful magnet with an adjustable distance 
between the poles was used to magnetize the salt. 
The magnet was equipped with polepieces of 
“Armco” iron permitting the establishment of 
fields up to 22 koe in a 90 mm gap with a power 
dissipation of 40 kw in water-cooled windings. 

The polepiece diameter was 120 mm. 
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FIG. 2. The geometry of the measurements. 


The angular distribution of the gamma quanta 
emitted by the sample was measured with two 
scintillation counters fastened to massive iron 
shields on a support which made it possible to 
place the counters at angles of 0, 30, 45, 60, and 
90° to the direction of the sample magnetization. 
Inasmuch as the angular distribution of the gamma 
radiation for the investigated transitions was as- 
sumed to be known, the counting was performed 
in two directions only — parallel and perpendic- 
ular to the magnetizing field. Figure 2 shows 
the relative positions of the sample, the small 
magnet, and the crystals during the measurement 
of the angular distribution. As can be seen from 
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the figure, the crystals were placed a little below 
the sample in order to decrease the shielding in- 
fluence of the magnet poles. 

Every counting channel contained a crystal 
(as usual, this was a Nal crystal in the form of 
a 40 x 40 mm cylinder), a FEU-13 photomulti- 
plier with a power pack and a cathode follower, 
an amplifier, a pulse-height analyzer, and a 
scaler. The amplitude resolution of the system 
was 14% for Cs!8" 662-kev gamma rays. In each 
channel there were two decade scalers. A special 
switching device connected each scaler in turn. 

As one scaler was in operation, the readings of 
the other one were recorded. The operating pre- 
cision of the switching device was determined by 
a crystal-stabilized master generator of standard 
frequency (60 cps), and was'sufficiently high. A 
PPCh-4 device for watch checking was used as 
such a generator. The same generator was used 
also for supplying the primary circuit of the R-56 
ac bridge that served to measure the magnetic 
temperature of the paramagnetic salt. In addition 
to the secondary winding of the coil, a variable in- 
ductance was connected to the secondary circuit of 
the R-56 bridge; it served to determine the initial 
potentiometer reading. 

The samples were prepared in the form of thin 
discs (to decrease the demagnetization factor ) 
and had a diameter of 3 mm and a thickness of 
0.1—0.4 mm. The samples were prepared by 
alloying “Armco” iron with some of the investi- 
gated metal, by heating them inside a high-fre- 
quency oven in a helium atmosphere. The alloy- 
ing took place in quartz ampules. The bead ob- 
tained after the alloying was spread and rolled 
to the required thickness. A disc was punched out 
from the obtained strip. After this, the alloy sam- 
ples were irradiated by thermal neutrons in a re- 
actor. The irradiated samples were annealed in 
vacuum at a temperature of about 1000°C for 
2 —3 hours, after which they were soldered to the 
end of the “heat conductor” with a soft solder. To 
improve thermal contact, the end of the “heat con- 
ductor” with the sample was covered with an elec- 
trolytic layer of copper. Thus the samples con- 
taining Au!®® and Sb!22 were prepared. Samples 
with In'!4™ were prepared by alloying previously 
irradiated metallic indium with iron. 

As usual, the experiment began with a calibra- 
tion of the magnetic thermometer. For this pur- 
pose the susceptibility of the salt block was meas - 
ured at several fixed temperatures, determined 
from the helium vapor pressure. To control the 
heat transfer by the gaseous helium, simultane- 
ous measurements of the thermometer resistance 
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were made. The calibration was made in the tem- 
perature interval from 4.2 to 1.2—1.1°K. The 
helium vapor pressure was measured with a mer- 
cury manometer, small height differences being 
determined with the aid of a KM-6 cathetometer. 
After calibration, the device was placed between 
the poles of the electromagnet and the field was 
switched on. Five to ten minutes after the switch- 
ing on of the field, the valve of the pump was 
opened. The evacuation of the heat-conducting 
helium continued for 10 to 15 minutes, after which 
the valve was shut and the field was slowly switched 
off (in the course of 3—4 minutes). The device 
was transferred from the magnet to the measuring 
setup, the field of the small magnetization magnet 
was switched on, and simultaneous measurements 
of the gamma-ray intensity along both magnetic 
temperature directions as a function of time began. 
The salt temperature was measured at equal in- 
tervals of 10 —15 minutes; for this purpose the 
variable magnetic field with an amplitude of about 
0.1 oe was switched on only for the short measure- 
ment time of 15 —30 seconds. The duration of the 
experiment was determined by the supply of liquid 
helium available in the Dewar flask. And since at 
the end of the experiment, before all the helium 
had evaporated, it was essential to measure the 
counting rate for an isotropic gamma-ray distri- 
bution of the “warm” sample for a given position 
of the device relative to the counters, the duration 
of the experiment usually did not exceed 3 —4 
hours. During that time, in the good experiments, 
the salt with the sample had time to warm up from 
a minimum temperature of about 0.005°K to about 
0.05°K. In cases where a higher temperature 
range was of interest, the sample and the salt 
were heated immediately after the demagnetization 
by the variable magnetic field employed for meas - 
uring the temperature. For this purpose the am- 
plitude of this field was increased by a factor of 

10 —20 (up to 1—20e). The heat was essentially 
evolved in the copper contact plates and in the 
“heat conductor.” The sample was heated ina 
similar manner at the end of the experiment to 
measure the gamma radiation of a “warm” sample. 


3. MEASUREMENT RESULTS 


Each experiment yielded the dependence of the 
counting rate from the two detectors N(0) and 
N (7/2) and of the salt temperature on the time 
after the demagnetization. These data were proc- 
essed in the following manner. The background 
was subtracted from N(0) and N(7/2), and the 
values obtained (for the experiments with Au! 
and Sb!” the values were first adjusted to account 
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for the decay) were normalized by dividing them 
by the average counting rate for the heated sample. 
In the case of Au! and Sb!”? the background 
(amounting to about 10% of the count) was deter- 
mined simply by removing the device with the 
sample from the detectors. In the case of In! 
whose spectrum contains harder gamma rays in 
addition to the investigated 192-kev lines, the ex- 
tent of the background was determined by meas- 
urements in which a lead filter 2.5 mm thick was 
placed between the sample and the detector; such 
a filter absorbed 192-kev gamma rays completely 
and allowed practically the entire passage of 
harder radiation. The background which was thus 
determined amounted to about 15 — 20%. 

The sample temperature was determined by 
the temperature of the salt. The magnetic tem- 
perature was measured, and from it the thermo- 
dynamic temperature was calculated. For this 
purpose the magnetic temperature of the cylinder 
was first converted to the magnetic temperature 
of a spherical sample. In these calculations the 
effective demagnetization factor for a salt pressed 
into the form of a cylindrical block was taken to 
be 0.95; this was determined in accordance with 
the data of reference 16, taking account of the 
change in the susceptibility of the salt with the 
temperature. This correction, practically con- 
stant in the temperature interval 0.01 —0.1°K, 
amounted to +2.0 x 10°? deg. The magnetic tem- 
perature so corrected was then converted into the 
thermodynamic temperature. In this conversion 
we made use of the data of reference 17 for the 
temperature region above 0.05°K, and of the data 
of reference 18 for temperatures below 0.05°K. 
The sample temperature was assumed to be equal 
to the temperature of the salt. The correction for 
their temperature difference, which is due to the 
energy liberated by the beta-active sample, was 
estimated in accordance with the data of reference 
19. The correction apparently does not exceed 2 
to 3 x 107°°K for the lowest equilibrium tempera- 
ture of about 0.03°K, and lies within the limits of 
the error in the determination of the thermody - 
namic temperature of the salt, which we estimate 
to be about 10%. For lower temperatures this cor- 
rection becomes substantial. Thus for a beta- 
active sample which emits energy at the rate of 
about 0.3 erg/sec, the temperature of the sample 
cannot become lower than 0.015 — 0.020°K, even 
when the temperature of the salt is arbitrarily low. 

In our experiments thermal equilibrium was 
established within 30 —60 minutes after the de- 
magnetization of the salt. Up to this time the salt | 
had time to warm up to about 0.03°K. This cir- 
cumstance was not taken account of in the prelim- 
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FIG. 5. The dependence of the 566-kev gamma-ray 
intensity of Sb'”* on the time after the demagnetization 
of the salt. The counting rate of the heated sample was 


taken to be unity. The temperature variation of the salt 1000 


is shown by the solid curve. The arrow on the tempera- 
ture curve shows the time when the artificial heating of 
the salt began. 


inary experiments, !9»!! in which the heating of the 


salt was carried out for 15 — 30 minutes after the 
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demagnetization, i.e., until thermal equilibrium 
was established. As a result, the sample temper- 
atures used earlier were found to be too low. 


Experiments with Sb!” 


The sample of the Sb-Fe alloy contained 0.6% 

Sb by weight. There are indications that antimony 
and iron form a solid solution with an antimony 
content of up to 6 —7% (reference 20). The activity 
of the Sb!" nuclei, obtained by irradiating the 
sample in a reactor, amounted during the experi- 
ments to 6—8yC. Only those pulses correspond- 
ing to the gamma-ray photopeak with an energy 
of 566 kev were registered. The fraction of the 
' registered pulses from harder gamma rays did 
not amount to more than 5%. 

The angular distribution of gamma rays with 


an energy of 566 kev (the pee 0* transition), 


emitted after the beta decay of oriented Sb!?? nu- 
clei (the 2” — 2* transition), is determined by 
the following expression:°»?! 


N (8) = 2[1 — 2 Ff, By Ps (cos 9) — F fa Ba Pa (cos 9)], (1) 


where 2 is the angle between the direction of 
emission of the gamma rays and the axis of ori- 
entation; P,(cos ¥) and P,(cos ¥#) are Legendre 
polynomials; f, and f, are orientation parameters 
of the Sb!2* nuclei; B, and By, are coefficients that 
determine the change in the orientation of the nu- 
clei during beta decay. For the beta transition 
2->— 2* (reference 9) 


where dQ), Q;, @ , are the relative probabilities 
that during the 2” — 2* beta decay the electron and 
the neutrino are emitted in a state with a total an- 
gular momentum L of 0, 1, and 2, respectively 
Usually the anisotropy of the gamma radiation 
of the nuclei is determined in the following manner: 


& = [N(x /2)—N (0)]/N (e/2), (3) 


where N(7/2) and N(0) are the probabilities 
of gamma-ray emission at 90° and 0° to the axis 
of orientation. In our case 


© = (P Bofe —P Bafa) / (1 + > Ba fe —5Ba fa). (4) 


The values of f, and f, are fully determined by 
the quantity 8 = uH/kTI, where wp is the mag- 
netic moment of the Sb!" nucleus equal to 1.9 
nuclear magnetons,” H_ is the effective magnetic 
field at the Sb nuclei, T is the absolute tempera- 
ture, and I is the nuclear spin. For small values 
of B, f, +0, and f, ~ ag’, where a ~(745)I(I+ 2) 
and consequently 


e =} Bof,~ © B, ap? = = Baa (uH / RTI)’. (5) 


From expressions (2) it is possible to find that 
—%, < B, <1. However, negative values of B, 
are excluded by the fact that the experimental 
value of ¢€ is positive. Therefore 0< B, =1. 
Substituting in (5) the values of u and I for Sb!” 
and taking the square root, we obtain 


Vex3.0-10°VY BH /T. (6) 
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The results of one of the experiments with Sb!?? 


are shown on Fig. 3. Figure 4 gives the experi- 
mental dependence of Ve on 1/T for Sb!”, cal- 
culated from Fig. 3. It can be seen that the ex- 
perimental points fit well on a straight line. The 
deviations from the straight line for small T are 
essentially due to the fact that in this temperature 
region the temperature of the sample differs from 
that of the salt. From expression (6) and from the 
slope of the linear portion of the experimental 
curve of Fig. 4, it can be found that H & 2.8 

x 10°/VB, oe. Since 0< B, <1, H must be 
greater than or equal to 2.8 x 10° oe. Unfortu- 
nately, we still do not have data which would enable 
us to narrow the bounds of B,, although it is al- 
most obvious that very small (~ 0.1) values of 
B, are highly improbable. Thus from the results 
obtained it is possible to determine only the lower 
limit of the field value on the Sb nuclei in the 
Sb-Fe alloy, namely H = 2.8 x 10° oe. The de- 
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FIG. 4. The dependence of \/€ on 1/T for 566-kev 
gamma radiation of Sb’??. 
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gree of polarization of the S nuclei is f; 


=],/1= 30% for T =0.03°K. 


Experiments with Au!® 


The sample of Au-Fe alloy contained 0.3% Au 
by weight. It is known that the solubility of gold in 
iron at 600°C is 0.6% (reference 20). The activity 
of the Au! nuclei, which were produced in the 
sample as a result of irradiation in a reactor, 
amounted during the experiments to 2—3yuC. The 
anisotropy of the gamma radiation with an energy 


of 411 kev (the 2* eee transition), emitted after 


the beta decay (the 27> — 2* transition) of oriented 
Au!®8 nuclei, was measured. This case is com- 
pletely identical with the above case of Sb! and 
therefore expressions (1) — (5) are applicable to 


Au!*8_ Substituting in (5) I= 2, and the value of 
uw for Au'®? which is 0.5 nuclear magnetons,”* we 
obtain for small B 


‘Vex 0.79- 108 VY BH /T. (7) 


FIG. 5. The dependence of the gamma-ray intensity 
of Au’’* on the time after the demagnetization of the salt. 


dt, hours 
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1/T for 411-kev 
gamma radiation of 
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Figure 5 shows the results of one of the experi- 
ments with Au®, and Fig. 6 shows the experimen- 
tal dependence of Ve on 1/T obtained from these 
results. From (7) and the slope of the linear por- 
tion of the experimental curve of Fig. 6 it can be 
found that H ~ 1.0 x 108//B, and since 0 < B, 
=1, H=1.0x10% oe for Au, For T =0.03°K 
the degree of polarization of Au nuclei is f, = I, /I 
= 30%. 


Experiments with In!!4™ 


The sample of the In-Fe alloy, containing 
In!4™ radioactive nuclei, was prepared by alloy- 
ing metallic indium, previously irradiated in a re- 

actor, with iron. About the solubility of indium in 
iron, unfortunately, nothing is known. The indium 
content of the sample was 0.12% by weight, and the 
activity of the In!!4™ nuclei (the number of de- 
cays) was ~ 10uC. In4™ nuclei disintegrate 


basically (96.5%) by gamma transition ( ste 1*) 

with an energy of 192 kev. The anisotropy of the 

quanta emitted during this transition was meas- 

ured. Because of the large conversion coefficient, 

the number of these quanta per decay is only equal 
192 kev 


SS 
SJ 


FIG. 7. The gamma- 
ray spectrum of In**™ 
(R.P.S.—the registered 
portion of the spectrum). 
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to 0.18. Figure 7 shows the gamma spectrum of 
the sample when it is in its operating position in- 
side the Dewar flask. The spectrum was meas- 


ured by a detector placed at an angle of 0° with 
respect to the field of the small magnet. As can 
be seen from Fig. 7, only pulses corresponding 
to the right half of the gamma-ray photopeak with 
an energy of 192 kev were registered. This was 
done in order to exclude the effect of gamma rays 
scattered by various parts of the device near the 
source. 

The angular distribution of gamma rays with 
an energy of 192 kev, emitted by oriented In!4™ 
nuclei, is of the following form:* 


N (8) = 1 —2,61f,P. (cos 9) + 4.97f4 Ps (cos 9) 
+ 1.71 f¢ Pe (cos 9) — 75f5 Ps (cos 9). (8) 


For small values of 8 all terms, except the one 

depending on f,, can be neglected, and, using the 
value of the nuclear magnetic moment for In!4™, 
equal to 4.7 nuclear magnetons,”* and I1=5, itis 
possible to obtain the following expression for the 
anisotropy of the gamma rays: 


Vex8.5-10% H/T. (9) 


The results of two experiments with In!!4™ are 
shown on Figs. 8a and b. Soon after the start of 
the second experiment, the sample was heated 
from ~ 0.01 to ~ 0.03°K. It can be seen that 
this heating was accompanied by a sharp decréase 
in the anisotropy of the gamma radiation. From a 
comparison of the temperature curve after the 
heating with the change in the counting rate, it is 
possible to conclude that the time for the estab- 
lishment of thermal equilibrium between the 
sample and the salt was ~ 20 min. 

From the results of the experiment shown in 
Figs. 8a and b the experimental dependence of Ve 
on 1/T for In!4™) shown in Fig. 9, was obtained. 
Figure 9 also shows the theoretical curve Ve (1/T) 
calculated with formula (8), taking into account 
terms which contain f, and f,. The initial portion 
of this curve coincides with the experimental points 
and from its slope, using (9), it is possible to ob- 
tain the value of the field on the In'4™ nuclei H 
= 2.47 x 10° oe. The polarization of the In nuclei 
is “f;=1,/1=50%, at T =0.03°K. 

Measurements of the anisotropy were also car- 
ried out with Cd'!* for gamma rays with energies 
of 540 and 720 kev that are emitted after K cap- 
ture in In!!4™_ Since the angular distribution of 
the quanta of these two gamma transitions is the 
same (a case analogous to the emission of 1170- 
and 1330-kev gamma quanta in the decay of Co®), 
they were registered simultaneously. From these 
measurements a value H = 2.3 Xx 10° oe, coincid- 
ing within 10% with that given earlier, was obtained. 

*This formula was obtained by L. D. Puzikov. 
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FIG. 8. The dependence of the 192-kev gamma-ray 
intensity of In***™ on the time after the demagnetization 
of the salt in various temperature intervals: a—first 
experiment, b—second experiment. The notation is the 
same as in Fig. 3. 
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FIG. 9. The dependence of V€ on 1/T for | 
192-kev gamma radiation of In’**™, 


Inasmuch as it remains unknown what portion 
of the indium entered into the alloy with iron, the 
values obtained can only be considered the lower 
limit of the magnetic field on the indium nuclei 
in the In-Fe alloy. We also carried out experi- 
ments with a sample of In-Fe alloy which con- 
tained 0.6% In by weight. The value of the aniso- 
tropy at 0.03°K turned out to be 10%. From this 
it is possible to conclude that the solubility of in- 
dium in iron is less than 0.6% but hardly less than 
0.12%, i.e., the true value of the magnetic field on 
the In nuclei in the In-Fe alloy does not differ 
greatly from that found in the experiments with 
the In-Fe alloy containing 0.12% In. 

A summary of the results obtained is given in 
the table. 


The element dissolved in | Sb In 
in the iron 
Content of the element 
by weight 0,3 0,6 Or 

The radioactive nucleus Aus Sb122 eee 
e, % . 6 8 

ry T= O03 

1 } cai ee >0.3 >0. 
H, oe 1-108 | >2.8-105 >2,5-108 


4, DISCUSSION OF RESULTS 


It follows from the stated results that the in- 
troduction of weakly magnetic elements into a 
ferromagnet is, apparently, a universal method 
for the polarization of nuclei. This method is 
based on the fact that a strong magnetic field on 
the order of 10° oe acts upon the nuclei of weakly 
magnetic elements dissolved in the ferromagnet. 
As was already stated in an earlier paper,/! the 
most probable explanation of the source of this 
field (first shown to us by E. K. Zavoiskii) is 
that it is created by the conduction electrons, 
which in ferromagnets have a substantial degree 
of polarization. The determination of the value of 
this field is of independent interest for the theory 
of ferromagnetism. 


aj 30 


fT, [ey 


Recently, Marschall”* investigated the “contact” 
magnetic field created on the nuclei of a ferromag- 
net by the conduction electrons. For the value of 
this field he used the following expression: 


He = — (8% / 3) po| (0)? nPese » 


where py is the Bohr magneton, |7(0) |? is the 
mean square value of the s -electron wave func- 
tion at the nucleus, which can be estimated from 
the value of the atomic hyperfine-structure con- 
stants of a free atom, Pog¢ is the polarization of 
the conduction electrons. According to Marschall, 
Peff consists of two terms. The first is due to the 
direct effect of the d-shell magnetic moments of 
the atoms on the conduction electrons; the second 
term is due to the exchange interaction of s and 
d electrons. A comparison of Marschall’s esti- 
mates with the results of experiments on the polari- 
zation of Co® nuclei in metallic cobalt leads to a 
value Poff ~ 10%. 

The mechanism investigated by Marschall is, 
apparently, also applicable to our case, if it is 
assumed that the conduction electrons are polar- 
ized near the iron atoms and go over to the neigh- 
boring impurity atoms without reorientation. Un- 
fortunately, it is still impossible to compare the 
experimental values of the fields on the nucleus 
with the theoretical values, which are merely es- 
timates. Concerning the experimental values, it 
was possible in the cases which we investigated 
to determine only their lower limits. However, 
we propose later on to find in a number of cases 
the actual values of the fields (accurate within 
10 — 20%) both by measuring the anisotropy of 
the gamma radiation emitted after allowed beta 
transitions, and by measuring the anisotropy of 
the beta radiation. 

We intend also to investigate the value of the 
field on nuclei of elements introduced into various 
ferromagnets. The measurements of the gamma- 
ray anisotropy of In‘4™ in an indium-nickel alloy 
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which have already been carried out yielded a 
negative answer (accurate within 0.5%). This 
result is of interest from the point of view of re- 
cent widely discussed ideas*4 about two different 
types of electron structures of transition metals. 
According to these ideas, the d shells of the 
atoms of such metals as nickel and cobalt differ 
little from the d shells of free Ni and Co atoms, 
and the total number of conduction electrons per 
atom is only ~ 0.5. Iron and, apparently, the rare 
earths belong to another type. In iron atoms, for 
instance, six of the eight d electrons are collec- 
tivized and are in the conduction band. 

The authors consider it their pleasant duty to 
express their deep gratitude to E. K. Zavoiskil 
and L. V. Groshev for their constant interests in 
the work, to L. D. Puzikov for help in the theoret- 
ical calculations, to V. M. Galitskii and D. P. 
Grechukhina for a discussion of the work, to 
G. P. Mel’nikov tor the construction of the neces- 
sary radio devices, to V. N. Agureev, I. B. Filip- 
pova, and N. V. Razzhivina for help in carrying out 
the experiments, and also to N. E. Yakovich, V. A. 
Drozdov, and V. D. Sheffer who provided an unin- 
terrupted supply of liquid helium. 

Note added in press (January 18, 1960): Until 
very recently we, unfortunately, did not know the 
paper by Beun et al.® on the connection between 
the magnetic and thermodynamic temperatures in 
potassium chrome alum. If in the processing of 
our results we had used the data of the above 
paper, the values of the fields on the nuclei of 
gold, antimony, and indium, would have been 
lower by 25 — 35%. 
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The angular distribution of the reaction Li’ (a 


» eh} ie (Q = —4.61 Mev) for the bombard- 


ing a-particle energy Eq = 13.2 Mev and also the angular distributions of the reactions 
Li'(a, t)Be® (Q =-2.56 Mev), Li®(a, p)Be® (Q = —2.13 Mev), and Li’(a, p) Be!” (Q@ 
= —2.56 Mev) for Eg =10.15, 11.5, and 13.2 Mev were investigated. 

The results can be derived from direct interaction theories. From an interpretation of 
the experimental angular distribution of the reaction (a, a’) within the framework of But- 
ler’s theory it follows that the parity of the 4.61 Mev level in the Li’ nucleus is negative 
and the spin is equal to one of the following four values: 4%, %, 4, %. 


1. INTRODUCTION 


it N many papers published in recent years it has 
been shown that many nuclear reactions proceed 
without formation of a compound nucleus. This 
pertains also to reactions due to a particles with 
energy ranging from several Mev to several times 
ten Mev, as a result of which the final nucleus re- 
mains in the ground state or in a not too excited 
state. 

Symptoms of direct processes in a nuclear re- 
action are the asymmetry of the angular distribu- 
tion of the secondary particles with respect to the 
plane perpendicular to the direction of the beam of 
bombarding particles (in the center-of-mass sys- 
tem) and relatively weak dependence of the form 
of the angular distribution on the energy. A char- 
acteristic symptom of reactions that proceed via 
a compound nucleus, to the contrary, is symmetry 
of the angular distribution relative to the aforemen- 
tioned plane. An asymmetrical distribution in the 
case when a compound nucleus is formed is pos- 
sible only when the reaction goes through a small 
number of overlapping levels of the compound nu- 
cleus of unequal parity, but in this case the form 
of the angular distribution should be sensitive even 
to slight changes in the energy.! 

A simple approximate formula for the differen- 
tial cross section of direct nuclear reactions was 
given by Austern, Butler and McManus.” The dif- 
ferential cross section was expressed in terms of 
the linear combination of the squares of spherical 
Bessel functions i7 (|q|R), where Q is the wave 
vector of the recoil nucleus, R a certain radius, 
and J the quantum number of the orbital angular 
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momentum, acquired (or lost) by the nucleus as 
a result of the collision. Possible values of J are 
determined by the selection rules 


|\Ja + Ja + Sat Sp |min<l<Jat+Ja+ sat 55 (1) 


and 


ramp = (—ly, (2) 


where JA, JB, Sg, and Sp are respectively the 
spins of the initial and final nucleus and of the inci- 
dent and emitted particles, mA and mp are the 
parities of the initial and final nucleus. The theory 
of direct nuclear reactions was later on developed 
by Butler,? who gave a sufficiently general theory 
(in the Born and plane-wave approximations) of 
nuclear reactions that occur when bombarding par- 
ticles interact with weakly bound particles located 
in the surface region of the nucleus. In particular, 
it has been shown that in the expression for the dif- 
ferential cross section of direct nuclear reactions, 
interference terms may appear. Formulas for the 
differential cross section given by Butler, Austern, 
et al. were derived specifically for reactions on 
nuclei which can be described by the nuclear-shell 
model, but similar formulas can be obtained also 
when using other nuclear models.*~® 

The formulas of Butler, Austern, et al. are suit- 
able for describing angular distributions which are 
directed forward and which have an oscillating 
structure. Owen and Madansky’ have considered 
the mechanism of “stripping of a heavy particle,” 
which. produces a peak in the angular distribution 
at angles close to 180°. 
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2. MEASUREMENT PROCEDURE 


The experiments were performed with the cyclo- 
tron of the Leningrad Physico-technical Institute, 
which produces accelerated particles of different 
energies (in the experiments reported in this ar- 
ticle, q@ particles of energies 10.15, 11.5, and 
13.2 Mev were used). A scattering chamber 50 
cm in diameter was attached to the cyclotron. A 
target was placed in the center of the chamber, 
surrounded at a radius of 20 cm by special cas- 
settes containing photographic plates (type Ya-2, 
emulsion thickness 100y). The average angle be- 
tween the plane of the photographic emulsion in 
the cassette and the direction of particle motion 
from the target was 10°. The scattering chamber 
and the cassettes employed made it possible to 
investigate angular distributions in the range 
from 10 to 170°, in steps of 5 or 10°, but since 
the particle energy from the Li+a reaction 
diminishes very rapidly with scattering angle in 
the laboratory system, in practice only several 
high-energy particles could be registered at large 
angles. 

The targets were made by rolling metallic 
lithium of natural isotopic composition in an at- 
mosphere of dry carbon dioxide. The targets em- 
ployed were 0.75 —1.1 mg/cm? thick. 

The plates, exposed and developed in a standard 
manner, were scanned with a MBI-3 microscope 
The lengths of the tracks were measured and the 
energy spectra of the particles and angular dis- 
tributions of particle groups were determined. 
The groups of tracks were associated with the 
different particles produced in the various reac- 
tions by studying the changes in the track lengths 
with scattering angle. 

The absolute values of the differential cross 
sections obtained in different experiments did not 
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FIG. 1. Track spectra at E, = 13.2 Mev. The ab- 
scissas represent the horizontal projection of the track 
length, a— Oa) = 60°, thickness of aluminum foil in the 
cassette window da; = 62 p, each division of the hori- 
zontal scale corresponds to 5.07 p; b—Ojab = 170°, 
dai = 8 p, one division of the horizontal scale = 2.535 p. 


deviate from their average values by more than 
30 or 40%. 


3. RESULTS AND THEIR DISCUSSION 


A. Track groups. In scanning the photographic 
plate under the microscope, many intense track 
groups were found. Among the short-range tracks 
(shorter than the tracks of the elastically scattered 
a particles), the most intense was a group-due to 
the inelastic scattering reaction Li’ (a, a’) hit 
(Q = —4.61 Mev). Among the long range tracks, 
the most intense were groups from the reactions 
Li’ (a, t) Be® (Q = —2.56 Mev), Li®(a, d) Be® 
(Q = -1.59 Mev), Li®(a, p) Be? (Q = —2.13 Mev), 
and Li’ (a, p) Be!® (Q = —2.56 Mev). The par- 
ticles from the two last reactions form a single 
group (see track spectrum at @]ab = 60° in Fig. 
la) and begin to separate only at large scatter- 
ing angles (Fig. 1b). What is striking is the large 
intensity of the triton and deuteron groups. 

B. Angular distributions of the reaction 
Li’ (a, a’) Li (Q =—4.61 Mev). The angular 
distribution of the a particles inelastically scat- 
tered by Li’ (Q = -—4.61 Mev) at energy Eq 
= 13.2 Mev, is shown in Fig. 2 (experimental 
points). The errors indicated are the sum of the 
corresponding statistical errors, the errors in the 
determination of the solid angle, and the errors 
which possibly occurred in the separation of track 
groups (similar errors are indicated also for the 
other angular distributions). The transverse 
cross section of the reaction is very large: the 
section estimated by integrating the angular dis- 
tribution from 15 to 90° (in the c.m.s.), is 147 
+60 mb. Ina comparison with the Butler theory,° 
under the assumption that the single-particle level 
of the unpaired proton from the p shell is excited, 
it is found that it is impossible to obtain a theoret- 
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FIG. 2. Experimental 
and theoretical Butler an- 
gular distributions of the 
reaction Li’(a, a’) Li’* 
(Q =—4.61 Mev) at 
E,= 13.2 Mev. 
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ical curve that fits satisfactorily the experimental 
one, but the forward peak of the experimental angu- 
lar distribution can be sufficiently well compared 
with the peak of the Butler curve with 1 =2 and 
radius R=5.6 x10 °cm (curve on Fig. 2). This 
fact, in accordance with the selection rules (1) and 
(2) and the known spin and parity of the ground 
state of the Li’ nucleus Chas indicates clearly 
that the 4.61-Mev level of Li’ has negative parity. 
The value of the spin can be assumed here to be 
one of the following four: '%, %, %, and %. 

It is seen from Fig. 2 that the experimental 
peak is narrower than the theoretical one. In ex- 
plaining this circumstance it must be kept in mind 
that Butler’s theory does not take into account ade- 


quately the scattering of the incident and elastically- 


seattered particles in the field of the nucleus, i.e., 
the distortions of the plane waves. A refinement of 
this theory in this sense, as is known, leads indeed 
to a narrowing of the peaks.*»!° 

C. Angular distributions of the reactions 
Lié Qa, Be? = —2.13 Mev) and _ Li’ Qa, Be!® 
(Q = —2.56 Mev). The angular distributions of the 
protons from these reactions in the laboratory sys- 
tem at Eg =10.15, 11.5, and 13.2 Mev are shown 
in Fig. 3 [the ordinates represent 0.925 01,7 (@) 
+ 0.075 0],j6(@)]. The points with different labels 
were obtained in different experiments. The same 
diagram shows curves 1 and 2 corresponding to the 
isotropic angular distributions of the protons from 
the reactions Li’ (a, p) Be! and Li®(a, p) Be? 
in the c.m.s. 

Since the groups of protons from the two reac- 
tions are not separated, and their c.m.s. are some- 
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what different, an exact recalculation of the angular 
distribution to the c.m.s. is impossible. Figure 4 
shows as an illustration the approximate angular 
distribution of the protons in the c.m.s. at Eg 

= 11.5 Mev [the additional errors in the recalcula- 
tion are A@ < 1°, Ag(6) < 5%]. 

It is seen from Figs. 3 and 4 that the angular 
distributions in the c.m.s. are sharply anisotropic 
and are asymmetrical with respect to 6 = 90°. 
Their shape changes as the a -particle energy 
varies from 10.15 to 13.2 Mev, but the similarity 
between the two is retained, which can be consid- 
ered as an indication of the important role of the 
process, which takes place in addition to the pro- 
duction of a compound nucleus. The maximum at 
angles close to 180° (Fig. 4) is apparently connected 
with the mechanism of the “stripping of the heavy 
particle.” It is still difficult to say more about the 
details of the mechanism of the reactions, for it is 
not known whether both reactions proceed without 
formation of the compound nucleus, or only one of 
them. 

D. Angular distributions of the reaction 
Li’ (a, t) Be® (Q = —2.56 Mev). The angular dis- 
tribution of the tritons of the reaction Li’ (a, t)‘Be® 
(Q = —2.56 Mev) at Eg =10.15 Mev is shown in 
Fig. 5 (experimental points). At other energies, 
up to 14.7 Mev, very similar angular distributions 
are observed.!! The form and energy dependence 
of the angular distributions point to the importance 
of the role of the direct-interaction mechanism. 

When a more detailed picture of the direct-inter- 
action mechanism in the Li’ (a, t) Be® reaction is 
established, it appears more likely to consider the 
triton produced in this reaction as consisting of 
nucleons belonging prior to the collision to the Li’ 
nucleus rather than to He*. Actually, the reaction 
is due to the collision of two light nuclei, which do 
not differ greatly in their masses, but have substan- 
tially different structures: the He* nucleus is very 
strongly bound and compact, while Li’ is weakly 
bound and “loose.” According to the shell model, 
the Li’ nucleus should be considered as consisting 
of four s-nucleons in the filled shell, forming the 
a particle, and three outer p-nucleons. Follow- 
ing Brueckner’s ideal? we can assume that the 
outer p-nucleon can form something by nature 
of a triton and the Li’ nucleus can be considered 
at different times as if consisting of an q@ par- 
ticle and a triton. It appears little likely that the 
Li’ (a, t) Be® reaction is a result of the stripping 
of a proton from a strong and compact a particle 
in the field of a loose Li’ nucleus. A much more 
probable process is one similar to the knock-out 
of tritons from Li’ by a particles, when the tri- 
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FIG. 3. Angular distribution of the reactions 
Li’(@, p)Be’® (Q =—2.56 Mev) and Li‘(@, p)Be? 
(Q =-2.13 Mev) at E,= 10.15, 11.5, and 13.2 
Mev in the laboratory system. 
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FIG. 4. Angular distribution of the reactions 
Li’(@, p)Be*® (Q = —2.56 Mev) and Li‘(a, p)Be’ 
(Q =-2.13 Mev) at Eg = 10.5 Mev in the c.ms. 
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FIG? S. Experimental and theoretical angular distribu- 
tions of the reaction Li’(d, t)Be® (Q = -2.56 Mev) at 
Eg= 10.15 Mev. 


ton contained in the Li’ leaves this nucleus as a 
result of the collision, and the remaining a par- 
ticle captures the incoming a particle into the 
Be® nucleus. A curve calculated on the basis of 
such a model with Butler’s formula’ for J =1 

(the only possible value compatible with the known 
values of the spins and parities of the nuclei par- 
ticipating in the reaction’), R=10x 107! cm and 
lal =%|ka—%kt| (where kg and kt are respec- 
tively the wave vectors of the a particle and the 
triton ),'° is shown in Fig. 5. As can be seen, the 
positions of the maxima of the theoretical and ex- 
perimental curves are in fair agreement. 

The curve calculated from stripping theory 
(where the a particle is considered as an anti- 
symmetrical deuteron) for 1=1, |q|=|kq—%k| 
and R =5.6 x 107!2 em is shown dotted in Fig. 5. 

We see that it is similar to the curve calculated by 
_ the knock-on theory. 

To obtain a satisfactory agreement between the 

| theoretical curves, calculated by the knock-on 
theory, the “interaction radius” parameter had to 
be taken very large: R=10 x 1073 cm. When R 
is reduced the maxima of the theoretical curves 
broaden and creep towards the larger angles, while 
the distances between them increase. We note that 
in explaining the experimental angular distributions 
of other reactions on light nuclei by means of the 
knock-on mechanism, it is also necessary to take 
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larger values of the parameter R.'4 This is con- 
nected with the fact that in the case when a theory 
Similar to that of Butler is used in the analysis of 
knock-on reactions, R must be interpreted not 

as a huclear radius, but as the distance between 
the center of gravity of the core of the nucleus 

(in this case the a particle contained in the Li’) 
and the center of gravity of the knocked-on particle 
(in this case the triton) during the instant of colli- 
Sion. For light nuclei this distance may be much 
greater than the nuclear radius. 

The authors are grateful to the cyclotron crew, 
headed by A. B. Girshin and also to the staff of the 
Laboratory of Nuclear Reactions of the Leningrad 
Physico-technical Institute, who helped with the 
performance of the experiments. 
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Positron decay of Ir!” (Ty. = 74 days) has been detected with the relative intensity 1.5 x 107" 
positron per decay and end-point energy 240 + 10 kev. The total Ir!8_Qg!® transition energy 
is 1950 kev. The conversion-electron spectrum above 1 Mev was measured. A new 1088-kev 


y transition was detected. 
1. INTRODUCTION 


[1 is known to decay to iets through 6B emis- 
sion and to Os!" through electron capture. Accord- 
ing to Wapstra! an Ir!*2_Os!*" transition through 
positron decay is also energetically possible. This 
decay has heretofore not been detected; in refer- 
ences 2 and 3 its intensity was estimated at less 
than 107° positron per decay. 


2. EXPERIMENTAL PROCEDURE 


Our measurements were obtained with the mag- 
netic beta-ray spectrometer described in refer- 
ences 4 and 5. Iridium sources were prepared by 
thermal-neutron irradiation of metallic iridium 
deposited on 5yu aluminum foil by means of cath- 
ode sputtering in an argon atmosphere. Material 
containing 99.92% Ir, 0.03% Pt and 0.02% Rh was 
sputtered. 18 x 8 mm sources were used. The 
spectrometer resolution was 1.5% with the solid 
angle 0.5% of 4r. 


3. POSITRON SPECTRUM OF Ir!” 


Correct allowance for the background is very 
important for the study of a very weak positron 
spectrum in the presence of intense beta and 
gamma radiation. The background is usually 
measured by shifting the source with respect to 
the slit placed before it so that beta rays with nor- 
mal trajectories cannot enter the spectrometer. 
The background can also be measured when the 
diaphragm aperture is closed, but both procedures 
generally modify the background in such a way as 
to distort the results. Our beta-ray spectrometer 
was designed to permit background measurements 
by a different technique. 

In our spectrometer the beta-ray beam which 
had traversed the first counter after being focused 
in a sectorial magnetic field was refocused by a 
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FIG. 1. A) dependence of counting rate on lens current in 
measurement of Ir'*? positron spectrum (a — background, b — po- 
sitrons); B) dependence of counting rate on lens current for 
B™ spectrum of Ir’*?. 


magnetic lens, which thus served as a second mono- 
chromator. Figure 1B shows the instrumental line 
for the magnetic lens that was obtained in measur- 
ing the electron spectrum. With constant current 
maintained in the magnet the lens focused beta rays 
in a small energy range which was determined from 
the spectrometer resolution. At the same time the 
background electrons have a very flat energy dis- 
tribution since the background results mainly from 
Compton electrons, ejected by gamma rays in the 
region of the first counter, which enter the first 
counter and are subsequently focused at the second - 
counter, as well as from beta rays undergoing mul- 
tiple scattering at the walls and baffles. Conse- 
quently, when the lens current is varied within cer- 
tain limits while the magnet current remains con- 
stant the registered radiation will not change much 
if it results from the background. However, if posi- 
trons focused by the sectorial field are being reg- 
istered the beam intensity will vary as shown by 
the curve in Fig. 1B. Figure 1A shows how the 
coincidence intensity observed by us in the study 
of the Ir’? positron spectrum depends on the lens - 
current. Here the background a can be very sim- 
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ply separated from the positron spectrum. The 
principal advantage of the given technique for back- 
ground measurements lies in the fact that the posi- 
tion of the source and the conditions for beam pas- 
sage are not varied. 


1 Mg) ym 0 
MN aby ‘ 
3 
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2500 
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FIG. 2. A) Ir’? positron spectrum; B) Fermi plot for posi- 
tron spectrum. 


The positron spectrum of Ir! is shown in 


Fig. 2 (curve A), where the background was taken 
into account and a correction was made for the de- 
pendence of detector efficiency on positron energy, 
just as in the case of the earlier work described 
in reference 5. A Fermi plot (Fig. 2B) shows that 
the positron spectrum results basically from p* 
decay with end-point E, = 240 +10 kev. The half- 
life of the positron spectrum is estimated to be 
T4/2 = 120 + 60 days. On the basis of the end-point 
and half-life the observed spectrum is assigned to 
positron decay of Ir!*. Available data® indicate 


that the observed B* spectrum cannot be accounted 


for by impurities. 


FIG. 3. Ir'®? decay scheme. 


Figure 3 shows the decay scheme’ of Ir!*? in- 
cluding the observed £* decay. Because of the 
relatively low statistical accuracy of the experi- 
mental data the corresponding unique shape of the 
B*-decay spectrum was not determined. The total 
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Ir!92_Os182 decay energy is 1950 + 10 kev accord- 
ing to our data, in good agreement with the value 
2050 kev obtained by Wapstra using a different 
procedure.! 

By comparison with the B~ spectrum the B*- 
decay intensity was determined to be (1.5 + 0.4) 
x 107" positron per decay. The observed spectrum 
is the weakest of the partial B spectra known at 
the present time. According to the decay schemes 
in reference 6 the K -capture intensity in Ir!” 
with a transition to the 690-kev excited state of 
Os!*? is 2.5%. The K-capture to $*-decay in- 
tensity ratio thus becomes JK /Jg* = 1.6 x 10°, 
which is about eight times larger than the result 
obtained by a calculation based on previously pub- 
lished data for allowed transitions’*® but which 
agrees very well with Zyryanova’s results? for 
unique transitions. 


4. INTERNAL CONVERSION SPECTRUM OF Ir!* 
GAMMA RADIATION ABOVE 1 Mev 


The high-energy y transitions that accompany 
Ir! decay exhibit low intensities, the data for 
which are inadequate and to a certain extent in- 
consistent. No data have been available for the in- 
ternal conversion spectrum of these hard gamma 
rays. We have investigated the spectrum of con- 
version electrons produced by gamma rays with 
energies above 1 Mev by means of the same appa- 
ratus that was used to measure the positron spec- 
trum. The low background and negligible effect of 
scattered radiation make this spectrometer, as is 
evident from the data given below, a convenient in- 
strument for investigating the internal conversion 
of very weak gamma radiation (1074 — 107° quanta 
per decay) when the conversion lines lie outside 
the B spectrum. 
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FIG. 4. Spectrum of Ir'®? conversion electrons. 


The results are shown in Fig. 4. We have in- 
cluded measurements of previously investigated 
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Internal conversion ratio 


K/(L +.M) 
Multipolarity 


Relative intensity of K-con- 


version lines 


Relative gamma-ray intensity 


Gamma-ray intensity 


*E2 according to reference 3. 


108810 
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5.40 80 3.70 
LP Be E1(M1) | £3(M3) 

5.6 0.22 0.23 

24 0.8 (0.4) | 0.3 (0.08) 
27 [29], 16 [2] | 0.6-40.5[2] 


conversion lines resulting from a 882-kev gamma 
ray for the purpose of comparing intensities. Three 


gamma rays, with 1056, 1088 and 1368 kev, were 
observed in the energy region above 1 Mev. The 
difference between the K- and L-conversion 
energies indicates that the 1056-kev quantum is 
while the other two quanta are 
An analysis of the conversion 
spectrum yields the energies, multipolarities and 
relative intensities of these gamma rays, which 


converted in Os 
converted in Pt!%., 


are given in the table. 


Multipole orders were determined from the 


K/L ratios with M -conversion taken into account 


through the ratio L/M = 3.5. Whenever a unique 
multipole order could not be determined a second 
less likely type is given in parentheses. Corre- 


spondingly, two values of the relative intensity are 


presented. The table shows that the 1056- and 
1368-kev intensities agree in general with values 
given in the literature. 
The 1088-kev gamma ray was the first to be 
observed. This transition cannot be included in 


10-12 


the Ir!*? decay scheme shown in Fig. 3 without in- 


troducing an additional level. According to our 


data the 1056-kev transition is of type E1, which, 


as shown by the Ir!®? decay scheme, disagrees 
with the value of log rf for the corresponding 
K -capture branch and with the relative intensity 


of the 1060- and 374-kev gamma rays. 


It should be noted that, like the authors of ref- 
erence 12, we failed to detect 1157- and 1201-kev 
gamma radiation. The corresponding intensities 


must in any event be considerably lower than those 
reported in references 11 and 13. 
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FISSION OF Th? BY 14.9-Mev NEUTRONS 


A. N. PROTOPOPOV, M. I. KUZNETSOV, and E. G. DERMENDZHIEV 
Radium Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor August 10, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 384-386 (February, 1960) 


The energy characteristics of Th?** fission induced by 14.9-Mev neutrons were measured with 
a double ionization chamber with grids. The most probable total kinetic energy and fragment 
mass ratio were measured and found equal to (157 + 4) Mev and (1.43 + 0.05) respectively. 
The most probable values of the masses of the heavy and light fission fragments are (140 + 3) 
and (92 +3). Data are obtained which confirm the influence of nuclear shells on fission. 


N the investigation of the energy characteristics E Westee] 20 19 ob 
of the fission of heavy nuclei it was noted!’ that 
the dependence of the kinetic energy of the frag- Lis 
ments on their mass ratio exhibits more or less KET LEA 
sharply pronounced maxima. It was shown here? (ee 
that in all cases the position of the maxima cor- ELT 
responds to those mass ratios, for which the heavy 
fragment has a mass number close to 132. A less 
pronounced maximum is observed at mass ratios 
for which the light fragments have a mass number 
in the 82 — 84 region. A hypothesis has been ad- 
vanced that the increase in the-kinetic energy of 
the fragment at definite mass ratios is connected 
with the formation during the fission process of 
heavy fragments with closed shells of 50 protons 
and 82 neutrons (A = 132) and light fragments 
with a closed shell of 50 neutrons (A = 82 — 84). 
In connection with the fact that the question of 
the influence of nuclear shells on the fission proc- 
ess is of considerable interest, further experimen- 0 ds io 6 6 BI es es 
tal data must be accumulated in this field. For this 


/purpose we undertook an investigation of the energy FIG. 1. Contour map of Th?%? fission by 14.9-Mev neutrons. 
‘characteristics of the fission of Th2*2 by 14.9-Mev The subscripts h and / refer to heavy and light fragments 
neutrons. respectively. 
A measurement of the energies of the Th?®? fis- 
sion fragments was made by means of a double ion- _ solution of thorium nitrate on a film 25 — 30 ug/cm? 
ization chamber with grids, with simultaneous re- thick with subsequent conversion of the hygroscopic 
cording of the amplitudes of the pulses produced thorium nitrate into non-hygroscopic thorium oxide 
by paired fission fragments.® The collimation angle by a method described in the paper by Selitskii.* 
of the fragments was 45°. To reduce the influence The purity of Th??? was determined from the a 
of the anisotropy of fission and of the motion of the spectrum plotted with an ionization @ spectrom- 
center of mass of the fragments on the result of eter. 
the measurements, the neutron beam was aimed The energy calibration of the apparatus was by 
at an angle of 3 —5° to the plane of the target. The comparison with the energies of the a particles 
bombarding neutrons were obtained from the from Am”! and Th?*. A total of 12,500 fission 
T(d,n)q@ reaction. events were observed. The fission-fragment en- 
A thorium target weighing 70 ug/ cm? was made ergy was corrected for the ionization defect and 
by sputtering in an electric field from an alcohol for losses in the substrate of the target and in the 
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FIG. 2. Fission probability as a function of the mass ratio 


of the fragments: O — uncorrected data, @—corrected for drop- 
ping of neutrons. 


collimator. The measurement results are shown 
on the contour diagram (Fig. 1). 

Figure 2 shows the dependence of the probabil- 
ity of fission on the fragment mass ratio. The 
same diagram shows a curve plotted with allow- 
ance for the discarding of neutrons by the frag- 
ments.’ In introducing the corrections it was as- 
sumed that the average number of emitted neutrons 
per fission event was 4.64,° and that one neutron 
evaporates prior to fission. The most probable 
mass ratio is 1.43 + 0.05. These data have been 
used to calculate the most probable masses of the 
heavy and light fragments, found to be 140 + 3 and 
92 + 3 respectively. 
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FIG. 3. Distribution of total kinetic energy of Th?*? fission 
fragments. 
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FIG. 4. Dependence of the most probable total kinetic 
energy of Th?*? fission fragments on the fragment mass ratio 
(the statistical errors are indicated). 


The distribution of the total kinetic energy of 
fission fragments is shown in Fig. 3. The half 
width of the energy distribution is 14.6%. The 
most probable kinetic energy is 157 + 4 Mev. 

The dependence of the most probable total ki- 
netic energy of fission fragments on their mass 
ratio is shown in Fig. 4. The curve shows clearly 
two maxima of kinetic energy at fragment mass 
ratios 1.32 and 1.8. 

Figure 5 shows the dependence of the dispersion 
of the energy distribution on the ratio of fragment 
masses. The maximum dispersion is at a mass 
ratio 1.17. A slight increase in dispersion is no- 
ticeable in the region of mass ratio 1.8. 

In accordance with the results of reference 2, 
one might expect that in fission of Th?*? an increase 
should be observed in the total kinetic energy of the 
fragments at mass ratios 1.32 and 1.83. The data 
obtained in the present work are in good agreement 
with these values. At the same mass ratios, one 
might expect also an increase in the dispersion of 
the total kinetic energy. However, as follows from 
Fig. 5, the position of the first maximum (1.17) 
differs considerably from the expected value. This 
discrepancy is possibly due to an increase in the 
apparatus dispersion, owing to the great thickness 
of the thorium layer. 

In conclusion, the authors express their indebt- 
edness to Yu. A. Selitskii for preparing the thorium 
target. 
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Single scattering of u~ mesons in a propane bubble chamber was measured. About 60,000 py 
meson stoppages were measured. For the scattering analysis 48,100 stopped ” mesons pos- 
sessing energies between 10 and 30 Mev were chosen. Observations were carried out on 1260 


carbon nuclear path lengths traversed by the p™ 


mesons. The differential angular distribution 


can be satisfactorily described by a Mott scattering curve if account is taken of the finite size 
of the nucleus. The present experiment shows that the cross section for “anomalous” scatter- 
ing (if it exists) through an angle > 45° cannot exceed 1.25 x 10728 cm? per nucleon for the 
energies under consideration and does not exceed 0.7 x 10728 cm? per nucleon for scattering 
through an angle > 90°. Not one case of yp” decay of the y> —~ e* +e 7 +e type was detected 


in the 60,000 stoppage events. 
INTRODUCTION 


‘Tue measured value of the muon magnetic mo- 
ment, the cross section for the production of muon 
pairs by photons, and data on mesic atoms all give 
grounds for assuming that, at least in the region of 
small energies, the scattering of muons by nucleons 
should be the same as that of electrons having the 
same mass as the muons. On the other hand, on the 
basis of the analysis of the experimental angular 
distributions of muons, many authors have con- 
cluded the existence of “anomalous” scattering, 
which is not in agreement with the concluded purely- 
electromagnetic interaction between muons and nu- 
clei (see, for example, the survey by Fowler and 
Wolfendale in reference 1, and also reference 2). 

The results of most investigations on muon scat- 
tering, performed during the past two years at low 
energies,*~® do not contradict the notion of a muon 
being an ordinary Dirac particle. The scantiness 
of the statistical material, however, the difficulty 
in identifying the particles, and the low accuracies 
of energy and angle measurements, difficulties all 
characteristic of research on the scattering of 
cosmic muons, cast a certain doubt on the presence 
or absence of “anomalous” scattering. 

We have measured single scatterings of nega- 
tive muons on carbon, contained in the working 
medium of a propane bubble chamber. An impor- 
tant factor is that by selecting the single-scatter- 
ing cases, it is possible to compare experiment 
with theory by using simple and exact equations 
for the elementary processes and to avoid com- 
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plicated recalculations and averaging, connected 
with allowance for repeated and multiple scatter- 
ing. If there actually exists some sort of non- 
Coulomb interaction between muons and nuclei, 

it should manifest itself most clearly in the inves- 
tigation of single scattering by a light nucleus, 
such as the carbon nucleus. 


EXPERIMENTAL CONDITIONS 


The scattering of negative muons was measured 
in a propane bubble chamber (370104100 mm ee 
The chamber was bombarded by negative muons 
produced in the decay of negative pions in the beam 
of the proton synchrotron of the Joint Institute for 
Nuclear Research. The 150-Mev negative pions 
produced on the inner beryllium target of the pro- 
ton synchrotron were deflected by the stray field 
of the accelerator and guided to the chamber through 
a three-meter collimator. The negative pions and 
negative muons were slowed down in front of the 
chamber by a copper absorber and stopped within 
the chamber. The absorber was chosen such as to 
make the number of stopped negative muons a maxi- 
mum. To increase the number of stopped muons, 

a focusing lens was placed at the exit of the colli- 
mator, three meters from the chamber; this doubled 
the number of stopped muons. To register the 
scattering of high energy muons, three copper 
plates, each 0.5 cm thick, were placed in the cham- 
ber. The operating cycle of the chamber amounted 
to 4—10 seconds. The chamber was photographed ~ 
with three “Industar-23” lenses (F = 110 mm), 
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located opposite the plates mounted in the chamber. 


An average of three or four stopped muons were 
registered in each photograph. A total of 60,000 
such muons was registered. 


REDUCTION OF EXPERIMENTAL DATA 


We have investigated single scatterings of nega- 
tive muons scattered and stopped in the working 
matter of the chamber. Mesons with true range 
greater than 1.5 cm, corresponding to energies 
greater than 10 Mev, were selected. The stopped 
negative muon was identified by the p-e decay. 

To eliminate possible subjective errors in 
scanning, the statistical material was processed 
in the following manner. 

a) Flux and energy spectrum of negative muons. 
To determine the flux and energy spectrum of the 
negative muons stopped in the chamber, two inde- 
pendent scannings of the same statistical material 
(each 50th frame) were performed. After identi- 
fying the stopped muons registered in both scan- 
nings, using the method described in reference 8, 
the probability was established of the observer 
registering a stopped muon in scanning the film. 
This probability was found to be 0.94 and independ- 
ent of the muon range. The form of the spectrum 
is shown in Table I. 


TABLE I. Flux and energy spectrum of nega- 
tive muons stopped in the chamber 


| Integral flux of | | 
Range, pB |negative muons,| Flux corrected | Flux for 
cm Mev/c | based on each for omissions all frames 
25th frame | 
| { 
alas 18.6 1815 | {924 48100 
2.04 219° | 1684 | 1785 44625 
AILS I" PAG? | 1531 1623 405795 
Bhai) 28,0 | 1364 1446 36150 
4.05 31.8 1218 1291 | 32275 
4.88 30.1 | 1045 1108 27700 
5.76 38.4 | 873 925 PMS) 
6.71 41.7 | 694 736 18400 
UMS) 495.0 | 485 514 12850 
8.82 | 48.3 308 . 326 8150 
10.00 51.6 Nays} 162 4050 


Data obtained by scanning each 25th frame of 
the film, together with the previously determined 
probability of observing a-stopped negative muon, 
yields the total flux of muons with ranges greater 
than 1.5 cm, stopped in the chamber, a value of 
48,100 (+2.3%) events. 

b) Scattering of negative muons. In the first 
scanning, single scatterings by an angle greater 
than 10°, projected in the plane of the film, were 
measured on all the frames. Among these, 292 
particles were scattered by more than 15° over 
the entire range of investigated energies. A thor- 


ough second scanning of 25% of the frames showed 
that in the first scanning not a single scattering 
event was omitted on these frames. One can there- 
fore conclude that the number of omitted scatter- 
ing events is apparently less than 1.5%, amounting 
to four events for all the statistical material. The 
particle energy at the point of scattering and the 
energy of the negative muons entering the cham- 
ber were determined from the residual range. 

The error in the energy measurement amounted 

to 1.5%. The energy interval in which the scatter- 
ing of the muons was investigated was 10 — 30 Mev, 
corresponding to negative-muon ranges in propane 
from 1.5 to 10 cm (the propane density at the in- 
stant of passage of the particles was 0.4 g/em?). 

Before the experimental angular distribution 
of the negative muons scattered by carbon are 
compared with the theory, several corrections 
must be introduced into the data, for the finite 
dimensions of the chamber, for erroneously as- 
signing a scattering event to the wrong angle in- 
terval, for negative-pion impurities, and for scat- 
tering by hydrogen. 

Correction for the finite chamber dimensions. 
The finite dimensions of the chamber lead to the 
following two effects when particle scattering is 
registered. 

a) Some of the scattering events are due to a 
flux not registered by the chamber. When the tra- > 
jectory of such a scattered muon is rectified for 
coincidences with its direction prior to scattering, 
the muon may be found stopped on the chamber 
wall or on the plate. Owing to this effect, 22 scat- 
tering events were excluded. The result of this 
correction is seen in column 3 of Table II. 

b) Another effect, due to the geometry of the 
chamber, is the reverse of the first — some of 
the scattered particles enter the chamber walls 
and become lost to observation. The probability 
of registering each scattering event was deter- 
mined experimentally with allowance for the dis- 
tribution of the 4 mesons over the section of the 
chamber, the angle with which the scattered muon 
enters the chamber, the length of the visible range 
after scattering, and the scattering angle. The 
values of the correction factor, averaged over the 
angle intervals for the entire registered energy 
spectrum, are listed in Table III. The influence 
of this correction is shown in column 4 of Table II. 

Assignment of particle to the wrong angle in- 
terval. The mean square error in measuring the 
angle amounted to ~ 1.5°. This error is due essen- 
tially to the multiple scattering and also to the fi- 
nite thickness of the track. Considering the devia- 
tions in the angle measurement to be Gaussian, the 
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TABLE II TABLE III. Magnitude of the 


Expected number of correction factor, averaged 


Number of scattering events after 5 3 : 
Angle |Observed autos ancat ag oe dina colada over the angle intervals 
interval, |number of ees : 
degrees |Scattering unregis- Hea error in bach Pi scattering] of the of a 45 —25° 1.14 65— 75° 4.47 
myente |"! tered” | "aimen= l-\e ere, | plone tn’ (goaoe ene eae D5 B5es Ney de 75— 85° | 1.50 
flux arene interva flight hydrogen| nucleus | nucleus 35 45° 1.99 95_105° 1150 
Wis Re ee Cre 45— 55° 1.36 | 405—115° 4.47 
4 2 3 4 5 6 7 8 9 see Gite 4.42 | 
15—25 189 178 203 199 178 166 166.6 A Biea?? 
25—35 61 55 67 66 56 52 44.57 47.87 
35—45 Pipe 49 24 24 23 24 Ae 19.94 
45—55 9 8 14 14 44 10 8.81 40.34 
55—65 5 5 7 ih 7 6 4.91 6,41 
65—75 2 Dh 3 3 3 3 3.06 3.97 
75—85 4 4 2 2 2, Ze 202 2.76 
85—180 3 2 3 3 3 3 6.35 10,25 


The abscissas represent the projected scattering 
angles, and the ordinates the number of scattering 
events within the angular interval. The points des- 
ignate the experimental data. Continuous curves 1 
and 2 represent the expected Coulomb scattering 
by a finite and point nucleus, recalculated for the 
case of the projected data. The finite dimensions 
were taken into account by introducing the form 
factor, obtained in experiments on scattering of 
electrons by carbon (see appendix). It can be 


spilling of particles from one interval to the other 
was calculated (see column 5, Table II). 
Correction for negative-pion impurity. In addi- 
tion to the negative muons, negative pions were 
also stopped in the chamber. A special scanning 
has shown that a total of 8700 stopped pions were 
registered, terminated with visible and neutral 
stars; this amounts to 18% of the stopped negative 
muons. Some of the negative pions, decaying in 
flight, may simulate the single scattering of a 


negative muon. When selecting negative muons of 
energy greater than 10 Mev after scattering, this 
effect may be significant up to angles of 40°. A 
kinematic calculation has shown that approximately 
120 negative pions should decay, judging from the 
number and spectrum of the stopped negative pions 


seen that the experimental data are in good agree- 
ment with the expected scattering if a finite nuclear 
dimension is assumed. The significance level ob- 
tained with a x? test is 65%. For the curve corre- 
sponding to a point nucleus, the agreement is some- 
what poor in the angle range from 85 to 180°. The 


registered by us in the chamber. Among the nega- 
tive muons produced in these decays, only 32 have 


energies in the 10 — 30 Mev range and a projected ie 
decay angle greater than 15°. The results of this 200 


correction are listed in column 6 of Table II. 00 
Correction for scattering by hydrogen. The 

number of events of Coulomb scattering of py 

mesons by hydrogen contained in the working sub- 

stance of the chamber amounts to 7.41% of the 

number of scattering events by carbon (the cor- 10 

rection is indicated in column 7 of Table II). 
The seventh column of Table II lists the final 

angular distribution of the scattered negative 

muons with allowance for all the corrections. 


RESULTS AND DISCUSSION 


A total of 204,350 cm of negative-muon range 
in propane at energies 10 —30 Mev, amounting to 
1,260 nuclear lengths of carbon, were traced. 
Here, as can be seen from Table II, 263 of single 
scatterings by carbon were observed, at angles 
more than 15° in projection on the photographic 
film. The differential angular distribution of the 
scattered negative muons is shown in the diagram. 


3 85 35 45 55 65 15 85 95 105 15 105 135 145 185 165 180.9 ° 


Differential angular distribution of scattered negative 
muons. @— projection of the scattering angle on the photo- 
graphic film. The points represent the experimental data. 
Curves 1 and 2— expected Coulomb scattering for a finite and» 
point nucleus respectively. 
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expected number of events within these angles is 
10.25, and the observed is 3 + 2.1. According to 
the finite-nucleus model, the expected number of 
scattering events at these angles is 6.35. Thus, 
for a single scattering of negative muons at 10 — 30 
Mev by a carbon nucleus, no other scattering is 
observed, with the exception of the ordinary Cou- 
lomb scattering. The following estimates can be 
given for the upper limit of the cross section of 
“anomalous” scattering, resulting from this ex- 
periment (we consider scattering anomalous if 

it causes an increase in the cross section over 
that expected from the finite-nucleus model). The 
cross section of “anomalous” scattering by an 
angle greater than 45° does not exceed 1.25 x 10 *8 
cm? per nucleon, and that by an angle of 90° does 
not exceed 0.7 x 1078 em? per nucleon. The es- 
timate is subject to the condition that the “anoma- 
lous” scattering be noted when the excess of the 
experimental number of scattering events over 
the theoretical value is greater than one statistical 
error. 

We are now processing the data on single scat- 
tering of negative muons at 30 —50 Mev, namely 
the muons which have passed after scattering 
through one of the plates installed in the chamber. 

In connection with the increasing recent interest 
in the possibility of muon decay by the p—~et+e 
+e scheme, we wish to note that in our chamber, 
from among 60,000 registered muon decays by the 
f—e+v+v scheme, not a single muon decay 
into three electrons was observed. This gives a 
ratio (u—~-e+v+V)/(uretete)<1.7x10°. 

In conclusion, we express our gratitude to Pro- 
fessor V. P. Dzhelepov for allowing us to perform 
measurements on the proton synchrotron and for 
continuous interest in this investigation, and also 
the staff of the Laboratory of Nuclear Problems, 


| Joint Institute for Nuclear Research, who collabo- 


rated in the performance of the experiment, with 


particular gratitude to N. B. Edovina and V. G. 
| Svyatkina for organizing rapid development of the 


photographic film as received, and also to A. A. 
Bednyakov for effective help when working with 
the accelerator. 


APPENDIX 


Plotting the theoretical curve. 


Single Coulomb scattering of Dirac particles, 
with allowance for spin, from a point-like nucleus 
is satisfactorily described, for Z/137 « 1, by the 
Mott formula 
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2 
) sin (1 —s*sin? $)d2, (1) 
where Z is the nuclear charge, me and re are 
the mass and classical radius of the electron, p 
and 8 the momentum at the velocity of the incoming 
particle, and @ the polar scattering angle. 

Since we have measured the muon distribution 
over the projections of the scattering angles on the 
plane of the photographic film, for comparison with 
theory one must project Eq. (1) on a plane. When 
projected, Eq. (1) becomes 


1 ON ae ee el 
dop= 42% 72 | - [2 | oe ©) cos © 
9 


(2) 


2 —o)— “7 
epee aed (2 ®) 0.5-xcos @ | de. 
2 sin 9 cos 9 


Here g is the projection of the scattering angle 
of the negative muon. We note that at energies of 
10 — 30 Mev the spin contribution [second term in 
the square brackets of formula (2)] does not play 
any role in the present experiment. 

In the transfer of the momenta prevailing in 
scattering of 10 —30-Mev muons by carbon nuclei, 
account must be taken of the influence of the finite 
nuclear dimensions. This allowance leads to the 
introduction of a form factor F? 


ds, = F*dop, (3) 


where op is the cross section for scattering by a 
point nucleus, of the scattering cross section by a 
finite nucleus, and F* is a factor that takes into 
account the charge distribution in the nucleus. The 
experiments of Fregeau and Hofstadter®?!” have 
shown that the distribution of the charge in the car- 
bon nucleus is best described by a form factor ob- 
tained on the basis of the oscillator shell model 


(4) 


where x = (2a/x) sin(0/2), 6 is the polar scat- 
tering angle, a = 2.4x107'® is the mean square 
radius of the carbon nucleus, @ = ks k? 

= 3(2+5a)/2(2+3qa@). The three dimensional 
distribution described by formula (3) was pro- 
jected on a plane to obtain a theoretical distribu- 
tion of the scattered muons over the projections 
of the scattering angle, with allowance for the 
finite nuclear dimensions. 

In plotting the theoretical scattering curve, the 
entire interval of investigated momenta pf was 
broken up into ten sub-intervals with equal A(pf). 
For each such sub-interval, the average scatter- 
ing cross section was obtained by integration, with 
allowance for the energy distribution of the muon 


F? = [1 —ax? / 2k? (2 + 3a)] exp [— x?/ 4k?], 
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flux and under the assumption that the energy 
losses due to ionization are constant in this inter- 
val. The latter approximation leads to an inaccu- 
racy in the cross section for the first sub-interval, 
where A(p8)/p8, at most, is less than 0.5%. This 
was followed by calculation of the theoretical value 
of the number of particles scattered by angles, 
whose projections are greater than 15°. The ten 
curves thus obtained were summed over the cor- 
responding angular intervals, and yielded the theo- 
retical differential distribution of particles over 
the scattering angles. 
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The results of an investigation of a plasma loop formed in a toroidal chamber with a strong 
magnetic field are given. When the Shafranov-Kruskal stability condition is satisfied no 
macroscopic oscillations are observed. The radiation emitted by the plasma in the visible 
and ultraviolet regions of the spectrum has been studies. It is shown that in a metal cham- 
ber with a limiting vacuum of 1 to 2 x 107° mm Hg most of the radiated energy is due to im- 


purity ions. 
1. INTRODUCTION 


A current pinch in a plasma is known to be un- 
stable. A magnetic field is required for stabiliza- 
tion of such a system. One approach is to use a 
longitudinal field which is uniform over the cross 
section of the chamber.' In this case, Hy, the mag- 
netic field over the entire cross section of the 
chamber, must be greater than the field due to the 
discharge current Hj = 2J/ca, where a is the 
radius of the pinch. As has been shown by Shafra- 
nov,” for stable operation the following condition 
must be satisfied: 


ef ree L | 200; (1) 


where L is the length of the pinch. In the case of 
a plasma loop formed in a toroidal chamber of ra- 
dius R, we have L= 27R. If the condition in Eq. 
(1) is satisfied in the toroid, instabilities charac- 
terized by wavelengths A ~ 27R and shorter are 
suppressed. This method of stabilization, how- 
‘ever, does not provide absolute stability. Certain 
distortions of cylindrical shape of the loop (m > 1) 
remain unstabilized. It can be shown by theoretical 
analysis, however, that these need not lead to a dis- 
placement of the plasma loop with respect to its 
equilibrium position. In a toroidal system a con- 
ducting wall is used in order to contain the current 
loop, which tends to expand under the influence of 
the electromagnetic repulsive forces. 
The method of stabilization indicated above has 
a number of advantages; in particular, the pinch 
stability for m =1 is independent of the distribu- 
tion of current over the cross section and it is not 
necessary that the current flow in a thin skin layer. 
As is shown by theory,! for a given value of the cur- 
rent J a plasma loop in a strong longitudinal mag- 
netic field (not interacting with the walls of the 


287 


chamber) can be heated to a much higher tempera- 
ture than a toroidal system which is stabilized by 
a trapped “paramagnetic” field. 

We write Eq. (1) in the form: 


Ho/(2J | ca) =kR Ja, (2) 


where k is the stability coefficient. Then 


k = ca? Hy/2RJ. (3) 


One of the problems of an experimental investiga- 
tion of stabilization is that of studying the stabil- 
ity of a plasma loop as a function of k. 


2. EXPERIMENTAL ARRANGEMENT. METHOD 
OF MEASUREMENT 


The experiments to be described here have been 
carried out on a system called “Tokomak,” which 
is a thick-walled copper toroid with a major diam- 
eter of 125 cm and a minor diameter of 50 cm, in- 
side which is installed a short-circuit chamber 
made of stainless steel (wall thickness 0.1 mm). 
The space between the copper chamber and the in- 
ner chamber is evacuated to a pressure of 1 x 107° 
mm Hg. The pressure of the residual gases in the 
operating chamber is 1 to 2 x 107° mm Hg. , 

The design of the experimental apparatus is due 
to V. S. Vasil’ evskii and his colleagues. 

The capacitor bank is discharged through the 
19-turn primary winding of an air transformer, 
inducing a voltage in the toroid circuit and exciting 
the discharge. A quarter oscillation period for 
this voltage varies from 1.5 to 3 usec depending on 
experimental conditions. The magnetic field in the 
operating chamber is produced by a coil which is 
wound on the toroid. This coil is excited by dis- 
charging a capacitor bank with a capacity of 0.1 
farad at a maximum voltage of 5 kv. The half 
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period for the magnetic field is 80 usec. In the 
present experiments the strength of the longitudi- 
nal magnetic field Hy could be varied from 600 
to 12,000 oe. The initial intensity of the electric 
field along the axis of the chamber could be varied 
from 0.2 to 0.6 v/em. The power supply for the 
system has been described in reference 3. 

The work described here has been carried out 
at pressures ranging from 2 x 1074 to 5 x 107? mm 
Hg and the operating gases which have been inves- 
tigated include deuterium, argon and helium. 


FIG. 1. The diaphragm (which defines the discharge) 
after several hundred pulses. a) The trace of the ion 
beam is displaced toward the outer wall of the toroid 
and upward from the equatorial plane, b) measuring loops 
on the diaphragm. 


In order to produce a pinch which remains iso- 
lated from the walls of the chamber, thereby re- 
ducing the interaction with the walls, the chamber 
is provided with two diaphragms made of stainless 
steel 2 mm thick. In the first experiments the 
apertures in the diaphragms were 26 cm in diam- 
eter and the centers of the apertures were on the 
axis of the toroidal tube. 

As is well known, the equilibrium position of a 
plasma loop in a toroid is displaced with respect 
to the axis. The photograph in Fig. 1 shows a 
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diaphragm which was removed from the chamber 
after several hundred pulses. The plasma loop 
was displaced toward the outer wall of the cham- 
ber and upward. The displacement in the equato- 
rial plane agrees with the calculated displacement. 
The displacement in the upward direction may be 
a consequence of some magnetic asymmetry, pos- 
sibly the effect of fringing fields which penetrate 
through spaces in the copper shell. 

All the principal measurements were carried 
out with diaphragms in which the apertures were 
displaced with respect to the axis in accordance 
with the experimentally determined position of the 
loop. These diaphragms are furnished with wind- 
ings. By energizing the diaphragm windings it is 
possible to change the magnitude and direction of 
the longitudinal field in regions close to the dia- 
phragms. 

On each of the two diaphragms there are two 
Rogowsky loops. The loops are enclosed in thin- 
walled tubes of stainless steel. The wall thickness 
is chosen so that frequencies up to 200 ke are not 
attenuated. One of these loops is used to measure 
the current Jg which flows through the apertures 
in the diaphragm while the other is used to meas- 
ure the current Jg+d which flows through the en- 
tire inner cross section of the chamber. In addi- 
tion, there is a loop which is used to measure the 
total current Jt ot which flows in the chamber 
(including the current in the shell of the inner 
chamber). By connecting the first and second 
loops in opposition we measure the current to the 
diaphragm Jg =Jg,q —Jg. By measuring the emf 
in the loop directly we measure the derivative of 
the current, dJg/dt. The loop voltage of the dis- 
charge chamber is measured, in the conventional 
way, by a loop in the equatorial plane of the toroid. 

In addition to measuring its electrical charac- 

_ teristics, we investigate other properties of the 


FIG. 2. Streak photo- 
graphs of a plasma loop 
limited by diaphragms for 
different values of H, and 
k,. The diaphragms are 
located at distances of-50 
and 150 cm along the axis 
from the window through 
which the photographs 
are taken; p = 10° mm 
hg (Ar). 


Edge of 
daphiagas 
b 


Lower wall of chamber 


plasma loop. Streak photographs of the optical 
radiation of the discharge in the visible region of 
the spectrum are also taken. A high-speed cam- 
era is used for this purpose. 

The discharge radiation spectrum is studied 
with a DFS-6 vacuum spectrometer which is de- 
signed (according to its specifications) for the 
wavelength range between 60 and 2200A. The 
time variation of the intensity of the individual 
spectral lines from deuterium and the impurities 
is studied by means of a ZMR-3 monochromator 
which is furnished with an electron photomultiplier 
at the output slit. The electron concentration in 
the plasma is estimated by the absorption of mi- 
crowave radiation (73,000 and 130,000 Mcs). The 
measurement system is conventional and has been 
described, for example, in reference 3. 


3. RESULTS OF THE MEASUREMENTS 


The most interesting results are found in the 
streak photographs of the pinch. In Fig. 2 are 
shown streak photographs of a discharge in argon 
taken with ky = 0.67, 2.35, and 6.4, where 
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It is apparent from Fig. 2a that the pinch is un- 
stable. The luminous region reaches the diaphragm 
approximately 100 usec after the discharge is initi- 
ated; after 300 usec the plasma loop moves beyond 
the limits defined by the aperture in the diaphragm. 
The photograph shown in Fig. 2b indicates uniform 
luminosity, and the absence of any marked distor - 
tion of the pinch. The photograph in 2c is charac- 
terized by uniform luminosity and by the fact the 
luminosity over the entire cross section of the 
chamber grows weaker for 600 ysec. In all photo- 
graphs the radiation is intense in the upper part of 
the chamber. It is more than likely that this effect 
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is due to the fact that the apertures in the dia- 
phragms and the equilibrium position of the toroidal 
loop are not exactly in coincidence. 

The photographs of the discharge in deuterium 
are Similar to those shown in Fig. 2. However, be- 
cause of the low intensity of the radiation the films 
were not exposed completely. 

It is interesting to compare these photographs 
with the other experimental data. In Fig. 3 are 
shown oscillograms of the current Jg+q and the 
loop voltage U, the derivative of the current in 
the gas dJg /dt, and the current in the gas Ig, 
all for argon. Oscillograms 3a, 4c, and 4e were 
obtained under the same conditions of operation 
as the photographs of the plasma loop. 

On the oscillograms showing the current and 
the current derivative there are characteristic 
features that occur at the same instant of time. 

The Jg curve exhibits a discontinuity, indicating 
a considerable increase in current, while the cur- 
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FIG. 3. Oscillograms showing the current J, , a, 
the loop voltage U, the derivative of the current in 
the gas dJ,/dt, and the current in the gas J, for 
several values of k, (the gas is argon and p,=10° 
mm Hg). 


2 psec 


rent derivative dJg/dt falls off sharply; simul- 
taneously, oscillations appear on the derivative 
oscillogram. As ky is increased the oscillations 
in the current derivative are reduced in amplitude. 
These features on the oscillograms showing the 
current and the current derivative coincide in time 
with the appearance of the current at the diaphragm 
Jq. This coincidence is seen from a comparison 

of the oscillograms for Jg and Jg+d and a care- 
ful examination of the current Jq. 

A similar pattern is observed in the oscillo- 
grams obtained with a deuterium discharge. Typi- 
cal oscillograms are shown in Fig. 4 for purposes 
of illustration. 

The effect of the coefficient kj, which charac- 
terizes the excess stability of the loop, can be il- 
lustrated by oscillograms which show the varia- 
tion in time of the intensity of the deuterium spec- 
tral line Dg (A = 4860A). Such oscillograms are | 
Shown in Fig. 5. In order to relate the intensity of 
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FIG. 4. Oscillograms of the current Jeg 
and its derivative dJ g/dt for two values of 
k, (the operating gas is deuterium and 
Po = 10° mm Hg; E, = 0.41 v/cm),. 


FIG. 5. Oscillograms showing the time 
variation of the intensity of the deuterium 
spectral line (Dg, = 4860 A) for various 
values of k, (p, = 50 x 10 mm Hg and E,= 
0.4-v/cm). 


the spectral line with the development of the dis- 
charge the upper beam of the oscilloscope is used 
to display the total chamber current Jtot. The 
small current at the beginning of the process is 
the current in the inner short-circuit chamber. 
With ky = 2.8 and 1.7, after breakdown of the 
gas the intensity of the Dg line first increases 
sharpiy, reaching a maximum in approximately 
50 usec. It then falls off for 300 — 400 usec, after 
which some increase is observed. With a reduc- 
tion in excess stability the picture changes mar- 
kedly. When k,) <1 there the intensity fluctuates 
widely as long as current flows in the gas. When 
a strong magnetic field is used the intensity of 
the Dg line remains high one microsecond after 
the flow of current in the gas is terminated. As 
Hy is reduced this time period is also reduced. 
In Figs. 6a and b are shown oscillograms for 
the currents Jg,q and dg, the current deriva- 
tive dJg /dt, the loop voltage U, the intensity 
of the deuterium Dg line, and the current to the 
diaphragm Jq for two values of ky. Under the 
oscillograms (same time scale) is shown the 
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J psec 


mean electrical conductivity (over the cross sec- 
tion of the pinch) o during the discharge. The 
electrical conductivity is computed from the 
formula 

2RJg 


Pape HOV NOY ly ee a ten ee EO PE EST 
ae a?(Ujoop — Lpdl g/dt) 
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where Lp is the inductance of the pinch, which is 
assumed to be constant and given by Lp = 40R 
x In (b/a) (b is the radius of the shielding shell). 

Comparing the oscillograms of the current to 
the diaphragm with the other oscillograms, we see 
that the time at which the intensity of the Dg line 
stops diminishing corresponds to the time at which 
the current to the diaphragm appears. At the same 
time the current derivative increases for a period 
estimated as 30 —50 usec. At approximately the 
same instant of time the conductivity of the plasma 
starts to drop. 

In Fig. 7 are shown oscillograms of the CIII line 
(doubly charged carbon, A = 4651A) which are syn- 
chronized with the oscillograms showing the dia- 
phragm current. As the intensity of the longitudi- 
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FIG. 7. Oscillograms showing the intensity of the spectral 
line C III (A = 4651 A) and the current to the diaphragm for 
three values of the longitudinal magnetic field. Discharge in 
deuterium (p, = 10° mm Hg, E, = 0.43 v/cm). 


nal magnetic field Hy is increased, the intensity 
of this line also increases. 

A number of tests have been made to investigate 
the role of impurities in the operating gas in proc- 


FIG. 6. Oscillograms showing the currents, loop volt- 
age, intensity of the deuterium spectral line, current to the 
diaphragm and the calculated value of the electrical conduc- 
tivity of the plasma loop (p, = 10°? mm Hg; E, = 0.43 v/cm). 


esses by which energy is lost from the plasma. In 
Fig. 8 are shown the relative intensities of the lines 
on the discharge spectrogram taken with the DFS-6 
vacuum spectrometer. This spectrogram repre- 
sents 150 pulses in stable operation for (ky > 1). 
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FIG. 8. Relative intensities of the lines on the discharge 
spectrum taken for 150 pulses with E = 0.42 v/cm and H, = 
7200 oe; the deuterium pressure is p = 10° mm Hg. 


The photograph film was sensitized by sodium 
salicylate, which has a uniform quantum yield for 
wavelengths between 600 and 3,000A.4 An expo- 
sure of 150 pulses provides normal blackening 

for the most intense lines Lg (A =1215.3A) and 
Cill (A =1176A). On the spectrogram only the 
lines for deuterium and carbon were measured. 

In Fig. 8 the vertical lines indicate the relative 
energies in the different spectral lines. The total 
energy of all the lines in the spectrogram is taken 
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as unity. It is apparent that the radiation from 
deuterium is only 4; to %4» of the total energy 
radiated in this region of the spectrum. | 

A rough estimate of the absolute magnitude of 
the radiation loss is given by the following experi- 
ment. A photographic film, which is first cali- 
brated by means of a thermocouple, is placed in an 
auxilliary section, which connects to the discharge 
chamber. The film is sensitized with sodium sa- 
licylate. One-third of the film is covered by a 
glass filter, another third by a quartz filter, and 
part of the film is left completely exposed. From 
the blackening of the film we determine the abso- 
lute and relative radiation energy emitted in vari- 
ous portions of the spectrum. Preliminary meas- 
urements indicate that only 5% of the total energy 
emitted by the plasma is contained in the visible 
and near ultraviolet; most of the energy (up to 
50%) is emitted as hard radiation. 

The electron concentration in the plasma is de- 
termined by microwave probing. At a frequency 
of 130,000 Mes microwave radiation is transmitted 
for 400 to 500 usec after current starts to flow in | 
the gas. After this period the microwave radiation 
is completely attenuated. Thus, the electron den- 
sity is at least 2.5 x 10 em=3, Furthermore, the 
measurements indicate that the electron concen- 
tration remains large for one microsecond after 
the discharge is extinguished. This result is in 
agreement with the data given for the Dg line 
for this same time period. 


4. DISCUSSION OF THE RESULTS AND CON- 
CLUSIONS 


A. Stability. In Fig. 9 the ratio of diaphragm 
current to gas current (Jq/Jg) is plotted as a 
function of ky from an analysis of the oscillo- 
grams; the currents Jqg and Jg are taken for 
times corresponding to the maximum value of the 
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FIG. 9. The ratio of the diaphragm current Jq to the gas 
current J, as a function of k, for two series of experiments 
(the gas is deuterium). 
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gas current. When ky <1 this ratio fails off 
rapidly with increasing kp. When ky >1 this 
ratio continues to fall off; but at a much slower 
rate.* 

The break in the curve which is observed at 
values of ky close to unity indicates the existence 
of a critical current which characterizes the bound- 
ary between stable and unstable states of the plas- 
ma loop. The critical current can be estimated as 
follows: 


Jicr = Ca? Hy / 2R. 


For operating conditions characterized by 
Jmax > Jer: i-e-, Ky > 1, at the beginning of the 
discharge the gas current is less than the critical 
value and the pinch is stable. Later the gas cur- 
rent increases, reaching the critical value when 
ky) = 1. At this point the pinch becomes unstable 
and there is a large current to the diaphragm. In 
Fig. 10 the points indicate the values of the gas 
current Jg at times corresponding to the appear- 
ance of the diaphragm current for discharges char- 
acterized by Jmax >Jey for various values of the 
longitudinal magnetic field Hj). The dashed line 
shows the calculated value of the critical current. 
Functional relations of this kind are also found 
for discharges in helium and argon. 


FIG. 10. The gas current J, 
as a function of magnetic field 
at the time corresponding to the 
appearance of current to the dia- 
phragm. The dashed line is the 
value calculated for k = 1. 


When k) >1 the current to the diaphragm falls 
off as ky increases; however, higher values of kp 
could not be achieved because the longitudinal mag- 
netic field could not be increased. It is not very 
fruitful to increase ky by reducing the gas current 
because the energy evolved per pulse becomes 
small and, under certain conditions, can become 
smaller than that required for dissociation and 
ionization of the gas in the chamber. In the pres- 

*The dependence is somewhat different when the centers 
of the apertures in the diaphragms coincide with the axis of 
the toroidal tube [Report by M. A. Leontovich at the Harwell 
Research Establishment (Great Britain), April, 1959]. When 
k, > 1 considerable current to the diaphragm is observed be- 
cause the apertures in the diaphragms are not in coincidence 
with the equilibrium position of the plasma loop in the toroid. 
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ent experiments, with k) =5 the current to the 
diaphragm was too small to be detected by the 
measuring apparatus. 

The measurements of the intensity of the Dg 
line also illustrate the effect of the longitudinal 
magnetic field on plasma stability. For ky <1, 
when the discharge current is greater than the 
critical value the intensity of the Dg line is 
higher than for ky) >1 and varies at random. It 
is possible that this behavior is a consequence of 
kinks in the plasma loop, which lead to a strong 
interaction with the diaphragm and perhaps with 
the walls of the chamber. Under these conditions 
the plasma tends to de-ionize and neutral atoms 
are excited a second time. At high magnetic fields 
(ky) > 1) the oscillograms showing the intensity of 
the Dg line are regular and can be reproduced 
from discharge to discharge. 

B. Ionization. The data available to us are in- 
adequate for determining the concentration of 
charged particles in the plasma loop. 

From the results of microwave probing of the 
plasma it follows that the concentration of electrons 
in the plasma loop is at least 1.5 times greater 
than the initial concentration of deuterium atoms. 
It is possible that the increase in electron concen- 
tration is a consequence of ionization of impurity 
atoms or deuterium atoms which enter the plasma 
loop from peripheral regions. 

As is indicated by the data which have been pre- 
sented, the electrical conductivity (averaged over 
the cross section of the plasma loop) increases 
for some time after the intensity of the Dg line 
starts to diminish. This result can be interpreted 
assuming that ionization of most of the neutral 
gas is terminated. Hence, it does not contradict 
the results obtained by microwave probing of the 
plasma. The increase in electrical conductivity 
after ionization is terminated is apparently due to 
heating of the plasma. 

The high degree of ionization is indicated by the 
fact that the discharge spectrum contains intense 
lines due to doubly charged (CII) and triply 
charged (CIV) carbon. The corresponding ioni- 
zation potentials are 22.28 v and 47.55 v. Thus, 
the plasma contains electrons with energies sev- 
eral times greater than the ionization potential of 
deuterium. 

Finally, we can cite the data obtained by a mi- 
crophotometric analysis of the films used in the 
streak photographs of the pinch. An analysis of 
these data, which takes account of the geometric 
factors, indicates that the radiation in the center 
of the pinch is less intense than the radiation from 
the outer layer. In all probability, the outer layer 
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of the plasma, which is in contact with a layer of 
neutral particles, radiates a great part of the en- 
ergy in the visible portion of the spectrum. Rough 
probe measurements indicate a sharp drop in the 
concentration of charged particles as a function of 
distance from the axis of the plasma loop. It fol- 
lows from these measurements that the concen- 
tration of charged particles at the walls of the 
chamber is no greater than 10%? particles/cm’. 

C. Electron temperature. As is well known, 
the electron temperature in a fully ionized plasma, 
Te, can be determined from the electrical conduc- 
tivity o. Thus, on the basis of the usual relations, 
it is found that the mean electron temperature Te 
~ 7 ev if the mean conductivity as averaged over 
the cross section of the plasma loop is 2 —3 x 10" 
cgs esu. If we estimate Te from the relative in- 
tensities of the impurity lines (in the present case, 
CI, Cll, etc.) the electron temperature is found 
to be approximately 15 ev. 

It has been noted above that the diaphragms lo- 
cated in the chamber are furnished with windings. 
Current pulses from a condenser bank can be ap- 
plied to these windings. When this is done the cur- 
rent to the diaphragms is reduced but the total gas 
current Jg is increased. Under certain conditions 
the current increases by a factor of 1.4—1.5. The 


loop voltage does not change under these conditions. 


It is more than likely that the increase in current 
is due to the increase in the cross section of the 

pinch over the entire chamber because of the de- 
formation of the lines of force in the longitudinal 

field. 

The following conclusions may be drawn from 
the data reported here. 

1. A plasma loop formed in a toroidal chamber 
in the presence of a longitudinal magnetic field is 
stable when k>1 and unstable when k < 1. 

2. The equilibrium position of a plasma loop in 
a toroidal chamber is determined with a fair de- 
gree of accuracy by theory. Certain distortions 
in the equilibrium orbit found in the present ex- 
periments are apparently to be associated with 
the construction of the chamber. 

3. The degree of ionization achieved in these 
experiments is rather high; the gas is almost 
completely ionized. 

4, The temperature of the electrons in the 
plasma is not greater than 15 ev in spite of the 
fact that the amount of energy which goes into the 
plasma is sufficient to heat the electrons to a 
higher temperature. A measurement of the radi- 
ation losses indicates that impurity atoms are 
responsible for a considerable portion of the en- 
ergy loss. 


ee 
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Photographic emulsions were employed to study the possibility of uranium fission induced by 
direct transfer to the nucleus of the energy liberated in the 2p —1s mesic-atom transition. 
The upper limit of the probability for fission by this mechanism is ~ 0.01. Uranium fission 
induced by p~ mesons is due mainly to nuclear capture of the »~ meson, the probability of 
which is of the order of 0.07. Arguments are presented in favor of the notion that the mesic- 


atom 2p—1s transition in uranium is in part non-radiative. 


‘Tae fission of uranium by slow negative muons 
can occur in at least two different ways. 

1. By nuclear capture of the ~~ meson accord- 
ing to the reaction p+ pw —n+v, According to 
theoretical! and experimental? data, the average 
excitation energy of the heavy nucleus in the cap- 
ture of a slow mu” meson is on the order of 15 or 
20 Mev, enough to fission a uranium nucleus. 

2. The fission of uranium by negative muons is 
possible also by direct transfer of energy to the 
nucleus in mesic-atom transition of the negative 
muon from the state 2p into the state 1s, in which 
an energy of 6.3 Mev is liberated. This fission 
mechanism was considered in detail in Zaretskii’s 
theoretical paper.® According to him, the proba- 
bility of non-radiative energy transfer to the ura- 
nium nucleus in the 2p —1s transition is ten times 
greater than the probability of radiative transition. 
Since the lifetime of the negative muon on the K 
shell of the nucleus is much longer than the life- 
time of the excited nucleus, the nuclear capture 
of the »” meson can be preceded by a breakup 
of the excited nucleus in some manner or another 
(fission, emission of a neutron or y quantum, 
etc). Fission will be possible, however, only if 
the energy of this transition in uranium is greater 
than the energy of the fission threshold for the 
state in which the uw” meson is on the K shell 
of the nucleus. 

In this method of fission, the y~ meson is not 
absorbed by the uranium nucleus, and is captured 
after fission on the orbit of one of the fragments, 
as a rule the heavier one. The meson is subse- 
quently either absorbed by the fragment, or else 
is discarded from the excited fragment because 
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of the internal-conversion mechanism (in a small 
number of events, a u—e decay should be observed 
at the end of the fragment range). If the second 
possibility is realized, then the negative muon 
ejected from the fragment can again cause fission 
of the next uranium nucleus, i.e., conditions are 
created for a catalytic fission reaction. The prob- 
ability of emission of a negative muon from the ex- 
cited fragment by means of the mechanism of in- 
ternal conversion was estimated by Zaretskii® and 
was found to be 0.25. 

When this investigation was begun, very scanty 
data on the fission of uranium nuclei by negative 
muons were published in the literature. John and 
Fry‘ estimated, on the basis of seven fission events, 
the fission probability and found it to be 0.07. Gal- 
braith and Whitehouse,°® who used pure uranium 
samples irradiated by negative muons from cosmic 
rays, estimated the upper boundary of the fission 
probability, found to be < 0.25. These papers, 
therefore, did not yield any information on the 
possibility of non-radiative fission (fission due 
to energy liberated in the non-radiative mesic- 
atom transition 2p—1s). 

In this connection, we set up experiments to 
ascertain the existence of such a mechanism of 
uranium fission. A confirmation of such a proc- 
ess would be the observation of conversion p~ 
mesons or of heavy charged particles (p, a) and 
electrons from y —e decay, emerging from the 
stopping point of the fragment. 


1, EXPERIMENTAL PART 


To observe the fission of uranium nuclei by slow 
# mesons we used NIKFI type *R” photographic 
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plates, 200 — 250 thick, impregnated with uranyl 
acetate. The loading and development procedure 
enabled us to introduce up to 1.5 x 102° uranium 
nuclei into a cubic centimeter of emulsion with 
uniform development of the emulsion over the en- 
tire depth. Some of the plates were treated to 
make the tracks of relativistic particles invisible, » 
while the remainder retained their sensitivity to 
relativistic particles, a fact that could be moni- 
tored by the presence of 4—e decays. The num- 
ber of uranium nuclei introduced into the emulsion 
was determined by counting the a particles from 
the natural radioactivity of uranium. This quantity, 
averaged over all the experiments, was found to be 1.7 
x 10° cm™*. The plates were irradiated in the syn- 
chrocyciotron of the Joint Institute for Nuclear Re- 
search by a beam of slow yw” mesons, obtained by 
slowing down the initial negative-pion beam, of en- 
ergy ~ 160 Mev, in a copper absorber 11.5 cm 
thick. The admixture of negative pions (~ 1%) 
was determined from the number of stars with 
three or more prongs, due to the stopped mesons. 
A total of 738 fission events was found, of which 
520 were in plates insensitive to relativistic par- 
ticles, and 218 in relativistic plates. The plates 
were scanned at an overall magnification of 300. 
The fission events detected were analyzed at a 
magnification of 2000 x. The accuracy of meas- 
urement of the range was +1ly. On the basis of 
397 fission events, obtained from 271,600 negative 
muons stopped in the emulsion, we calculated the 
fission probability Pg of uranium by negative 
muons, using the formula 
; ny 
0.48, NyZy/ (NyZy + =N;Z;) ' 


Pris 


where ng is the number of fissions, S, the num- 
ber of stopped ~ mesons, Ny the number of 

uranium nuclei, N; the number of carbon, oxygen, 
or nitrogen nuclei per cubic centimeter of emul- 

sion, contained in the uranium-impregnated gela- 
tin, Z is the nuclear charge, and the factor 0.4 
arises because 40% of the negative muons are 
stopped in the uranium-containing gelatin (see 
references 6 and 7). The probability of capture 
of a negative muon by the uranium was calculated 
from the well known composition of the NIKFI 
emulsion and the assumption that the Fermi-Teller 
law® holds, whereby the capture of the y™ meson 
by the various nuclei contained in the gelatin is 
proportional to Z. 

The probability of uranium fission by »” me- 
sons calculated under these assumptions was found 
to be 0.070 + 0.008. 

Recent experimental investigations®»!° have 
shown that in chemical compounds, such as Al,O3, 
SiO,, AgCl, UF,, etc, the capture of negative mu- 
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ons is proportional to the number of atoms in the 
molecule. If this result is applied to our case 
(gelatin plus uranium), then a quantity greater 
than unity is obtained for the fission probability, 
which is absurd. The foregoing is confirmed also 
by the results of Galbraith and Whitehouse,° who 
used pure uranium specimens, and who obtained 
a value less than 0.25 for the fission probability. 
An even more conclusive deduction is made in 
reference 11, where the photo method was used, 
in which it is shown that the capture of negative 
mesons in the (gelatin plus uranium) medium 
follows more readily the Fermi-Teller law. Thus, 
the Fermi-Teller law does not distort the results 
greatly, if at all. 

To obtain information on the excitation energy 
of uranium nuclei fissioned by negative muons, we 
measured the range of each fragment. This could 
be done because the track of the negative muon 
usually makes it possible to determine the point 
where the fission occurred. 
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The diagram shows data on the degree of asym- 
metry of the fission of uranium induced by nega- 
tive muons (the abscissas represent the ratio of 
the ranges of the light and heavy fragments, and 
the ordinates represent the relative number of 
such events, in percent). For comparison, the 
same figure shows analogous data for fission of 
uranium by slow neutrons’? and slow negative 
pions.}!?>18 
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2. DISCUSSION OF THE FISSION MECHANISM 


The experimental data we obtained lead to the 
conclusion that if the process of non-radiative fis- 
sion of uranium does indeed take place, its prob- 
ability is ~ 0.01, i.e., more than one order of 
magnitude smaller than computed.® This state- 
ment is based on the following facts: 

a) Were the fissions observed due to non-radi- 
ative transition, then the emission of heavy (p, @) 
charged particles from the end of the fragment 
track would be observed in approximately ten 
cases, and in eight cases electrons from py —e 
decay would be observed. We did not observe a 
single event of this kind. 

b) In the presence of non-radiative fission, 
emission of conversion »” mesons is possible. 

If the meson energy is less than 1 Mev, the emis- 
sion of such a meson can be detected from the 
ju—e decay. Approximately ten such events were 
expected, but not a single one was observed among 
the 228 fission events found in the relativistic 
plates. 

c) A comparison of the distributions of the light 
to heavy fragment-range ratio in the fission of 
uranium by uw mesons (see the figure) with 
analogous data for the fission induced by slow neu- 
trons (excitation energy ~6 Mev) and slow nega- 
tive pions (excitation energy ~ 60 Mev) indicates 
that uranium is fissioned by u mesons essentially 
at an excitation energy considerably greater than 
6 Mev. Were a noticeable role to be played by non- 
radiative fission, the character of the fragment- 
range asymmetry in the fission by 4 mesons 
(excitation energy ~6 Mev) would be similar to 
that induced by slow neutrons. 

Finally, the difference between the probabilities 
of fission of Th?®? and U?*® (0.018 and 0.07) under 
the influence of 4 mesons, as reported in refer- 
ence 14, also apparently indicates that the fission 
is not via non-radiative excitation. At an excitation 
energy of 6.3 Mev, the probability of fission of 
Th?” should not be considerably less than that 
of uranium. 

As shown by later calculations (D. F. Grechu- 
khin, private communication), so small a proba- 
bility of non-radiative uranium fission by negative 
muons, compared with that previously obtained,? 
is apparently due to the fact that when the uw me- 
son lands on the K shell the potential barrier for 
fission increases by ~1 Mev, which should reduce 
the fission probability by several orders of mag- 
nitude. Thus, the fission of U?®® by negative mu- 
ons is apparently due essentially to nuclear cap- 
ture of the 4 meson. This results in an excited 
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Pa238 nucleus with an excitation spectrum from 0 
to 20 Mev.!»2. The probability of fission of Pa?% 
at such excitation energies can be calculated from 
the empirical formula: 


P;(Pak* Z2 
f = —— 
oo 1.3/4 —34.7], (1) 
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where P¢(Pa?*8) and P¢(U?%8) are the fission 
probabilities of Pa238 and U?%8 at equal excitation 
energies. This formula is applicable to nuclei with 
Z >=90 at least at an excitation energy 8 —12 Mev. 

To calculate Pr(U?*®) we used the experimental 
data on the uranium fission probability under the 
influence of neutron’® and gamma rays'! at excita- 
tion energies which obtain in the Pa?%8 when a 
u?38 nucleus captures a »~ meson. The fission 
probability P¢(U?*8), averaged over the entire 
excitation spectrum obtained by Kaplan et al.? was 
found to be 0.27 + 0.02. Substituting this quantity 
in the above formula, we obtain Pr ( Pa??8) ~ 0.03, 
which is less than the value 0.07 obtained in our 
experiments. 

Thus, if (1) is correct in our case, then to ex- 
plain the experimental value of Pr ( Pa?8) itis 
necessary to assume the existence of another 
channel, by which fission takes place. As estab- 
lished in our investigation, the transition 2p—1s 
of the negative muon into a mesic atom of uranium, 
if it is non-radiative, does not lead in a noticeable 
number of cases to uranium fission. The excited 
nucleus that is produced thereby apparently emits | 
a neutron (binding energy of the last neutron in 
uranium is 6 Mev). Consequently, this nuclear 
capture of the negative muon occurs already in | 
U23? with formation of Pa?3” and its subsequent | 
fission. . 

Using (1) again, we obtain for the probability 
of Pa?" fission a value of 0.08, close to the ex- 
perimental value. Considering, however, the pos- 
sible inaccuracy of the formula at excitation ener- 
gies greater than 12 Mev, and the inaccuracy of 
the other quantities used in these estimates, we 
cannot draw a final conclusion regarding the ex- 
tent to which the transition 2p —1s is non-radia- 
tive. 

We have recently become acquainted with the 
results of reference 18, in which it was established, 
by measuring the number of y quanta with energy 
> 6 Mev per capture of a ~ meson, that the 
2p —1s transition in the mesic atom of uranium 
is non-radiative with a probability ~ 0.5, confirm- 
ing our conclusion regarding the mechanism of 
uranium fission by ~~ mesons. The presence of 
a non-radiative transition 2p —1s and the small 
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fission probability (Ps = 0.07) allow us to con- 
clude that when the »~ meson lands on the K 
shell of the uranium nucleus, the fission barrier 
increases by more than 0.2 Mev. 
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Interaction of positive and negative mesons with helium nuclei at corresponding energies 


273 Mev and 330 Mev was studied withthe aid ofa diffusion cloud chamber. Quasifree scattering 
on neutrons and protons, multiple scattering and absorption of the mesons were discriminated. 
The total inelastic interaction cross sections were (145 + 15) x 1072" cm? for Ez = 273 Mev 
and (103 +10) x 10-2? cm? for Eq = 330 Mev. The relative probabilities for quasifree scat- 
tering on neutrons and protons through angles of 45° in the laboratory coordinate system are 
found to agree with the corresponding probabilities for scattering on free nucleons. The prob- 
abilities for multiple scattering processes were found equal to 0.24 + 0.06 for Eq = 273 Mev 


and 0.29 +0.05 for E, = 330 Mev. 


The experimental results confirm current ideas concerning the main role of n-p pairs in 
absorption of 7 mesons by nuclei. The angular distribution of inelastically scattered 7 me- 
sons is compared with the Watson-Zemach calculations. 


INTRODUCTION 


Tae basic phenomena that occur when fast pions 
are scattered by nuclei are adequately described 
in first approximation by the Serber-Goldberger 
model.!»? In this model the inelastic scattering 

is considered as a result of the interaction between 
the pion and individual nucleons of the nucleus. The 
nucleons of the nucleus are represented as an ag- 
gregate of non-interacting particles, located in a 
potential well and having a certain momentum dis- 
tribution. 

The absorption of the pions by the nuclei fits 
the framework of the mechanism of absorption by 
nucleon pairs, and the principal role is apparently 
played by n-p pairs.*~® 

More detailed experimental research is neces- 
sary for further development of the notions of the 
mechanism of interaction between fast pions and 
nuclei. In particular, it is very important to es- 
tablish by direct experiment the degree to which 
the free and bound nucleons exhibit identical prop- 
erties in the scattering, the role of the interaction 
processes in which more than one nucleon partici- 
pates, etc. Such investigations entail great experi- 
mental difficulties. The problem becomes some- 
what simpler if targets of light nuclei are used and 
the experiments performed with both positive and 
negative pions. 

The present work covers inelastic interactions 
between 7* mesons and helium nuclei at approxi- 
mately 300 Mev. 
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EXPERIMENTAL PROCEDURE AND APPARATUS 


The interaction between pions and helium nuclei 
was investigated with a high pressure diffusion 
chamber using pion beams from the synchrocyclo- 
tron of the Joint Institute for Nuclear Research. The 
arrangement of the experimental apparatus when 
working with negative and positive pions is shown 
in Figs. 1 and 2 respectively. 


FIG. 1. Setup for the experi- 
ment with negative pions. 


Negative pions were produced with a carbon tar- 
get T, placed inside the accelerator chamber along 
the circular path of a 670-Mev proton beam. The 
negative pions accelerated in the stray magnetic 
field of the accelerator, passed through a steel 
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FIG. 2. Setup for 
the experiment with 
positive pions. 


collimator Cy, 100 mm in diameter, in a four- 
meter concrete shield, were again deflected by a 
clearing magnet Mag by 22° and entered the diffu- 
sion chamber DC. 

Positive pions were produced with the proton 
beam extracted from the accelerator chamber. A 
polyethylene target T 200 mm thick was placed at 
the focus of quadrupole magnetic lenses L past a 
collimator C,. A monochromatic beam of positive 
pions from the reaction p+ p—7*+d, traveling 
at an angle of 9° to the direction of the proton beam, 
was gathered with the aid of collimators C3; and Cy, 
and analyzing magnet Mag. The diffusion chamber, 
as in the first case, was placed in the experiment 
room behind a four-meter concrete shield. 

In both cases, a collimator C,, with a cross 
section equal to the size of the inlet window of the 
diffusion chamber (30x60 mm) was placed in 
front of the chamber. To clear the positive pion 
beam of protons having the same momenta as the 
mesons, a carbon filter F 60 mm thick was 
placed in front of collimator C,. To reduce the 
background of extraneous particles the diffusion 
chamber was surrounded by additional lead and 
concrete shields. 

The pion energy was determined by simulating 
their trajectories with a flexible current-carrying 
conductor. The positive-pion beam was used in 
addition to plot a range curve in copper. It follows 
from these measurements that, allowing for ioni- 
zation losses in the absorber and the chamber 
walls, the energies of the positive and negative 
pions were (273 + 7) and (330 + 6) Mev respec- 
tively. 
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A diffusion chamber of 270 mm diameter, filled 
with helium at a pressure of 15 atmos, was used 
in the experiments.’ The working liquid was methyl 
alcohol. The height of the sensitive layer- was 
5 —6 cm at a bottom temperature of — 65°C anda 
vapor source temperature of +10°C. The sensi- 
tive layer was illuminated on both sides by parallel 
beams of light. The chamber was photographed at 
an angle of 90° to the direction of the illumination 
by a stereo camera having lenses with parallel 
axes and a base of 120 mm. Lenses of focal length 
F = 35 mm and of relative aperture 1:7 were used. 
35 mm Pankhrom X with a sensitivity Sp.3, = 1000 
GOST units and contrast y = 1.6 was used. 

During the exposure of the diffusion chamber 
the accelerator operated in the control mode cus- 
tomary for such experiments. The particle flux 
through the chamber was regulated by varying the 
number of acceleration cycles and amounted on the 
average to approximately 20 particles per photo- 
graph. The operating cycle was determined to a 
considerable extent by the background conditions 
and ranged from 7 or 10 seconds in the negative- 
meson beam to 15 or 18 seconds in the positive- 
meson beam. 


2. PROCESSING OF THE PHOTOGRAPHS AND 
IDENTIFICATION OF INTERACTION EVENTS 


The interaction events were selected by scanning 
the photographs twice through a stereo magnifier. 
The necessary angles and lengths of the particle 
ranges were measured on a reprojector.® Two 
angles were measured for all secondary particles: 
the angle between the direction of the primary and 
secondary particles, 9, and the azimuth angle 9g. 
Most measurements could be made directly by sim- 
ply reading the dials of the instrument. For this 
purpose the axis of rotation of the screen was 
made to coincide with the direction of the track 
of the primary particle, after which the position 
of the scattering plane was found by rotating the 
screen about this axis. The true position of the 
track in space was established by making its two 
projections on the screen coincide. If the second- 
ary-particle track was located in a region in which 
a stereo projection cannot be obtained in this man- 
ner, the axis of rotation was turned by 90° in the 
horizontal plane, and the angles gy’ and @’, con- 
nected with g and @ by the simple relations 


sin 8 = cos 6’ / cos 9, tang = tan 0’ sing’, 


were measured. Here ¢’ is the projection of the 
angle 6 on the vertical plane, and 6’ is the angle 
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between the track of the secondary particle and 
the axis of rotation. 

Whenever the track fell in the “dead zone” of 
the reprojector, it became necessary to make the 
measurements by the coordinate method.’ The 
angle at the vertex of the “dead-zone” cone was 
approximately 40°. 

An important role was played in the identifica- 
tion of interaction events by measurements of the 
ranges and by the specific ionization of the par- 
ticles. The length of the range was taken to be 
the distance between the point of interaction (cor- 
responding to the point of intersection of the fast- 
particle tracks) and the end of the track of the 
stopped particles, reduced by one half the width 
of the track. The length obtained in this manner 
was reduced by another 5%, in view of the change 
in scale that arises when the image is reprojected, 
owing to the shrinkage of the film. A careful anal- 
ysis was made every time to ascertain whether the 
particle range terminated in the illuminated region 
of the chamber. The accuracy with which the par- 
ticle energy was determined in this manner was 
verified by comparing the measured ranges of the 
recoil qa particles, formed in elastic scattering, 
with those calculated by the Bethe formula. The 
average error did not exceed 15%. 

The ionization was measured by relative pho- 
tometry, i.e., by comparing the photograms of 
tracks made by particles of known and unknown 
ionization.? The ionization was measured only 
when a visual estimate was found to be insufficient 
for identification purpose and more exact data were 
needed. 

The chamber contained, along with the helium, 
methyl alcohol vapor CH,;0H. This admixture, how- 
ever, was small in the sensitive layer. Estimates 
show that the ratio of the number of interactions 
with hydrogen to that with helium should not exceed 
~ 0.002 for negative pions and ~ 0.01 for positive 
pions; the contributions due to events produced by 
oxygen or carbon should not exceed ~ 0.02. It 
was therefore assumed in the analysis of the ob- 
served events that all, with the exception of the 
obvious carbon and oxygen stars, are due to inter- 
actions with helium nuclei. 

Before we proceed to describe the procedure 
of identifying different interaction processes be- 
tween m+ mesons and helium nuclei, let us list 
the principal reactions: 
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nm + Het—>a7 + Ee: elastic scattering (1) 
a tat He? (2) 
mn + Het—+2°+p+H*, inelastic scattering (3) 
m= (2n, 2p) (4) 
~ 7 7 + He (5) 
| 4 i 

nm + Het—> x9 4 (3n, Ip)? exchange scattering (6) 
d iG 
nm -- He*— ce ’ non-radiative capture 3 
tT Het» nx => Het, elastic scattering (1’) 
n* +n-- He? (2a 

n* + Het—>x*-+ p+ H’, — inelastic scattering (3’) 
n* + (2n, 2p), (4’) 

0 3 , 

. i. hae (5) 
am + He*—> n° + (1n, 3p)’ exchange scattering (6’) 
pee bs 

« + Het a as 5 p , non-radiative capture os 


The nucleon combination included in the paren- 
theses may be a deuteron with two free nucleons 
or else four free nucleons. The elastic scattering 
events (1) and (1’) were segregated by kinematic 
particle divergence, as described in detail in ref- 
erences 10 and 11. 

As a rule, reactions (2) and (2’) appear on the 
photographs as two-prong stars with uncorrelated 
prongs. The pion should have an ionization close 
to minimum. The He® nucleus is slower in this 
reaction, and its range terminates in most cases 
in the illuminated region. Quite similar in exter- 
nal appearance to the processes (2’) are certain 
exchange-scattering events, when a fast proton 
is emitted in reaction (5’). To segregate such 
events, we measure the ionization of the fast par- 
ticle. We had in mind the fact, shown by kinematic 
calculations, that the ionization produced by the 
forward-flying fast proton cannot, with any discern- 
ible probability, be lower than twofold. 

True, another possibility, which is much less 
probable for reactions (2) and (2’), is a single- 
prong star, formed whenever the He® nucleus has 
avery small momentum and its range is not dis- 
cernible in the photograph. Such events are dis- 
tinguished from reactions (8) and (5’) also by ioni- 
zation measurements. 

Somewhat greater difficulties arise in the iden- 
tification of processes (3) and (3’). In fact, most 
events (3) and (3’) are three-prong stars. But 
processes (4), (4’), (6’), (7’), and (8’) also pro- 
duce tridents. Therefore, the identification calls 
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for an all-inclusive analysis, which takes into 
account all the singularities of these reactions. 

The easiest to segregate from the bulk of the 
tridents are events in which at least one neutral 
particle is emitted; it is seen from these events 
immediately that the emitted three particles are 
not in a position to balance the initial momentum. 
This manifests itself either in the fact that the 
charged particles move into the rear hemisphere, 
or in the fact that the projections of the directions 
of the charged particles on the azimuth plane lie 
in one half plane. 

The next step in the identification of tridents 
is also based on the conservation of momentum. 
If only three particles are emitted in the final 
state, then the measured angles @ and 6, together 
with the value of the initial momentum, make it 
possible to calculate the momenta of these par- 
ticles. If neutral particles are emitted in this 
reaction together with the three charged particles, 
such a calculation does not give the true value of 
the momentum. In this case the expression for 
the calculated momentum py, can be represented 
in the form 


De = | hic 


Here py is the true momentum of the n-th par- 
ticle and qyn is a rather complicated function of 
many quantities and can assume both positive and 
negative values. One can therefore consider that 
a sufficient condition of the emission of at least 
one neutral particle is the appearance of negative 
values for pp. 

The purpose of further identification was to 
segregate from among the remaining tridents cases 
in which only three particles are emitted, namely 
(3), (3’), and (7’). For this purpose, the obtained 
values of the momenta were used to verify the en- 
ergy balance, and whenever a particular track 
could not be assigned to a particular particle, dif- 
ferent possible assumptions were made concerning 
the natures of the particles. In addition to the en- 
ergy balance, the angular correlation between the 
pion and the proton in (3) and (3’), or between the 
two protons in (7’), were examined under the as- 
sumption that the initial momentum is represented 
by the difference py-—Ppy3 or Py—Pg respectively. 
The angular correlation was verified with a special 
instrument, which readily simulated the vectors of 
all the momenta in space. Finally, we verified the 
correspondence between the values of the calcu- 
lated momenta of the slow particles, and the values 
determined from the ranges, or their lower bounds. 

In segregating events (3), (3’) and (7’), owing to 
the great variety of the measurement conditions, 
we did not use any particular selection rules, since 
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an accurate determination of these events was a 
highly difficult matter. Instead, a thorough individ- 
ual analysis was made in each specific case of the 
possible errors in the measurements of @ and @, 
and the sensitivity of the calculated values of the 
particle momenta and energies to these errors was 
verified. As a result of such an approach, the in- 
accuracy in the energy balance did not exceed +50 
Mev for most of the selected three-particle events. 
The events identified with greatest reliability were 
those in which the ranges of the H® nuclei or of the 
deuterons terminated in the illuminated region of 
the chamber. 

We also classified as processes (3) and (3’) cer- 
tain of the two-pronged stars, in which the kinematic 
conditions of two-particle (m-p) divergence are 
satisfied. It was assumed that in these cases the 
H® nucleus, owing to its very small momentum, 
does not leave a visible track in the chamber. 
After separating the three-particle reactions, the 
remaining tridents were classified as (4), (4’), (6’), 
and (8’). Cases of inelastic scattering of positive 
pions (4’) were selected from among the processes 
with emission of neutral particles by measuring 
the ionization produced by the fast particles. We 
were unable to devise separation methods for the 
analogous exchange-scattering (6’) and non-radia- 
tive capture (8’) processes. A similar situation 
obtains in the identification of exchange scattering 
(5) and (6) and non-radiative capture, (7) and (8) of 
negative pions (all'these cases are single-prong 
stars). We merely attempted here to separate the 
reaction (8) from events in which a fast proton was 
emitted (this will be discussed in Sec. 5). Typical 
photographs of individual reactions are given in 
Figs. 3, 4, and 5. 


3. RESULTS OF IDENTIFICATION AND ABSO- 
LUTE CROSS SECTIONS 


We obtained 24,000 photographs in the beam of 
negative pions and 11,000 photographs in the beam 
of positive pions. The results of the scannings dis- 
closed a total of 321 and 229 interaction events due 
to negative and positive pions respectively, of which 
222 and 152 were due to inelastic interaction. The 
results of the identification of these events are 
listed in Table I. 

To determine the absolute cross sections, we 
selected the photographs of highest quality contain- 
ing not more than 20 particles per frame. The total 
number of interactions of events in these selected 
photographs of positive and negative meson beams 
was approximately 100 in each selected group. 
These photographs were subjected to careful scan- 
ning, with simultaneous calculation of the number 
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FIG. 3. Photograph of quasifree scattering FIG. 4. Photograph of quasifree FIG. 5. Photograph of capture of 
of a positive pion by a proton. scattering of a negative pion by a a positive meson by an n-p pair. 
neutron. 
of particles passing through the chamber. This was assumed to equal 6%. The same admixture 
number did not include the particles deviating in the positive-pion beam was determined from 
from the beam direction by angles greater than the range curve and amopnted to 10%. In the cal- 
the divergence angle of the beam. Nor were par- culations of the absolute cross section the gas den- 
ticles included whose ionization, as estimated sity was assumed to correspond to the temperature 
visually, exceeded the minimum value. The ad- of the midpoint of the sensitive layer, and the ef- 
mixture of muons and fast electrons in the nega- fective thickness of the track in the chamber was 
tive-pion beam was estimated by observing the taken to be 23 cm. The total absolute cross sec- 
(m-u) decays in flight in the same beam,’ and tions of interaction of 330-Mev negative pions and . 
TABLE I 
Positive pions, E_ = 273 Mev Negative pions, E_ = 330 Mev 
Number Cross Number Cross _ 
Process | of section, Process of section, 
events | 10727 em? | events | 10727 cm? 
1 2 3 | 4 5 \ 6 
(1’) 77 7549 || (1) 99 AT+5 
Cee on ees. 14 [5]*| 1444 (2) total en UP 3444 
of He” invisible as track of He® invisible 4 
EU eet eer rs | 3 Lh aeoOSe 1 aytetes fai re da 
: track of H® invisible 4 
(4) 24 [12]) 20+4 ||(4) 41 [6]} 19+3 
6") total a | S510] 3446 (5), 6), (7), (8) total 70 3344 
rack of He® invisible| [2] 
(7’) total beach kee 48 [1] 8+3 with emission of fast 
track of d invisible =a protons 20 9+2 
(6), (8’) 43[5] | 1344 | 
Cases of interaction with Cases of interaction with 
oxygen or carbon 2 oxygen or carbon 4 
Unidentified events Unidentified events 
8 8 
Total [229 | 22020 "Total | 324 —‘| 450245 


*The numbers in square brackets indicate the events in each group with lower 
reliability of identification, owing to poor measurement conditions. 
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of 273-Mev positive pions with helium nuclei were 
found to be (150 + 15) x 107? and (220 + 20) 

x 10-2? em?, respectively. The partial cross sec- 
tions of different processes are listed in columns 
3 and 6 of Table I. The cross sections are indi- 
cated with relative statistical errors. 


4. ANALYSIS OF THE INELASTIC AND EX- 
CHANGE SCATTERING PROCESSES 


a) Role of multiple scattering processes. The 
reactions (2), (2’), (3), (3’), and (5’) can be consid- 
ered as the results of a quasifree scattering by in- 
dividual bound nucleons, considering that the resid- 
ual nuclei do not participate directly in the interac- 
tion with the incoming pions. Analyzing these re- 
actions, we can verify that the momenta of the He? 
and H® nuclei are of the same order of magnitude 
as the intranuclear momenta of the nucleons; their 
values range essentially from 0 to 300 Mev/c. The 
angular distributions of these nuclei (detailed data 
on which will be published later) also agree with 
the foregoing scheme. In addition, the momenta 
and the angles of the mesons and protons in (3) 
and (3’) are correlated and are close to the cor- 
relation that takes place in scattering by free nu- 
cleons. 

Thus, the singularities of these reactions, to- 
gether with their high probability (see Table I), 
illustrate the correctness of the point of view that 
the pion-nucleon interaction at these energies has 
essentially a one-nucleon character. 

The remaining cases of inelastic scattering (4), 
(4’), (6), and (6’), in which more than three par- 
ticles are emitted in the final state, can be inter- 
preted in two ways. Firstly, these cases may be 
the result of simultaneous interaction between the 
pions and complexes of nucleons. This assump- 
tion can be corroborated partialiy by the fact that 
a noticeable probability of non-radiative pion cap- 
ture exists, in which at least two nucleons partici- 
pate. The fact that not a single event of a type 
(7, d, d) reaction was registered cannot serve 
as a refutation of this point of view, since the 
probability of emission of a group of nucleons 
in the bound state may prove to be small. 

Secondly, these cases may be the result of the 
development of a cascade in the nucleus. The few 
observed events, in which two charged particles 
(apparently protons) diverge at an angle of 90°, 
indicates that the cascade processes do take place, 
at least in those cases. Actually, it is probable 
that both mechanisms are in operation. To clarify 
their relative role, the experimental results must 
be supplemented by cascade calculations. 
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The processes that proceed via these two chan- 
nels we shall tentatively call multiple-scattering 
processes. The relative probability of multiple 
scattering in inelastic scattering ¢€ can be deter- 
mined directly from the number of cases that cor- 
respond to the reactions (2), (2’), (3), (3’), (4) and 
(4): 

Sp =273 


= Ny | (No + Ng + Ny) = 0.2440.06; 
= N,g/(Ne+N 5+ N4) = 0.29 + 0.05. 


Sp =330 


In exchange scattering this probability cannot 
be determined, since the corresponding reactions 
were not identified. 

b) Relations between quasifree scattering proc- 
esses. One can hope that the results obtained for 
the quasifree scattering by neutrons and protons 
will throw light on the question whether the proper- 
ties of the free and bound nucleons that appear in 
the scattering are identical. In particular, owing 
to the great difference in the interaction of pions 
with nucleons in various isotopic states, one can 
attempt to obtain, by comparison with the corre- 
sponding quantities for the free nucleons, informa- 
tion on the purity of the isotopic states in quasifree 
scattering processes. However, one must bear in 
mind here several circumstances which make such 
an analysis difficult. The first of these is that the 
interaction between pions and nucleons is not con- 
fined to quasifree processes. Therefore, for com- 
parison purposes, it would be desirable to separate 
all the cases that result from pairwise interaction 
with neutrons and protons, cases due to collective 
interactions or interference phenomena, and to es- 
tablish whether the latter influence in a unique 
manner the probability of interaction with neutrons 
and protons. In actuality, this cannot be done on 
the basis of experimental data. 

The second difficulty lies in the fact that there 
is a certain indeterminacy in the choice of the 
energy for which the cross sections of interaction 
with free nucleons are to be taken. The compari- 
son could be made within the framework of some 
theory that describes sufficiently well the entire 
complex of interactions between pions and nucleons. 
Unfortunately, no such theory exists. Nevertheless, 
a comparison of the relative probabilities of scat- 
tering by free and bound nucleons can be made 
under certain simplifying assumptions. 

We shall assume that the corrections to the re- 
lation between the quasifree processes due to mul- 
tiple scattering and absorption of pions are small. 
The influence of elastic scattering can be excluded 
by using in the comparison cross sections in that 
range of angles where there is practically no elas- 
tic scattering (> 45°). For exchange scattering 
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| | Cross 


Pion energy, Mev Process 


| 10727 cm? | 
“total | 9>45° 


Cross section ratio 


! 
total | 6>45° 
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E,, = 273 I 13°| 8.2.) off ori = 4.0 
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I | 76 | 34.8} 0; / 0, =6.3 5.4 
E,, —V p= 296 I 12 | 6.8 \\s;/%);= 3-6 
Ill Perse sila: 
| I 118 | 68.2 | o,/0,;=7.4 6.6. 
Ex—V p=244 Il 16 | 10.4 | 0,/0,,;;=3.9 
| III nl = 
Quasifree scattering 
{ (2) 3424] 2544] (5) / 0/4) = 2.640.7 4,241.3 
vs mas | (3) 1343] 622 
(5) — | — 
aoe | (3’) 5047 | 3946) %37)/ Sip) =3.641.1 | 4,942.0 
a (2') 14t4| 823) 675 | oy =A 520.8 
| (5') 34+6| — 


this need not be done, since any interaction that 
leads to a change in charge of an a particle is 
an inelastic process. 

To take into account the change in the relative 
energy due to intranuclear motion of the nucleons, 
we shall average the total cross sections for the 
interaction between pions and free protons over 
the function of momentum distribution of the nu- 
cleons in the nucleus. If the distribution function 
is taken in the form A exp (—p*/p3) with a value 
Pp = 150 Mev/c, and we use the experimental en- 
ergy dependence of the m-p interaction cross sec- 
tion,!*-45 then the calculated effective cross sec- 
tions hardly differ from the cross sections of the 
corresponding processes on protons at rest at the 
same energies in the laboratory system of coordi- 
nates. Thus, in this range of energies one can dis- 
regard the effect of the intranuclear motion of the 
nucleons on the value of the relative meson energy. 

Finally, we can also take into account the pres- 
ence of a repelling nuclear potential, which reduces 
the kinetic energy of the pions in the nucleus. The 
values of the real part of the average nuclear po- 
tential VR can be assumed to be 29 and 34 Mev 
for the energies 273 and 330 Mev respectively 
(more details on this will be reported later). The 
results of the comparison of the corresponding 
cross sections are given in Table II. The data per- 
taining to interaction between 7+ mesons and pro- 


tons were taken from the literature, !4°15 and the an- 


gular distributions were taken for values of energy 
close to those under consideration, and normalized 
to the corresponding total cross sections. 

The quantities in Table II evidence clearly the 
influence of the factors considered on the results 
of the comparison. In accordance with the consid- 
erations advanced above, one must compare the 
values listed in column 6 for Eq-VR and quasi- 
free scattering. For both pion energies considered, 
the average values of the relative scattering prob- 
abilities by bound neutrons and protons is under- 
valued. However, owing to the large statistical 
errors, the reliability of this fact is low. If we 
consider in addition the roughness of the scheme 
adopted for the comparison, and also the possible 
systematic errors in the separation of quasifree 
scattering cases, it is obvious that the results ob- 
tained give no grounds for doubting the purity of 
the isotopic states in quasifree scattering of pions. 


TABLE II 


0.63+0.06 
0.534006 
0.474005 
0.44+0.05 
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Table III lists the values of the coefficient Y; 
which characterizes the summary influence of the 
bond on the absolute cross section of interaction 
with bound nucleons. It is equal to the ratio of the 
total cross section of inelastic scattering between 
pions and He‘ nuclei to the sum of cross sections 
of interaction with free nucleons. 

c) Angular distributions. The angular distribu- 
tions of inelastic scattering in the laboratory sys- 
tem of coordinates are shown in Figs. 6 and 7. 
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FIG. 6. Angular distribution of inelastic scattering of 7+ me- 
sons by He* at E = 273 Mev; curves —calculated: 1 —values of 


2% for E, — Vp = 244 Mev, 2—-(F/F,) x 2% at E, — Vp = 244 
Mev, 3-(F/F,) x 2% at E, = 273 Mev. 

FIG. 7. Angular distribution of inelastic scattering of nega+ 
tive pions by He* at E = 330 Mev. The curves have been cal- 
culated by the same formulas as the corresponding curves of 
Fig. 6, but at the following energies: 1-E, — Vip = 296 Mev, 
2-E,-V,= 296 Mev, 3 -E_= 330 Mev. 


These include both quasifree and multiple-scatter- 
ing events. The dotted lines in the same figures 
show the sums (multiplied by two) of the differ- 
ential cross sections of the scattering of pions by 
free neutrons and protons!4»15 


25 = 2 [ds (x-p— =p) [dQ + ds (x*p — x p) / dQ] 


for energies Eq — VR. The relative variation of the 
differential cross section of scattering by free nu- 
cleons is very similar to the angular dependence 
of inelastic scattering of pions by He*. Exceptions 
are the region of small angles (@ < 40°), where 
the inelastic scattering is noticeably suppressed. 
This phenomena can be understood by considering 
that the inelastic scattering by nuclei is forbidden 
at a relatively small energy transfer to the bound 
nucleons, as indeed happens in the case of scatter- 
ing at small angles. 

Watson and Zemach!* have made an attempt to 
take into account theoretically the influence of co- 
herent processes on inelastic scattering of pions 
by nuclei. Actually they have approximately taken 
account of the variation in the kinematic factors, 
due to the fact that the mesons are scattered in a 
medium where the potential differs from zero and 
varies with the pion energy. The differential scat- 
tering cross sections by free (do/dQ)s and bound 
(do/dQ)p nucleons they were able to relate by 
means of the simple equation 


(ds / dQ), = (F | F;) (ds / dQ);. 


The factor F/F¢ is a function of the angle 0, and 
also depends on the initial pion energy and on the 
value of the optical potential. In accordance with 
the theory considered, the angular dependence of 
this factor for meson energies of 273 and 330 Mev 
is shown in Fig. 8. On the basis of this dependence, 
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we calculated the angular distributions of inelastic 
scattering of pions by He‘ nuclei. The calculations 
were made for two versions. In the first version 
(do/dQ)¢ were taken for the pion energy in the 
laboratory system. In the second version, we took 
into aecount the change in the pion energy by an 
amount VR. 

It is seen from Figs. 6 and 7 that the results of 
the calculations are in good agreement with the ex- 
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perimental points, particularly for Eq = 330 Mev. 


A great discrepancy is observed only in the region 


of small angles. But this is to be expected, since 
in the Watson-Zemach calculation no account was 
taken of the Pauli exclusion rule. Such a success 
of these calculations appears somewhat strange, 
since firstly the theory contains a large number 
of rough approximations, and secondly it does not 
reflect many factors which undoubtedly influence 
the size of the inelastic scattering cross section. 
In particular, the screening action of the nucleons 
is disregarded. 


AN/4g 


a FIG. 9. Dependence of 
the number of events on 
the relative azimuth angle 

5 ,.3 of the proton and H® 
nucleus in reactions 
mt +He* +> 7++p+H’. 
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d) Correlation in the divergence of nucleons 
and residual nuclei. Figure 9 shows the distribu- 
tion of the number of cases of quasi-elastic scat- 
tering of t mesons by protons as a function of 
the angle between the projections of the proton 
and H® momenta on the azimuth plane. This dis- 

tribution indicates that the proton and H® have a 
tendency to diverge in opposite directions (19 
cases of travel in the same direction and 49 of 
travel in opposite directions). A possible inter- 
pretation of this phenomenon may be that the scat- 
tering of the mesons gives rise to an excited a - 
particle level, the existence of which is indicated 
by many experiments.!" If we adopt this point of 
view and calculate the value of the excitation en- 
ergy Q, its average is found to be approximately 
20 Mev (Fig. 10) i.e., exactly the expected level. 
Errors in the determination of Q are quite large, 
and therefore one must not attach great signifi- 
cance to this result, since the agreement may be 
quite accidental. In addition, the observed corre- 
lation can be understood qualitatively within the 
framework of the Goldberger model. In fact, at 
the instant of collision between the pion and the 
proton, the latter has a momentum equal and op- 
posite to the momentum of the H® nucleus. Since 
the momentum transferred by the meson to the 
proton by scattering is of the same order as the 
intranuclear momenta of the nucleons, the initial 
direction of motion of the proton should be con- 
served to the some extent. 
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Q Mev 
FIG. 10. Distribution of the values of Q for the reactions 
nt + He* > wt + p + H’. 


5. NON-RADIATIVE CAPTURE 


As already noted in Section 4, of all the cases 
of non-radiative capture of positive pions, the only 
capture that could be identified directly was the 
one with emission of two protons and a deuteron 
in the final state (8’). In all these cases the deu- 
terons are slow, their momenta not exceeding 200 
Mev/c. The protons display on the other hand an 
angular and momentum correlation, corresponding 
to the absorption of pions by free deuterons (see 
Fig. 11). Thus, we can interpret reaction (8’) as 
the capture of a pion by a deuteron pair. For the 
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FIG. 11. Angular and momentum correlation in the reac- 
tion 7+ + He* + p + p+d. The curves correspond to corre- 
lation in absorption by a free pair of nucleons; the full 
circles (left-hand scale) show the values of the angles G,; 
while the empty circles (right-hand scale) show the values 
of the momenta p,. The numbers on top are the values of 
the momenta of the residual deuterons. 


probability of the other possible cases of positive- 
pion capture, the only thing that is obtained experi- 
mentally is an upper limit. It can be estimated if 
all the events (6’) and (8’) (see Table I) are con- 
sidered to be absorption. However, among the lat- 
ter events there should be also multiple exchange- 
scattering events. Their fraction can be calculated 
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by assuming that the probability of the multiple- 
scattering processes, both with and without charge 
exchange, are the same. This assumption is par- 
tially justified by the roughness of the calculation 
of the cascade probability in both cases, which in- 
dicates that these probabilities are approximately 
equal. An estimate of the number of events of 
multiple-exchange scattering, obtained under this 
assumption, corresponds to 14, where a total of 13 
events (6’) and (8’) were observed. This result can 
be interpreted (naturally, with a reliability deter - 
mined by the small statistical accuracy) as evi- 
dence of the low probability for other processes 

of pion absorption, including the capture of nega- 
tive pions by a pair of like nucleons. 


0 4 60 80 100 120 40 160 Wo 
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FIG. 12. Correlation between the angle of emission and 
ionization of fast protons in single-prong stars, produced by 
negative pions. The curve is obtained from kinematic calcu- 
lations under the assumption that the absorption is produced 
by a free pair of nucleons. 

We attempted to identify the absorption of nega- 
tive pion processes by pairs of like nucleons di- 
rectly from the correlation between the angle 0 
of emission of the fast proton and the ionization 
it produced. However, a reliable separation of 
the cases of absorption by a pair of like nucleons 
from other processes that lead to the emission of 
fast protons could not be attained, owing to the 
large error in the measurement of the ionization, 
and also owing to the ambiguous connection be- 
tween the ionization and the angle (due to intra- 
nuclear motion). The results of the measure- 
ments are given in Fig. 12. For negative pions, 
as was done for the positive pions, an indirect es- 
timate was made of the number of absorptions by 
a pair of like nucleons. It was assumed here, too, 
that the relative probabilities of capture by a deu- 
teron pair at 273 and 330 Mev are equal. With the 
statistics accumulated for 300 Mev, this corre- 
sponds to 12 captures by an n-p pair, whereas 
an estimate of the number of absorptions by a p-p 
pair yields a value of 6. 

The analysis of the experimental results on the 
capture of pions in helium indicates that apparently 
the pion capture is produced essentially by nucleon 
pairs, and the absorption by a deuteron pair is the 
principal process. This conclusion agrees with the 


results of investigation of the absorption of pions 
by more complex nuclei such as carbon, chlorine, 
and fluorine.4~? 


6. RARE EVENTS 


Five events of interaction of pions with helium 
were registered, and these cannot be ascribed to 
any of the foregoing processes. A characteristic 
feature of all these cases was that among the sec- 
ondary products there was more than one fast par- 
ticle, producing nearly minimum ionization (Fig. 13). 
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FIG. 13. Photograph of a probable production of a neutral 
pion with subsequent decay into 2e and a photon. 
As noted above, in the scattering of 300-Mev pions 
there cannot be any protons with less than twofold 
ionization. These events can therefore be interpreted 
as the production of particles lighter than nucleons. 
An additional argument in favor of this statement 
is also the absence of angular correlation between 
the fast particles, which would appear in quasifree 
scattering of pions. Summary data on the observed 
events are listed in Table IV. © 

By virtue of the limited information, we cannot 
identify these events uniquely, and therefore the 
last column of Table IV lists only a probable inter- 
pretation. In addition to the conservation laws, we 
took into account in the interpretation certain con- 
siderations on the probable angles 6 between the 
electrons in the processes 1’ — 2e + y. 

The authors are grateful to Professor Wang 
Kang-Ch’ang, L. I. Lapidus, and S. 8. Filippov for 
useful discussions and many valuable comments. 
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Ns 
Non-mesonic decays of 18 hyperfragments were studied in the part of an emulsion stack irra- 
diated with 4.5 Bev m mesons. The ratio of the number of decays due to the interaction be- 
tween the A° particle and neutron to the number of decays due to interaction with a proton 
was determined. It turned out to be 1.25. 
‘Taere have been a number of papers published According to the theoretical considerations of 
recently on experimental investigations of non- Ferrari and Fonda,® the value of R gives informa- 
mesonic decays of hyperfragments.!*? In these tion about the mechanism through which the A’ par- 
papers the quantity of interest is the ratio of the ticle interacts with the nucleons in the nucleus. The 
number of hypernucleus decays due to interaction A particle can interact directly with a nucleon, or 
ofa A particle with a neutron to the number of through a virtual 2 state. 
decays due to interaction with a proton: According to reference 3, in a direct interac- 
tion, no matter what the relative parities of the IN 
(REG a particle and the nucleon are, the value of R is 


Kinematics of the particles 
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B. Decays induced by protons 
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less than or equal to one (R <1). Hence, if R >1, 
the interaction must proceed through a virtual Z 
state. At the present time, there is little experi- 
mental data on this problem. In the following we 
present some results obtained in part of a G-5 
emulsion stack irradiated by 4.5 Bev ma mesons. 
After analyzing all the double stars found in a 
systematic search of 47 em? of emulsion, 18 cases 
were selected which satisfied the following criteria: 
1) the length of the connecting F -track was greater 
than 20; 2) the connecting F -track was thinner 
toward the end of its range, as determined from 
measurements of the track width. The hyperfrag- 
ments so found were separated into two classes. 
In the first class were all decays which had a 
singly charged particle with range greater than 
3 mm, while in the second class were all decays 
in which the secondary particles were slow ones. 
The ratio of the number of decays in the second 
class, N, to the number in the first, P, was 
10/8 = 1.25. This ratio is definitely greater than 
one, since the error can only be positive (the 
value of N is too small if anything). Taking into 
account the results of reference 1, we conclude 
that the interaction of the A’ particle with the 
nucleons is very likely through a virtual 2 state. 
We propose to improve the statistics, not only to 


solve this problem but also to find the parity of 
the AN system. 

We also examined the angular distribution of 
the hyperfragments relative to the direction of 
the incident -meson beam. Silverstein? found 
the forward/backward ratio to be 2.2 + 0.5. Ac- 


cording to our data, this ratio is 2.6. The forward/ 


backward ratio for lithium fragments (“hammers” ) 
was also measured in the same emulsion. For Li 
fragments with energies comparable to the ener- 
gies of the hyperfragments, the ratio turned out to 
be one. 

All the experimental results discussed in the 
text are summarized in the table. 
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The elastic scattering of 6.8 Bev/c negative pions from protons in a propane bubble chamber 
was studied. The total and differential cross sections for elastic scattering were obtained on 
the basis of 213 interaction events, and the total cross section for the 1 -p interaction was 


also estimated: 
3.75 + 0-25 


Oa Ba Oe 0.55 


Stop = 30-5 mb. 


It was found that the elastic scattering agreed, within the limits of experimental error, with 
the model of a proton as a homogeneous sphere with sharp boundaries: R = 1.05 x 107!3 cm, 


R= 6. 717<10" om)? ky = 0: 


Pion -PROTON scattering at high energies, where 
the de Broglie wavelength is much smaller than the 
effective region of the interaction, can give useful 
information on proton structure. In the present 
work, the investigation of the elastic scattering 
from protons of negative pions with momenta 6.8 
Bev/c (wavelength x = 0.112 x 107 cm) was done 
with a 24-liter propane bubble chamber! placed in 
a magnetic field of 13,700 oe. 

Figure 1 shows the placement of the chamber 
and the other equipment in the pion beam.? The 
momentum distribution of the pions was obtained 
along 112 beam tracks measured in the chamber; 
it is given in Fig. 2. The average value of the 
momentum was (6.8 + 0.6) Bev/c. 


RESULTS AND ANALYSIS OF THE MEASURE- 
MENTS 


Two different scannings of the photographs ob- 
tained were carried out with a stereo lens by two per- 
sons. In all, about 3500 exposures were examined. 
From all the two-pronged stars, 550 cases which 
suggested elastic and quasi-elastic scattering were 
picked out. The coordinates of the interaction 
points and of the tracks were calculated with meas- 
uring microscopes on both stereo exposures. 

The results of the measurements were ana- 
lyzed by an electronic computer which gave the 
spatial coordinates of the tracks, the magnitude of 
the range of the recoil proton (for stoppings), the 
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pion scattering angle 6,, the recoil proton angle 
9p» and the azimuthal angles of the pion and of the 
recoil proton gq and gp. The error in the angles 
0, and @) was determined on the basis of two in- 
dependent measurements of 80 events. The mean- 
Square errors A@,; and A@p were found to be 26’ 
and 1°14’ respectively. A correction was intro- 
duced for track curvature, although this did not 
exceed 20’. 

The elastic pion-nucleon scattering cases were 
identified by the following criteria. 

1. Coplanarity. As a measure of coplanarity 
we selected the angle between the plane formed 
by the incident and scattered pions and the plane 
formed by the incident pion and the recoil proton. 
This angle is equal to the modulus of the difference 
of the azimuthal angles: Ag = | Pp —Q7|. Those 
events in which Ag did not exceed twice the mean 
square error were taken to be coplanar. The dis- 
tribution of all 550 events by coplanarity param- 
eter is given in Fig. 3. 

2. Angular correlation. A region determined by 
the mean-square error was laid out along the corre- 
lation curve 6, =f(6@p) for 6.8 Bev/c momentum 
pions. Elastic scattering cases had to lie in this 
region. Figure 4 shows the distribution of all the 
cases as a function of deviation from the correla- 
tion curve. The doubled mean-square error A@ 
is taken as a measure of the deviation. 

3. Range of the Recoil Proton (For Stoppings ). 
This criterion was used in about 30% of the cases. 
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FIG. 3. Distribu- 
tion of the number of 
analyzed events by 
parameter of coplanar- 
ity Ag. The dotted 
histogram refers to 
the events identified 
by all criteria as elas- 
tic scattering; the dot- 
dashed one to inelas- 
tic scattering events; 
the solid one to all 
550 events. 


FIG. 4. Distribution 
of the number of two- 
pronged stars by devia- 
tion from the angular cor- 
relation curve. One divi- 
sion of the abscissa cor- 
responds to the doubled 
mean Square error. 
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FIG. 1. Setup of equipment in 7- beam. 1—4) fixed 


focus lenses; 5 and 6) shielding; 7) deflecting magnet; 


8) magnet containing chamber; M) beryllium target in 


a accelerator chamber. 
Sy 
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Of all of the 550 events measured and analyzed, 
218 events were classified as elastic. The distri- 
bution of these 218 cases of pion-proton elastic 
scattering are given in Fig. 5 as a function of lon- 
gitudinal position in the chamber. A length of 43 
em of the central part of the chamber was taken 
as the effective region (the overall length of the 
chamber was 55 cm). Of the 218 events, 213 oc- 
curred in the effective region. The distribution 
of these 213 events by azimuthal angle of the re- 
coil proton is given in Fig. 6. 
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FIG. 5. Distribution of 218 events of elastic 7—-p scatter- 
ing by length in the chamber. Zero corresponds to the center 
of the chamber. 
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FIG. 6. Distribution of 213 events of elastic 7—-p scatter- 
ing, selected for analysis by azimuthal angle of the recoil 
proton Q,: a) distribution above and below, b) left and right. 


In 113 events the recoil proton went upwards, 
in 100 events downwards, in 115 events to the left, 
and in 98 cases to the right. Since the distribution 
by recoil proton azimuthal angle was isotropic, 
corrections for loss in the region near Pp = +90° 
were not made. 

An estimate of the contribution from quasi- 
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INVESTIGATION OF THE ELASTIC SCATTERING OF 1- MESONS 


elastic events to the total number of elastic scat- 
tering events was made from the distribution of 
all events as a function of their deviation from the 
correlation curve. This contribution was about 6%. 

To get the value of the elastic intéraction cross 
sections, we counted, twice for each emulsion, the 
number of beam 7 tracks going through the effec- 
tive region of the chamber, and the number of stars 
induced by beam negative pions. Taking into ac- 
count the admixture of negative muons, estimated 
to be (5 + 2)%, it was found that total length of 
tracks of negative pions was 1.15 x 10° cm. In 201 
events it was found that 

gsi Oy’ > 6) = 3.75) 20-22 map, 
where 6; is the pion scattering angle in the 
center-of-mass system. 

An estimate of the total a -p interaction cross 
section was also made. For this, we counted the 
nurnber of stars containing an even number of 
prongs, and from them N, which had no more than 
one black track and Ny, which had an odd number 
of relativistic prongs and no black track. Under 
the supposition that at this energy o;(7 +p) 
=ot(m +n), we find that the number of stars 
created by negative pions from free protons is 
equal to Ny—N,. The value of N; —N, found 
leads to the cross section o(7 +p) =(30+45) mb. 


OPTICAL MODEL CALCULATION 


We carried out an analysis of the scattering of 
negative pions from protons on the basis of the 
optical model. The homogeneous sphere® was used 
for a model of the proton. Under the hypothesis 
that elastic scattering has a purely diffraction char- 
acter (de] = dq), we have the following relations 
expressing the total cross section of inelastic proc- 
esses oj and the diffraction cross section og by 
_ opticai model parameters: 


Beene (1 [) (P22 Be?) /2B"} B=KR, (1) 
Pek Os te KO 2B.) @) 
34 (K, k, = 0) = (=R?/4B) (4B? — 14 — 2(1 + 2B)e-*8 
4 16e-2(1+B)}; Se O=lFOP, 
R 


f (8) = ik, \ [1 — e(-K+2ks] J, (Ryo sin 8) p do, 


Here f(@) is the scattering amplitude, 9 is the 
scattering angle, ky is the wave number of the in- 
cident pion, k, is the change in the real part of 
the wave number, K is the absorption coefficient 
of the nucleon, and R is the radius of the sphere. 
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do 
do (8) were car- 


ried out for various values of og, oj, and R. By 
comparing the calculated values with the experi- 
mental angular distributions, it was ascertained 
that the experimental data could be best described 
by a proton model with the following parameters: 


Reta! K =0.71+108cm7!, &,= 0, 
37 = 0.0) MDE co, | Ome 


Calculations of the curves 


0-13 cm, 


Figure 7 shows the differential cross section of 
m™ -p scattering for (6.8 + 0.6) Bev/c, and Fig. 8 
gives the dependence of **do/dQ on (sin 61,)/x 
for negative pions with momentum 1.43 Bev/c, 
x = 0.272 x 10713 em (reference 4) and 6.8 Bev/c, 


a6 
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0 28. 


FIG. 7. Differential 
cross section for elastic 
m~-p scattering for aver- 
age pion momentum 
(6.8 + 0.6) Bev/c, based “7 
on 213 events. In the 
angular interval cos 6%, 
> 0.97 are added 23 
events (shown dotted) 
which could beidenti- 
fied as elastic scatter- 
ing by the value of 
their recoil proton 
range and whose non- 
coplanarity did not ex- 1; 
ceed three times the 
error. The errors are 
everywhere statistical. 
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EE a q 
E, Bev oq, mb | Oy» mb 40 R,cm | 10-4 K, em™* | 140-*k,, con 0; / wR* 
Veroy] | ee) 26, 42-222 1.08+0.06 — — 
1.4 [8] (Veale) 3443 1.180.410 0.67 ~0 0.64=0.10 
4.4 [4] 10.1+0.8 30+3 1.08+0.06 = — ss 
4.5 [7] 6.0.1.5 28+2.6 0.90+0.15 — = = 
5 [8] ARTE AG DOS DL, OSORIO EAN) 1.02 ~0 0.640.2 
6.8 51D OSD 30+5 4.05+0.05 0.71 ~0 0.64 


(estimate) 


x = 0.112 x 107! em (present work). From Fig. 8 
it follows that, notwithstanding the large energy 
difference, the connection between the quantities 
do/dQ and (sin 6,)/x is expressed by one 
curve. Evidently the physical significance of this 
result consists in the constancy of the average 
value of the transverse momentum transferred in 
elastic scattering. Consequently, in the energy 
region considered, the effective collision param- 
eter determining the value of the cross section for 
the interaction of pions with nucleons does not de- 
pend very much on the energy. Therefore R, K, 
and k, do not depend much on the energy. This 
fact is also attested to by a comparison with other 
experimental data (see table). The small differ- 
ence observed in the region of small values of 
(sin 6;,)/x can evidently be explained by the fact 
that the scattering amplitude at momenta 1.4 
Bev/c has a small real part, while at our ener- 
gies the scattering amplitude is purely imaginary. 
In conclusion the authors express their deep 
gratitude to Academician V. I. Veksler and I. V. 
Chuvilo for advice, to N. A. Smirnov, E. K. Kury- 
atnikov, Yu. I. Makarov, and M. A. Samarin for 


help with the experiment, and to L. Ya. Ivanova 
and K. N. Radina for help in carrying out the 
measurements. 


1 Wang, Solov’ev, and Shkobin, IIpu6oppi u rexuuka 
9kcnepuMenta (Instrum. and Meas. Engg.) No. 1, 41 
(1959). 

Wang, Ting, Ivanov, Kladnitskaya, Nguyen, 
Saitov, Solov’ev, and Shafranov, Report, High- 
Energy Lab. Joint Inst. Nuc. Res., 1959. 

3 Fernbach, Serber, and Taylor, Phys. Rev. 75, 
1352 (1948). 

“Chretien, Leitner, Samios, Schwartz, and Stein- 
berger, Phys. Rev. 108, 383 (1957). 

ory Leitner, referred to in reference 7. 

6 kisberg, Fowler, Lea, Shephard, Shutt, Thorn- — 
dike, and Whittemore, Phys. Rev. 97, 797 (1955). 

™W. D. Walker, Phys. Rev. 108, 872 (1957). 

8 Maenchen, Fowler, Powell, and Wright, Phys. 
Rev. 108, 850 (1957). 


Translated by W. Ramsay 
92 


en ee a 


SOVIET PHYSICS JETP 


VOLUME 11, NUMBER 2 AUG UST 


1960 


CHARGED PION PRODUCTION IN INTERACTIONS OF 9-Bev PROTONS. WITH EMULSION 


NUCLEI 


N. P. BOGACHEV, S. A. BUNYATOV, T. VISHKI, Yu. P. MEREKOV, V. M. SIDOROV, and 


V. A. YARBA 

Joint Institute for Nuclear Research 

Submitted to JETP editor August 30, 1959 

J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 432-440 (February, 1960) 

Nuclear disintegrations produced in photographic emulsions by 9 Bev protons and involving 
not less than three fast particles were studied. The charged 7-meson energy spectrum, 
measured up to 540 Mev and extrapolated to the high-energy region, is presented. The an- 


gular distributions of fast 7 mesons and protons in the laboratory system were measured. 
The average number of 7 mesons and fast protons per disintegration was found. The frac- 


tion of primary proton energy carried away by 7 mesons is estimated. The ratio of the 
numbers of m7 and K mesons in the velocity range 8 = 0.5 —0.8 has been derived. 


1. EXPERIMENTAL CONDITIONS 


Dour general information concerning the interac- 


gion of 9-Bev protons with emulsion nuclei?~> has 

been obtained after the proton synchrotron of the 
High-Energy Laboratory of the Joint Institute for 
Nuclear Research! had begun operation. The pres- 
ent article is an attempt to study the spectrum and 
the angular distribution of + mesons produced in 
the interaction of 9-Bev protons with emulsion 
nuclei. 

An emulsion chamber consisting of a hundred 
layers of the NIKFI-R emulsion 450, thick, 10 x10 
em in size, was irradiated by the internal proton 
beam. The emulsion layers were scanned under 
a microscope along the tracks of primary protons, 
using 630 x magnification. For the study of the 
‘spectrum of 7 mesons produced in inferactions 
‘of primary protons with complex emulsion nuclei, 

nuclear disintegrations with a number of fast par- 


\ 


ticles ng = 3 were chosen. (Particles with an 
ionization J =< 1.4J) were considered fast, where 
Jy is the ionization along the tracks of primary 
protons. This ionization corresponds to a pion 
kinetic energy higher than 80 Mev and a proton 
kinetic energy higher than 500 Mev.) Sucha 
choice made it possible to select events in which 
several m mesons are produced. Events recog- 
nized as proton-nucleon collisions®’ 
Measurements of multiple Coulomb scattering 
and ionization were used for identification of the 
secondary particles. The multiple scattering 
measurements were carried out for tracks with 
ionization J <2J,) and length in one emulsion 
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were excluded. 


layer 1=6mm. In constructing the spectrum, 

a geometrical correction was applied, because of 
the finite thickness of an emulsion layer and the 
limitation in the dip angle of the tracks (condition 
l1=6mm). This correction was calculated accord- 
ing to the formula 


y= nt / [arc sin (4, // sin ®) + arc sin (A, /1 sin 6)]. 


Here 7 is constant and equalto 6mm, @ is the 
spatial angle between the track and the direction 
of motion of the primary proton, and h;» are the 
distances from the center of the star to the emul- 
sion surface and to the glass respectiveiy. Under 
the assumption of azimuthal symmetry of the angu- 
lar distribution of secondary particles with respect 
to the direction of the primary protons, this cor- 
rection yields the total number of particles at a 
given angle 6, i.e., takes into account also those 
tracks for which the scattering was not measured 
because of large dip angles. 

From the distribution of the stars to which the 
selected tracks belong with respect to the number 
of fast particles ng in the star, it was found, tak- 
ing into account the geometrical correction, that 
the average multiplicity ng for the selected class 
of stars is 4.60 + 0.14. It should be noted that the 
value ng obtained should be somewhat greater 
than the corresponding value ng determined di- 
rectly from the distribution of stars with respect 
to ng found in scanning along the track,‘ as given 


b pecs ee 
2 Ns =n; + D/ns, 


where D is the dispersion of star distribution 
with respect to ng. The quantity ng obtained for 
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stars with ng => 3 from data of reference 2 was 
found to be equal to 4.78 + 0.10. It can be seen 
that this value is, within the limits of error, in 
agreement with the value of the mean multiplicity 
for our selection criterion. This shows that, in 
selecting tracks with 7=>6mm from stars with 
ng = 8, there was no bias against some stars and 
relativistic tracks. 


2. SCATTERING AND IONIZATION MEASURE- 
MENTS. PARTICLE IDENTIFICATION 


The particles were identified by measuring the 
multiple Coulomb scattering and ionization. The 
scattering was measured using a Koristka MS-2 
microscope. The table noise was measured by 
the multiple-beam interference method, and 
amounted to 0.03, 0.07, and 0.04, for cells of 
100, 500, and 1000u respectively. The scattering 
measurements were carried out by the coordinate 
method.’ False scattering’ for different cell 
lengths was measured in several layers. The 
average value of false scattering Dg over a cell 
eof 400 1 was found to be equal to 0.29, which cor- 
responds to the Coulomb scattering of a singly- 
charged particle with pS =1 Bev/c. Therefore, 

a quantitative energy computation was carried out 
only for particles for which the value of pf, after 
correcting for false scattering, was not higher than 
650 Mev/c; the maximum correction for false scat- 
tering was then less than 15%. 

Preliminary measurements were made on each 
track (20 readings with a cell of 2504), from which 
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the optimum cell length t was determined. (It was 
required that Dt/Dn = 2, the average value of the 
measurement noise Dy being equal to about 0.2.) 
The final measurements were carried out with a 
cell shorter by a factor of two than the optimum 
one, in order to exclude the measurement noise 
(grain noise and reading noise). The value pf 

was calculated according to the formula 


k 
D “(D3 — DP 2 ) — (Dip — Din) e 
GK — =// — (yp 2)8 as 


The scattering constant as a function of the particle 
velocity and cell size was taken according to Gott- 
stein et al.,!° and did not vary greatly in the meas- 
urements described here, its value being k = 24 
— 25. To take into account the distortion of tracks, 
calculation of third, and where necessary, fourth 
differences, was carried out. The statistical error 
in the scattering measurements, calculated accord- 
ing to the formula o = 0.75/VN, where N is the 
number of cells, was not greater than 13%. For 
several tracks, the values of pS were calculated 
taking false scattering into account, according to 
the maximum likelihood method described by 
Solntsev.'! The values of pf thus obtained did 
not differ, within the limits of error, from the 
results obtained by the method described above. 

As a result of scattering measurements on the 
selected 204 tracks, it was found that 78 tracks 
have pB < 650 Mev/c and 126 tracks pf > 650 
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FIG. 1. Variation of ionization with p8 for the NIKFI-R emulsion. 
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Data on K mesons produced in collisions between 9 Bev 
protons and nuclei* 


rs 2 EE EEE pee 
| 
Type of parent star 
0, deg n IJ pf, Mev/c| Ex, Mev 
das Na 
| i 
32 22D 1.4 475+46 290 4 3 
35 24.0 1.3 506-+-58 315 4 4 
26 18.3 ge) 490-457 300 i) 6 
3 2.0 DO) 222126 121 6 6 
27 19.0 oS 946+45 345 | 7 | 6 


*N}, —number of particles with ionization J > 1.4J, in the star; Ex —kinetic 


energy of the K meson. 


Mev/c. Ionization was measured by counting of 
gaps and blobs above a certain size along the 
given track." Statistical errors of the measure- 


ment of the relative ionization were not greater 
than 7%. 


FIG. 2. Energy spectrum 
of 7 mesons produced in col- 
Ww lisions of 9-Bev protons with 
ae nuclei; a—data of the ex- 
" periments, the curve corres- 
(ge ponds to the empirical de- 
pendence (1); b —theoretical 
| curve for spectrum of 7 
mesons produced in N—N 
collisions according to 
reference 13. 
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The variation of ionization with pf obtained 
in the experiment is shown in Fig. 1. The circles 
denote mz mesons stopping in the emulsion cham- 
ber. Their energy, as found from multiple scatter - 
ing, is in agreement with the energy determined 
from range measurements. Curves for K mesons 
and protons are constructed from the 7 meson 
curve. It is evident that the experimental points 
are grouped around these curves. Among the par- 
ticles with pB < 650 Mev/c and J <2d, 69 7 
mesons, 4 protons, and 5 K mesons were identi- 
fied. Data concerning K mesons and their parent 
star are given in the table. In order to detect as- 
sociated production of charged strange particles, 
all black and grey tracks (J > 1.4J)) emerging 
from stars in which K mesons were identified 
were scanned. No strange particles were found 
among the scanned tracks. 

Particles with pB > 650 Mev/c and J <1.4Jdy 
were not identified; it was assumed that this group 
of particles consists only of 7 mesons and pro- 
tons, and the particles with pB > 650 Mev/c and 
ionization in the range 1.4J) = J = 2Jy) were con- 
sidered to be protons. After introducing geomet- 
rical corrections, the following effective numbers 


of particles were obtained; 7 mesons — 1326, 
protons — 266, K mesons — 86, unidentified par- 
ticles — 879. 

In scanning the tracks with ionization J > 2Jo, 
one event of 2-hyperon decay was detected among 
the tracks stopping in the chamber. The hyperon 
was produced in a parent star of the type 4+ 2p. 
The emission angle of the hyperon was 29°, ioni- 
zation J =6.5do, energy determined from ioniza- 
tion and scattering ~ 60 Mev. The hyperon tra- 
versed 7.7 mm and decayed in flight according to 
the scheme 2*-—+n+ r*; the ionization of the 7 
meson J=1.1Jy) and the energy was approximately 
100 Mev. The angle of emission of the 7 meson 
in the c.m.s. was 67% = 65°. 


3. ENERGY SPECTRUM OF 7 MESONS 


The energy spectrum of 7 mesons is shown in 
Fig. 2. As mentioned above, the measurement of 
the energy of particles was limited by the value 
pB =< 650 Mev/ce (corresponding 7 meson energy 
540 Mev). Moreover, the scattering was measured 
only for tracks with J <2J), which limited the 
spectrum from the low-energy end. For the deter- 
mination ofthe number of slow 7 mesons emerg- 
ing from stars with ng = 3, all tracks with ioni- 
zation greater than 2Jy) were followed in some of 
the stars. From the number of 7 mesons with 
J = 2Jy found in this fraction of stars, the total 
number of slow am mesons in all selected stars 
with ne = 3 was determined. 

The following empirical formula was found to 
fit the experimental points of the spectrum in the 
measured energy range: 


N (Ey) = E,j (a — bEQ). (1) 


where E, is the kinetic energy of 7 mesons in 
Mev. The coefficients a, b, and a were deter- 
mined by the least-squares method* and found to 
——_¥The computations were carried out using the ‘Ural”’ 
computer. The authors are grateful to N. N. Govorun for carry- 
ing these out, and also to V. A. Meshcheryakov for help in 


reducing the data. 
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be a= 0.17 + 0.07, b = (1.24114) x10°,0a@= 
2.60 + 0.35 (see curve a in Fig. 2). Information 
on the spectrum in the meson energy range > 540 
Mev was obtained by extrapolating the empirical 
function found up to the energy of 7.6 Bev (maxi- 
mum energy which can be attained by 7 mesons 
in nucleon-nucleon collisions in three-pion pro- 
duction by 9 Bev incident nucleons). The spectrum 
of mt mesons measured in cosmic rays up to the 
energy of 2 Bev by Baradzei et al.‘ for primary 
particle energy of about 10 Bev is of the same 
form. The number of 7 mesons with pf > 650 
Mev/c, obtained by extrapolating the spectrum, 
was found to be equal to 400, and hence the number 
of protons with pf > 650 Mev/c equals 479. 

An estimate of the mean total pion energy, tak- 
ing into account the inaccuracy due to the extrapo- 
lation, leads to a value E = (0.7 + 0.2) Bev for 
the whole spectrum and E = (0.8 + 0.2) Bev for 
fast mesons. The estimates of the mean energy 
of m mesons given in references 4 and 5 are in 
agreement with these results. 
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The ratio of the number of fast 7 mesons to 
the number of fast protons was found to be equal 
to 3.2 + 1.9, and the fast-particle multiplicity ng 
= 4.37 + 0.10. Hence, one can determine the mean 
number of fast 7 mesons (n,7) and fast protons 
(Np ) per interaction. For the stars under consid- 
eration, these numbers are n, = 3.3 + 0.5; Np 
=1.0+0.5. The number of a mesons with Ey, 
= 80 Mev per interaction as determined from the 
spectrum equals 0.6 + 0.2. The number of all 
charged a mesons N, (fast and slow) per in- 
teraction equals 3.9 + 0.5. In order to determine 
the mean energy of m mesons separately for light 
and heavy nuclei, all 7 mesons were divided into 
two groups: m7 mesons from stars with Np > 8 
(60% of the total number of 7 mesons), and from 
stars with Np <= 8 (40% of the total number of 7 
mesons). It was found that, in the measured spec- 
tral region, the mean energy of a mesons from 
heavy nuclei (Np > 8) is smaller by roughly 100 
Mev than the energy of 7 mesons from the group 
of nuclei with Np < 8. 


In order to find the variation of the mean 7 - 
meson energy with the number of fast particles in 
a star, all stars were divided into two groups: one 
with ng = 83 or 4, and the second with ng > 4. The 
number of stars in the groups was found to be 
roughly the same. The mean energy of 7 mesons 
for these groups over the measured part of the 
spectrum does not change, within the limits of 
error. 


4, ANGULAR DISTRIBUTION OF FAST 7 MESONS 
AND PROTONS 


The angular distribution of fast mesons (J 
=1.4J)) in the laboratory system is shown in 
Fig. 3. m mesons with energy greater than 540 
Mev were included in the first interval (cos @ 
= 1.0—0.8), as found from the angle-energy rela- 
tion for m mesons shown in Fig. 4. The points in 
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Fig. 4 have been obtained by averaging the data 

over all emission angles of a mesons in the energy 
interval. The half angle of fast mesons (the 
angle which contains half of all particles) 0f/, 

= (36.5 + 8.8)°. The angular distribution of fast 
protons in the laboratory system is shown in Fig. 5. 
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FIG. 5. Angular distribution 
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of protons with ionization J < 1.4],. 
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Since none of the fast protons (p@ > 650 Mev/c) 
have been identified, in order to construct their 
angular distribution, fast mesons (pf > 650 
Mev/c) were subtracted from the angular distri- 
bution of all fast unidentified particles. (All the 

m™ mesons were subtracted from the interval cos 6 
= 1.0 —0.8, as found from the angle-energy relation.) 
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The half angle for fast protons is OM ~ 29°. 
The half angle of all fast particles for stars with 
Ng = 3 equals On = (30.5.+.5.0)°. 


5. DISCUSSION OF RESULTS 


1. A comparison of the energy spectrum ob- 
tained (Fig. 2) with the spectrum of a mesons ob- 
tained in cosmic rays! shows that, within the lim- 
its of error, the spectra are not different. The 
Spectrum obtained in the present experiment has 
a maximum near 100 Mev. Spectra of secondary 
@ mesons originating in collisions of 7 mesons 
with energies of 1.5 and 4.2 Bev with emulsion 
nuclei, as obtained by other authors,!*»!® also have 
a maximum in the range 100 —150 Mev. Thus, in- 
dependent of the nature of the incident particle, 
and over a wide energy range, the position of the 
maximum in the spectrum does not change. This, 
evidently, indicates that the majority of + mesons, 
at least in the 100 —150 Mev energy range, are 
essentially produced as a result of secondary col- 
lisions inside the nucleus. This is also confirmed 
by a comparison of the spectrum obtained with the 
spectrum of 7 mesons calculated!? for nucleon- 
nucleon collisions according to the statistical the- 
‘ory of multiple particle production and using the 
isobar method (see curve b in Fig. 2). It is evi- 
dent that the observed energy spectrum is shifted 
towards lower energies. It is natural to assume 
that the difference between the observed spectrum 
of ma mesons emitted in collisions of protons with 
nuclei and the theoretical spectrum of 7 mesons 
in nucleon-nucleon collisions is due to secondary 
processes inside the nucleus. (It is also quite 
possible that the statistical theory does not pre- 
dict the spectrum of a mesons from N-N colli- 
sions accurately enough. ) 

As has been mentioned above, the mean energy 
of ma mesons originating in stars with Nj, >8 in 
the measured part of the spectrum is, by roughly 
100 Mev, lower than for the group of stars with 
Nh < 8. In addition, if mesons with pf < 650 
Mev/c are emitted roughly with the same fre- 
quency from stars with Np >8 and Nh <8, then 
the particles with pf > 650 Mev/c are emitted 
from the stars with Np < 8 -three times more 
frequently than from stars with Nh > 8. These 
results can be explained by a large number of 
collisions in heavy nuclei, as compared with the 
number of collisions in light nuclei. In fact, it is 
natural to assume that the number of collisions in 
the nucleus is proportional to the radius of the nu- 
cleus, and, consequently, the number of collisions 
in heavy nuclei of the emulsion should be twice of 
that in light nuclei. On the other hand, the mean 


number of fast particles in the groups of stars 
under investigation does not differ greatly. Thus, 
for stars with Np <8 and Nh > 8, these num- 
bers are 4.24 + 0.13 and 4.47 + 0.16 respectively. 
This can be explained by the fact that, in heavy 
nuclei, the multiplicity of relativistic particles 
produced in secondary collisions decreases rapidly 
with the development of the cascade. 

2. The results obtained in the experiment make 
it possible to find the mean energy spent for the 
production of 7 mesons in the collision of 9 Bev 
protons with nuclei. Using the value of the mean | 
energy of = mesons in the spectrum and the mean 
number Ny of charged 7 mesons per interaction 
for the chosen class of stars, one can find that the 
following energy is, on the average, spent for meson 
production 


E, = + EN, = (4.1 1.3) Bev, 


which amounts to (45 + 14) % of the energy of the 
primary proton. (It is assumed here that 7? me- 
sons carry away half of the energy transferred to 

charged a mesons.) 

In experiments carried out using the proton syn- 
chrotron at 9-Bev proton energy,*° the energy 
fraction carried away by fast m mesons equalled 
(44+9)%, (27+8)—(33 + 8)%, and (33+9)% 
respectively. 

It should be mentioned that the energy carried 
away by a mesons obtained in the present experi- 
ment should be higher than the average for all dis- 
integrations found in scanning along tracks, since 
events with ng = 3, in which a large number of 7 
mesons is produced, have been selected. Using 
the value for the energy fraction spent for meson 
production as obtained in the present article and 
that of the disintegration energy of nuclei from 
reference 3, we obtain the value 0.43 + 0.14 for 
the energy fraction carried away by the proton 
after colliding with a nucleus. For nucleon- 
nucleon collisions, the energy fraction carried 
away by the proton is, on the average, equal to 
0.65." 

From these results, it follows that the primary 
proton undergoes approximately two collisions with 
an average nucleus of the emulsion. 

3. The measurements of the values of p6B and 
of the ionization along tracks of particles produced 
in collisions of primary protons with nuclei made 
it possible to identify five K* mesons in the ioni- 
zation range 1.2J) < J = 2d) (corresponding to 
a velocity interval B= 0.8—0.5). The energy in- 
terval for a mesons with such velocities is 22 — 
95 Mev. Using the effective number of K mesons 
(86) and the number of a mesons calculated from 
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the spectrum (409), we obtain the value 5.0 + 2.5 
for the ratio n,/nK in the energy range under con- 
sideration. It should be noted that Kostanashvili 
and Shakhulashvili!” obtained nz/nx =6 for the 
range B = 0.67. 


CONCLUSIONS 


1. The energy spectrum of charged 7 mesons 
produced in interactions between 9-Bev protons 
and emulsion nuclei, with a number of charged par- 
ticles ng = 3, is described by the empirical for- 
mula (1). 

2. The mean total 7-meson energy E = (0.70 
+ 0.2) Bev, and the mean total energy of a fast 7 
meson is equal to (0.8 + 0.2) Bev. 

3. The mean number of fast a mesons and pro- 
tons per interaction is 3.3 + 0.5 and 1.0 + 0.5 re- 
spectively. For the mean number of 7 mesons 
with energy smaller than 80 Mev, the value of 0.6 
+ 0.2 has been obtained. 

4. The energy fraction carried away by 7 mesons 
(taking 7° mesons into account) amounts to (45 
+ 14)%. 

5. The ratio of the number of charged 7 mesons 
and K mesons in the velocity interval B = (0.5 — 
0.8) equals 5.0 + 2.5. 

6. The experimental data obtained do not contra- 
dict the assumption that the interaction of 9-Bev 
protons with complex nuclei represents, for the 
stars under consideration, a series of consecutive 
collisions. 

The authors are grateful to Prof. V. P. Dzhele- 
pov and Prof. Kh. Khulubei for the interest and at- 
tention they have shown, and also to G. I. Bogorov- 
skaya, L. F. Zakharova, K. D. Sverdlina, and D. A. 
Flyagina for help in carrying out the measurements. 
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The elastic scattering of 300-Mev negative pions from hydrogen was studied with the aid of a 
hodoscopic system with pulse-fed counters. Equation (1) gives the angular distribution for the 
elastic scattering under the hypothesis that the fundamental contribution to the scattering comes 


from the S and P waves. 


Ie the present work, a hodoscopic system with an 
adjustable pulse feed for the counters!*? was used 
to study the elastic scattering of 300-Mev negative 
pions. The experimental setup is shown in Fig. 1. 
Negative pions formed by the bombardment of a 
beryllium target by 670-Mev protons from the in- 
ternal beam of the synchrocyclotron of the Joint 
Institute for Nuclear Research were bent in the 
magnetic field of the accelerator and were incident 
on a collimator set into a four-meter concrete 
Shield. On the other side of the collimator stood 
a magnet which cleared the beam of particles with 
other momenta. 


FIG. 1. Diagram of the arrangement of the apparatus: Ch — 
synchrocylotron chamber, S—shielding wall, M—deflecting 
magnet, C —scintillation counters, G—hodoscopic system, 

H — liquid hydrogen target. 

_ The energy of the beam of pions was determined 
by measuring their range in copper, after taking 
into account corrections for multiple scattering of 
the mesons in copper and for slowing-down losses 
in the walls of the hydrogen target, and was equal 
to (300 + 7) Mev, where the energy spread was 
obtained from the absorption curve. The admix- 
ture of negative muons in the pion beam was equal 
to 4%. The pion beam was picked out by a scintilla- 
tion counter telescope and was incident on a poly- 
styrene foam target in liquid hydrogen. The inten- 
sity of the meson beam, which was detected by the 
telescope, was about 13,000 particles/minute. The 
pion scattering process in the hydrogen target was 
separated by the hodoscope control system which 
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JT- mesons 


S ARRAY 


FIG. 2. Setup of the counters in the hodoscopic system: 

C —counters of the control system, G—hodoscopic system, 
A—copper absorber, 1, 2, 3 are the walls of the polystyrene 
foam target with the liquid hydrogen. 

contained, besides the scintillation counter telescope, 
gas-discharge counters with small dead times, set 
in front of the hodoscope counters. 

Figure 2 shows the arrangement of the counters 
in the hodoscopic system. The counters detected 
negative pions scattered in the whole angular inter- 
val from 20° to 160° in the laboratory system. In 
the angular interval from 20° to 70° relative to the 
incident beam, a copper absorber whose thickness 
varied with angle was set between the second and 
third rows of counters to separate the recoil pro- 
ton from the scattered pions. When the scattered 
pions went into the solid angle determined by the 
controlling gas-discharge counters, a high voltage 
pulse was generated which passed through all the 
counters in the hodoscopic system. A gas dis- 
charge, displayed by MTX-90 neon bulbs, was pro- 
duced by the pulse feed in those counters through 
which particles passed. A motion picture camera 
recorded the lighted neon bulbs. 
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To investigate negative pion scattering from 
hydrogen, measurements were carried out with the 
target first filled with hydrogen and then empty. 
The analysis of the exposures obtained was car- 
ried out in two steps. First the pellicles were ex- 
amined with a D-1A diascope, and the scattering 
events were marked. Next each scattering event 
was analyzed in detail. To do this the activated 
counters recorded on the photographs were exam- 
ined on a diagram showing the location of the hodo- 
scopic counters. 

In processing the plates only those cases were 
examined in which simultaneous counts were made 
in the four rows or in three arbitrary rows when 
the trajectory of the particle could be described. 

All the trajectories obtained were broken down 
into several groups according to the following 
criteria: 

1. A single photograph shows two trajectories 
whose angles of scattering relative to the incident 
beam of negative pions are connected by an angular 
correlation corresponding to energy and momen- 
tum conservation laws. These trajectories repre- 
sent the tracks of the scattered meson and the re- 
coil proton. 

2. Trajectories of particles which can be de- 
scribed by a) scattering in the hydrogen or in the 
walls of the hydrogen target, b) scattering in the 
walls of the hydrogen target (1, 2, figure 2), 

c) scattering in the crystal of the scintillation 
counter, or d) accidental coincidences. 

The photographs (Figs. 3 — 5) show the trajec- 
tories of the particles corresponding to groups 1, 
2a, and 2c, respectively. 

The hodoscope made it possible to discriminate, 
in a large angular interval, between the scattering 
events in the hydrogen or in the walls 3 (Fig. 2) 
and those scattering events in walls 1 and 2, which 
fact improved the statistical accuracy of the differ- 
ence methods of measuring. 

In analyzing the plates, about 1500 scattering 
events were found whose trajectories could be at- 
tributed to types 1 and 2a. Measurements without 
hydrogen showed that the scattering events with 
type 2a trajectories make up about a third of all 
the cases. Thus the number of events of scatter- 
ing from hydrogen was about 1000. All the scatter- 
ing events were broken down into angular intervals 
of 10°, and the differential cross sections were 
computed by the formula 


(de (8) /dQ) tab = (N with — N without )/NHQ(1 —a) Nae 


where (NwithH — NwithoutH) is the number of 
pions scattered from hydrogen, Ny is the number ° 
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FIG. 6. Angular distribution for elastic scattering of 
300-Mev negative pions from hydrogen. 
of hydrogen atoms in 1 cm”, Q is the solid angle 
determined by the gas-discharge control counters, 
a is the fraction of negative muons and electrons 
in the beam, Ny, is the number of 7m traversals 
through the hydrogen target (a correction for the 
dead time of the control system of the hodoscope 
was made in getting this number), and « is the 
efficiency of detecting the pions. The efficiency 
of pion detection was determined, first, by the 
efficiency of the gas-discharge control system, 
second, by the efficiency of the hodoscopic count- 
ers, and third, by nuclear absorption in the copper 
absorber. The efficiency of the guide counters 
was -98%.° 

For the chosen constant potential,” Vo = 1 volt 


/ on the hodoscopic counters, the detection efficiency 


for each row was 85% for a high-potential pulse 
length of 0.8 ysec. For an individual counter effi- 
ciency of 85%, the probability is 52.3% that a par- 


ticle would be recorded by four rows simultaneously, 


36.8% by three, 9.8% by two, 1% by one, and 0.05% 
by none. The detection efficiency for a markedly 
higher selection of scattering cases was 89%. To 
measure the nuclear absorption in the copper ab- 
sorber, the hodoscopic chamber (Fig. 2) was ro- 
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tated about the vertical axis so that mesons passed 
through the copper filter. The energy of the pions 
was lowered to equal the energy of the pions scat- 
tered at the given angle. These measurements 
were carried out at several angles. 

The angular distribution obtained of the differ- 
ential scattering cross section is shown in Fig. 6, 
in the center-of-mass system. The errors shown 
in the differential cross sections are statistical. 
If it is conceded that the basic contribution to the 
scattering comes from S and P waves, then the 
angular distribution of the elastically-scattered | 
pions in hydrogen can be given in the form 


ds / dQ = [(0,62 + 0.06) + (0.30 £0.09) cos 8 
+ (0.94 + 0.19) cos?6]- 10-2? em?/sr (1) 


To find the phase shifts in states with isotopic 
spin T= why we used the data from the present 
work on the elastic scattering of negative pions 
and the results of Mukhin and Pontecorvo for the 
elastic scattering of positive pions at 307 Mev.! 
The phase analysis was carried out with the aid 
of the “Strela” electronic computer. The phase 
shifts obtained by the Ashkin-Vosko graphical 
methods were used for initial data. 

Two sets of phase shifts (see table) were 
found which gave a minimum value to the quantity 


M = }i(A;/s)°, 
where Aj is the deviation of the calculated from 
the experimental values, and ¢; is the experimen- 
tal error in the cross section. The expectation 
value of the quantity M was 19. 

The introduction into the computer of initial 
data which differed from those obtained by the 
graphical method in both the values and signs of 
Q4, Q44, and a3 produced two sets of phase 
shifts, close to the sets given below. 

The first set of phases are in satisfactory 
agreement with those obtained by Zinov and Koren- 
chenko.® A better choice between the two sets can 
probably be made upon completion of the measure- 
ment, now in progress, of the polarization of the 
recoil protons in 7 -p scattering. 

In conclusion, the authors have the pleasant 
duty of expressing their thanks to A. A. Tyapkin 
for his guidance and help in the work and to N. I. 
Polumordvinova for help in carrying out the phase 
analysis. 
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An arrangement is described for separation of antiprotons, possessing a momentum of 2.8 


Bev/c, obtained from the Joint Institute for Nuclear Research proton synchrotron. Data on 


4 at i 


the relative frequency of generation of antiprotons and 7 mesons in Be and Cu have been 


obtained. 


fir antiproton channel described in this article 
is intended for a study of the interaction between 
antiprotons in a cloud chamber, operating in the 

controlled mode. The antiprotons are generated 
in the target by protons accelerated to 9 Bev. 


1. ARRANGEMENT OF THE CHANNEL 


The arrangement of the channel is shown in 
Fig. 1. The negative particles produced in the 
target are analyzed by momentum by the magnetic 
field of the proton synchrotron and by magnet Mj. 
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| FIG. 1. Diagram of antiproton channel. L,, L, — quadrupole 
‘lenses; M,—deflecting magnet, M, — magnet in which the cloud 
chamber is located, S,, S,, S;, S,, S; —scintillation counters, 
9 cm diameter, 1 cm thick; S,—the same, 14.6 cm dia., 1.5 cm 
thick. C,, C,, C,-—Cerenkov counters, 10 cm diameter, 3 cm 
thick; T,, T, —targets for aiming the particle beam at 0 and 7° 
respectively. 
The quadrupole lenses L; and L, focus the particle 
beam. The gradients in the lenses are chosen to 
correspond to the maximum number of particles 
passing through the scintillation telescope S,S,S;Sg. 
The magnetic system segregates the momentum 
2.8 + 0.15 Bev/c. 


2. SEGREGATION OF THE ANTIPROTONS 
In the momentum -analyzed beam the anti-pro- 


tons are identified by velocity (8 = 9.95) by means 
of Cerenkov counters C;, Cy, and C3, operating 
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on the total internal reflection principle.* The 
radiator used is a mixture of glycerine with alco- 
hol (n = 1.430). In each Cerenkov counter two 
type FEU-33 photomultipliers are used, which 

can be connected in individual coincidence-circuit 
channels. The efficiency npj of these photomul- 
tipliers to antiprotons was determined indirectly, 
with the aid of the negative pions in the same 
beams, and the index of refraction of the radiator 
(n = 1.390) was chosen such as to simulate the 
identical conditions of the amount and gathering 

of the light (see Table I). When several photo- 
multipliers are connected in a coincidence circuit, 
the values of Npi are multiplied. (see Table II). 
Generally speaking, in the presence of an inhomo- 
geneity in the gathering of the light over the vol- 
ume of the radiator, the registration of a single 
particle by several photomultipliers does not rep- 
resent independent events. This appears in par- 
ticular in the case of small Cerenkov-counter effi- 
ciences nj (n =1.430) to negative pions (n7j is 
the efficiency of the i-th photomultiplier to pions). 
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FIG. 2. Block diagram of the electronic circuitry. c.c.1,I, 
III — four-fold coincidence circuits with 7 = 1 x 107° sec; c.c. 
IV, V —two-fold coincidence circuits with 7 = 5 x 107” sec. 


*A description of the counter will be published in the jour- 
nal [Ipu6opbl u TeXHUKa 9KCMepAMeHTa (Instruments and 
Measurement Engineering). 
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TABLE I 
SO eS SS el 
No. of photo- 6 
multiplier ‘ | ? | 2 | : | ® | 

N=. % 89+0.5 88+0.5 9120.5 9440,5 86+0,7 72+4 
pi 

N;°10* 5,7£0.2 4,2+0,2 8.5+0,4 11+0,4 4,440.2 _— 

TABLE II 

Photomultipliers Experimental Product of |} Photomultipliers|fxperimental| Product of 
in the coinci- efficiency, 7 efficien- in the coinci- efficiency, %| efficien- 
dence circuit 2 4 cies, % dence circuit cies, % 
6+2 61+£2 
142 7342 781 pee: igs ne 
4+2+44 69+4 69=1.5 44243444546 a 3843 
TABLE II 
Photomultipliers in the 345 
coincidence circuit ae i vi a8 Bs 
Experimental efficiency 
of the two photomulti- 
pliers to pions (x10*) | 5.5+0.3| 12,520.5 4,620.4 4.5+£0.3 3,9+0,5 
Min * 108 2,4+0,2 9,3+0,7 4.8+0,4 4,640.4 3.7+0,3 
TABLE IV 
ee em Ex m*10* Op 104 By * 104 n= 108 
4 90 600+200 600+ 200 = oe 
2 80 80+40 80+40 _ — 
3 70 9.3+£0.3 Oued — — 
A 64 0.5140.03 | 41.22+0.04 0.71+0.05 0.08 
5 0,03+0.01 0.53+0,04 0,50+0. : 
6 0.002 0,35+0.07 0.35+ 


It is seen from Table III that the multiplication 
takes place only in the case of photomultipliers 
taken from different counters (1+ 3; 2+4; 3+5). 

A block diagram of the electronic apparatus is 
shown in Fig. 2. The coincidence circuit I counts 
all the particles passing through the counters (M). 
Connected in coincidence circuits II and III are 
m (from 1 to 6) photomultipliers from the Ceren- 
kov counters. Here Nm/N = ay is the relative 
count of the circuits, Am —€7m =m is the rela- 
tive count of the antiprotons, €7p the efficiency 
of m photomultipliers to pions, By, / €pm = 1p 
is the relative number of antiprotons in the beam, 
€pm the efficiency of m photomultipliers to anti- 
protons. 

It is seen from Table IV that ay, first de- 
creases in proportion to €7m (m=1, 2, 3) and 
then, as the relative count acquires a larger num- 
ber of antiprotons, Gp varies aS €pm. The ra- 
tios 65/8, (70+11)%, Bg/Bs (66 + 18)% give 
the efficiencies of the fifth and sixth photomulti- 
pliers to antiprotons. Within the limits of errors, 
these efficiencies coincide with the efficiencies 
determined with pions at n = 1.390. 


The efficiency of this system to antiprotons is 
thus 60 —40%. The corresponding suppression of 
pions amounts to 2 x 10'—5 x 10°, 


3. CONTROL EXPERIMENTS 


1. One of the proofs that the particles separated 
are antiprotons and not an excess count due to neg- 
ative pions is that the ratios B;/8, and Bg/B; co- 
incide with efficiencies to antiprotons. 

2. When the index of refraction of the radiator 
is increased so that the light radiated by the anti- 
proton experiences total internal reflection from 
the separation boundary, the efficiency of the 
counter to p and mt mesons becomes approxi- 
mately equal. Actually, when a radiator with a 
large index (n = 1.54) was placed in one of the 
Cerenkov counters (C3), the relative count Bs 
was reduced by a factor of approximately 12. This 
indicates that in this case Nps became equal to 
approximately 7%, i.e., approximately the same 
aS 7, for a radiator with n = 1.430. 

3. When the energy of the accelerated protons 
is reduced to 6.3 Bev, particles with 2.8 Bev/ce 
momentum enter into the channel, leaving the tar- 


ANTIPROTON CHANNEL WITH 2.8 Bev/c MOMENTUM 
TABLE V 


Angle, 


Intensity of 
degrees 


Target 
& proton beam 


No. of particles 
in channel per 
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Relative number of 


pulse antiprotons in beam np 


0 Be 10° 
ul Be 10° 
7 Cu 10° 


get at an angle 212°. The number of antiprotons 
among them should be very small.! The relative 
number of antiprotons, obtained in this experiment, 
was np = 3 x a5 6 


4. RESULTS 


The system described yielded the ratio of the 
number of p with momentum (2.8 + 0.15) Bev/c 
to the number of remaining particles (essentially 
negative pions) from a beryllium target (36 g/cm?) 
at angles of 0 and 7° and from a copper target 
(~ 180 g/cm?) at an angle of 7° to the beam of in- 
cident protons, accelerated to 8.1—8.9 Bev 
(Table V). At an internal beam intensity of 10° p, 
the apparatus counted on the average one antipro- 
ton every four minutes. 


5. DISCUSSION OF THE RESULTS 


1. The number of particles in the channel agrees 
with the data on the interaction of 9-Bev protons, 
obtained in emulsions.* 

_ 2. The increase in np upon going from 0 to 7° 
in the laboratory system is in accordance with pre- 
dictions based on spectra of particles, calculated 
by statistical theory.?’? 

3. Considering the absorption of pions (ot ~ 30 
mb) and antiprotons (04 ~ 60 mb) and the attenua- 
tion of the beam of primary protons (ojp ~ 30 mb), 


4000 (1.03+0.13)-10-4 
~700 (4.37£0.18)-10-4 
~700 |  — (2.42+0.53)-10-4 


we obtain the ratio of differential cross sections of 
the creation of antiprotons and negative pions with 
momentum 2.8 Bev/c at an angle of 0° in the labora- 
tory system in beryllium: 


he dc 
5 peeks Ty —_ Py 4 
ee koe One, 

In conclusion, the authors consider it their 
pleasant duty to express their gratitude to the 


entire staff of the Proton Synchrotron Division 
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Electron-spin paramagnetic resonance has been investigated in a corundum single crystal 
with 0.13% V%*. The experimental results are interpreted with the aid of the spin Hamilto- 
nian, for which the following parameters were determined: g, = 1.915 + 0.002; D=7.0+0.3 
em~!; |A| = (0.959 + 0.005) x 107? em=!;_ |E| < 107? cm™’. 


W: have previously! reported the detection of 
the electron paramagnetic resonance spectrum 

of V°+ in corundum.* The present paper presents 
results obtained in a more detailed investigation. 

_ The free V** ion, which has a 3F, ground level, 
contains two unpaired 3d electrons. A vanadium 
ion replaces an aluminum ion isomorphically in a 
corundum (Al,03) single crystal, where it is sur- 
rounded by six oxygen ions forming a slightly de- 
formed octahedron.’ At the center of the octahe- 
dron, where the paramagnetic ion is located, the 
crystal electric field possesses basically cubic 
symmetry with a small admixture of fields having 
a lower order of symmetry. Figure 1 shows how 
fields with different symmetries split the F ground 
level of the free ion. 


FIG. 1 


The field of the corundum lattice is similar in 
character to the field of hydrated alum resulting 
from the octahedron of molecules of crystalliza- 
tion water. The splitting of the lowest energy 
level of V** in fields with different symmetries 
has been studied by Siegert‘ and Van Vleck® for 
the purpose of explaining the magnetic behavior 
of vanadium alum. The ground level of free V** 
possesses sevenfold orbital degeneracy (L = 3). 
A cubically symmetric field removes the orbital 


*The paramagnetic resonance of V** in corundum has re- 
cently been detected also by Lambe, Ager and Kikuchi.? 
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degeneracy and converts this level into a singlet 
(lying uppermost) and two triplets (Fig. 1). The 
components of a crystal field having trigonal sym- 
metry further split the lower triplet into a singlet 
and a doublet, with a separation A on the order 
of 10? cm~!. Thus in the corundum lattice field 
the lowest vanadium ion level will be a singlet | 
with triple spin degeneracy. 5 
The lower triplet is further split into a singlet 
and a doublet through spin-orbit interaction. Van 
den Handel and Siegert® in analyzing the magnetic 
susceptibility of vanadium-ammonium alum found 
a separation of 5 cm~! between the higher-lying 
doublet and the singlet. The degeneracy of the 
triplet is completely removed by the admixture of 
a field with orthorhombic symmeiry; this occurs 
in corundum. | 
Since at low temperatures and even at room | 
temperature practically only the lowest energy | 
levels are occupied, in the study of paramagnetic s 
resonance we are interested in only the three low- 
est spin levels, with which we can associate the 
effective spin S’=1 (Fig. 2). The singlet level 
corresponds to S, =0 and is nonmagnetic, while 
the doublet corresponds to S, = +1. 
Paramagnetic resonance can be used to observe 
transitions between these three spin levels. Be- 
cause of the large initial splitting of levels €, and 
€2,3 observation of absorption lines representing 
the transitions €,<~€) and ¢,<~«, (|AM|=1) 
would require 7-cm7! quanta. For 1-cm7! quanta 
a magnetic field of ~ 60 kilo-oersteds is required. 
With the usual range of frequencies and magnetic 
fields we can expect to observe the transition be- 
tween levels €, and €3 (|AM| =2). 
The detection of electron-spin resonance may 
be hindered by short spin-lattice relaxation times 
resulting in extreme line broadening. In the case 
of the vanadium ion the spin-lattice relaxation time 
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is very short at room temperature because of close- 


lying higher orbital levels. Therefore resonance 
can be observed only at low temperatures. 

The resonance spectrum was investigated in 
corundum single crystals containing 0.13% vanadi- 
um together with Cr** and Fe** impurities not 
exceeding 0.001%. Measurements were performed 


in the frequency range 9000 — 39,000 Mes at liquid- 


helium temperature. For the 25,000 — 39,000 Mcs 
range we used a microwave spectrograph with a 
reentrant-type cavity resonator. For the 9000- 
and 15,000-Mcs ranges superheterodyne spectro- 
graphs with reflecting resonators were used. 

At T = 290° and 77°K we did not succeed in 
detecting paramagnetic resonance of V**. At 
liquid-helium temperature one line with eight 
hyperfine components was observed, correspond- 
ing to the nuclear spin I= % of V*! (Fig. 3). 


FIG. 3. Electron paramagnetic resonance line of v** in 
corundum, v = 37,450 Mcs, T = 4.2°K, 9=0. 


The positions and widths of the line components 
were measured as functions of the angle 9 between 
the trigonal crystal axis (the z axis) and the di- 
rection of the static magnetic field H. We also 
studied the frequency dependence of line position 
for different @ and the temperature dependence 
of intensity at 1.6 —4.2°K. Intensities were com- 
pared for different relative orientations of the 
static magnetic field H and radio-frequency field 
H,. . 
The results were interpreted by means of the 
spin Hamiltonian for the three lowest levels in a 
magnetic field: 


3¢ = DS? + gyBH.S. + 218 (HS. + HS) + ASzIe 
+ B(S8f. + 3,1,)+ £ (8? —S)), (1) 


where Si Sy, Ss are the projections of the effec- 
tive electron spin, lx, ly, I, are the nuclear-spin 
projections, Hx, Hy, Hz are the magnetic field 
components, g) and g,; are the spectroscopic 
splitting factors, B is the Bohr magneton, D is 
the initial splitting factor, E is the orthorhombic 
field constant, A and B are the hyperfine struc- 
ture constants. The Hamiltonian (1) resembles that 
proposed for V** by Abragam and Pryce,’ differing 
by the addition of the term containing E. 

By means of perturbation theory with the con- 
ditions D > gj6H, g|fH; giBH > E, A, B we 
calculate the following energy levels from the 
Hamiltonian: 


&, = (gi BH sin 6)” D>; 


1 (g, 8H sin 0)? 


— ! 
E> D + gy8H cos 6 + 2 D+ g,BH cos 0 


Jae : 
i 2g PH cos ® + Am; 


4 (g,BH sin 0)? 
es = D—gyPH cos®+ 5 5 sHeose 


E2 
~ 2g, BH cos0 Am, (2) 
where m is the z projection of the nuclear spin. 
Transitions with |AM|=1 (€, =~ € 93 €1+—> €3) 
are not observed since hy « D. For the |AM| = 2 
transition we have 


BH sin 0)? 
hy = (2— SaPE ar ) te aBl¥ cos + Am| 
E2 
- & BH cos ® : (3) 


Figure 4a shows the angular dependence of the 
vanadium line center for different frequencies. The 
position of the line center was calculated by aver- 
aging all hyperfine components. 


AkOe 


”_I v=16240 Mcs 
TT v=39060 Mcs 


a wo 4 bo BO 


FIG. 4. Center of V°* line (a) and hyperfine splitting (b) 
as functions of the angle 9. Circles represent experimental 
values; the solid curves were calculated. 
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Both for parallel orientation (9 = 0) and for 
nonzero values of @ the frequency was found to be 
proportional to the magnetic field within experimen- 
tal error (0.1%). Second-order corrections are 
therefore not required in (3). We also obtained 
g|| = 1.915 + 0.002. 

The hyperfine components were equidistant at 
all angles @ for which measurements were ob- 
tained. The angular dependence of the hyperfine 
splitting is shown in Fig. 4b and is in good agree- 
ment with the theoretical relation calculated from 
(3), neglecting second-order terms, for | A | 
= (0.959 + 0.005) x 107? cm=!.* 

For the purpose of determining D we used the 
temperature dependence of line intensities in the 
range 1.6 —4.2°K. Relative intensities were meas- 
ured for the lines of V** and of Cr** and Fe** 
which were present in the single crystal as im- 
purities. In order to obviate errors due to satu- 
ration the experiments were performed at mini- 
mum power levels in the microwave spectrometer 
resonator; lines were registered by a superhetero- 
dyne detector. The temperature dependence of the 
Cr** and Fe** line intensities was calculated using 
known values of the constants in the spin Hamilto- 
nians of these ions.2-!! D =7.0 + 0.3 cm! was 
obtained with accuracy limited by the accuracy 
with which the relative intensities were measured. 
At low temperatures, because of the competition 
between two processes, — the increasing difference 
between the populations of levels 2 and 3 and the 
actual decrease.of these populations because of the 
existence of level 1—the vanadium line maximum 
should appear at T ~ 7°K. 

Experiments performed with parallel orienta- 
tion showed that the €,<—~ «3 transition is induced 
by the z component of the radio- meee LY Mees 
netic field. For this reason the term E ( -8} ) 
was introduced into the Hamiltonian to erty 
the interaction between the spin and the orthorhom- 
bic component of the crystal field. The Hamilto- 
nian proposed for V** by Abragam and Pryce’ does 
not account for the fact that the line representing 
the |AM|=2 transition does not vanish in the 
parallel orientation. In reference 1 the present 
authors introduced the term AS, into the Hamil- 
tonian to represent an interaction that removes 
the degeneracy of the doublet SZ =+1 in zero 
magnetic field, while the |AM| = 2 transition in 
parallel orientation is allowed with the probability 
A/D. However, the latter transition should be in- 
duced by the x component of the radio-frequency 
field, which disagrees with experiment. The Hamil- 
tonian is more properly corrected by the addition 


*In reference 1 we gave erroneously 2|A| instead of |A|. 
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of the term E (Sj — SH ), which appears in second 
order in (3) and thus has practically no effect on 
either the line position or the hyperfine splitting. 
The term is required in order to account correctly 
for line intensities. 

The wave functions for the different levels are 


io Lie Sli ney 4 Vee Ph ne ott 

be = appre t+ A go ge 

bag ee aaa (a 
where y7!, °, w*! are the wave functions of the 


states with S;, =—-1, S,=0 and SZ, =+1, respec- 
tively. The matrix elements for the €, =~ «3 tran- 
sition are 


<2|S,|3> = g BH sin 6/D; 
<2|5,|3> = —ig | BH sin 6/D; 


<2| 82/3) = —E/g) 8H cos 8. (5) 


Thus the z component of the radio-frequency field 
will give a nonvanishing line intensity in parallel 
orientation. The experimentally observed constancy 
of the integral intensity with varying @ while the 
radio-frequency field has a fixed orientation with 
respect to the z axis indicates that for nonzero 
values of 9 the principal contribution to line in- 
tensity comes from the matrix element of 8%, 
which does not vary with 6. 

In parallel orientation the width of a single com- 
ponent is 24 oersteds. Upon rotation of the crystal 
the width increases with @ more rapidly than the 
hyperfine splitting AH (AH ~ AH,/cos 6), and at 
angles greater than 70° it is practically impossible 
to resolve the components. 

This effect probably results from smearing of 
the trigonal crystal axis direction through an angle 
Aé@ because many microdomains with slightly dif- 
ferent axial directions are present. In this case 
the additional line broadening should be 6H 
=Htan 6 A@. This is insignificant in the case of 
parallel orientation, for which the line width will 
be determined by other factors such as spin-spin 
interaction, random inhomogeneities of the crystal 
field and interactions of ions with the magnetic mo- 
ments of aluminum nuclei. 

The foregoing hypothesis is in agreement with 
experiment; additional broadening associated with 
Aé@ varies from sample to sample. For example, 
at @ = 36° the width of a hyperfine component was 
71 oersteds and 38 oersteds, respectively, in two 
different samples, although in parallel orientation 
the corresponding widths were 25 and 24 oersteds. 
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Aé was calculated to be 0.5° and 0.2° for these 
samples. 

No temperature dependence of line width was 
detected in the range 1.6 —4.2°K, thus indicating 
the absence of broadening due to spin-lattice re- 
laxation. 

Corundum is still the only single crystal in 
which a paramagnetic resonance spectrum of V*+ 
has been detected. This may result from the fact 
that the trigonal component of the crystal field is 
stronger in corundum than in other commonly used 
substances such as alum; the splitting A of orbital 
levels of the lower triplet would thus be greater, 
making the spin-lattice relaxation time T, for 
v>* in corundum longer than in alum. This may 
possibly account for the failure to detect electron 
paramagnetic resonance of vanadium in alum. 

From our study of the yee spin resonance spec- 
trum we were able to determine only the param- 
eters gj), A and D in the spin Hamiltonian. E 
might possibly be determined from measurements 
of absolute line intensities or relative intensities 
at different frequencies. Our present estimate, 
|E| < 1072 em™!, is based on the fact that the term 
containing E in (3) may be neglected to within ex- 
perimental accuracy. g, might be determined 
from the detailed angular dependence of line inten- 
sities; it would be difficult to determine B at pres- 
ent. The detection of | AM|=1 lines would be of 
considerable interest but would require the con- 


struction of a microwave spectrometer for the 
150 — 250 x 10° Mes range. 

The authors are indebted to A. A. Popova, 
R. P. Bashuk, and A. S. Bebchuk, who prepared 
the corundum-vanadium samples. 
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p ~\ It is shown that the energy dependence of the cross section for production of 7 mesons in 

! nucleon-deuteron collisions and the energy spectra of the 7 mesons can be calculated rather 
accurately from the data on free nucleon-nucleon collisions. In the energy range considered 
from the threshold for meson production to ~ 700 Mev, the effect of nucleon binding results 
mainly in a change in the magnitude of the cross sections as a result of motion of the nucleons 
inside the deuteron. The effective momentum distribution of nucleons in the deuteron is found. 


1. INTRODUCTION 


The study of reactions following from collisions 
of protons with deuterons is a convenient method 
of studying the proton-neutron interaction. In the 
energy region & 1000 Mev, lying substantially 
above the meson production threshold (280 Mev), 
this method has been successfully employed both 
for measuring the total p-n interaction cross 
section! and for obtaining information about 7 - 
meson production.” The effect of binding of nucle- 
ons in the deuteron at such high energies is not 
large and can easily be taken into account by in- 
troducing a small correction into the measured 
cross sections.!:? 

The closer the energy is to threshold, the more 
important is the effect of binding of the nucleons 
in the deuteron on the m7-meson production proc- 
esses. The main effect of the binding in this en- 
ergy region is the change in magnitude of the 
cross section because of the motion of the nucle- 
ons inside the nucleus. Among other effects, con- 
nected with the presence of the spectator nucleon, 
one should note: the mutual screening of the nucle- 
ons (which is small!~? on account of the large ra- 
dius of the deuteron), reabsorption of the produced 
m meson by the nucleon pair, exclusion of a num- 
ber of final states because of the Pauli principle, 
possible effects from interference of nucleon 
states, and contributions from reactions proceed- 
ing without breakup of the deuteron (the cross 
sections of these processes are very small‘). 

In order to obtain information in this energy 
region about m-meson production in p-n colli- 
sions from the data on p-d collisions, it is nec- 
essary, if only approximately, to take into account 
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the effect of binding of the nucleons in the deuteron 
and, first of all, to try to evaluate the magnitude of 
the change in cross section coming from motion in- 
side the nucleus (this variation is especially im- 
portant near threshold, where the corresponding 
enhancement factor for the cross section goes to 
infinity ). This problem will be considered below 
in the impulse approximation, using as example 

the production of 7’ mesons in p-d collisions: 


p+d-—>r°-+ nucleons 


(1) 


which was studied in detail earlier.® 


2. MOMENTUM DISTRIBUTION OF NUCLEONS 
IN THE DEUTERON 


If we consider the deuteron to be two nucleo- 
ons moving relative to each other, and neglect in- 
terference, then the total cross section Opd for 
reaction (1) can be written as 


Spd = \ {pn [Ym (P1, P2), Po] 


+ Spp [Ym (P1, P2), Pel} F (p2) dps. (2) 


Here F(p,.) is the momentum distribution of nu- 
cleons in the deuteron, Pp, their momentum in the 
center-of-mass system, Nm the maximum mo- 
mentum of the produced 7° meson, p; the mo- 
mentum of the incident proton, Opn and Opp the 
cross sections for 7° production in collisions of 
the incident proton with the neutron and proton of 
the deuteron. For small values of p,, the depend- 
ence of Opn and Opp OD Nm (Py; Pe) is most im- 
portant, making it possible to simplify these func- 
tions by setting them equal to kopn [Mm (Pi, P2)] 
(and analogously for Opp). The factor k so in- 
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troduced takes into account all effects of binding 
other than the motion of the nucleons inside the 
deuteron. It is assumed that k changes slowly 
with energy. 

Carrying out the integration in Eq. (2) over the 
unit vector p)/p2, we obtain 


Spd = \e {Spn (P1, P2) + Spp (Pr, P2)} F (P2) p2dpo. (3) 


Here the cross sections Jpn (P41, P2) and Opp (Pi, Pe) 
correspond to the reactions 


pn— pn, 


(4) 
(5) 


occurring with the moving nucleons of the deuteron. 
Since the cross section for the reaction (5) is com- 
paratively small,® the contribution from the second 
term in the sum (3) is small. The functions 

Opn (Pi, Pg) and Opp (py, Pp) entering into the rela- 
tion (3) were calculated for a wide range of values 
of p, and p, on the “Ural” electronic computer. 
The experimental data of reference 6 was used to 
determine the functions Opp (Py, Py). According 

to the phenomenological theory,’ the cross section 
Opn (Nm) should go as no, near threshold, where 
3<6<4. Calculations of Opn (pi, P2) were car- 
ried out for 6=3 and 6=4. The integration in 
Eq. (3) was carried out for several types of mo- 
mentum distribution F(p,) (several of these dis- 
tributions are shown in Fig. 1). The dependence 
of Opq on the energy of the incident proton then 
found is shown on Fig. 2, where the various curves 
are compared with the energy dependence for the 
cross section of reaction (1) found experimentally.° 
Curve 4c on this figure was calculated from a mo- 
mentum distribution of the Chew-Goldberger type 
(the so-called improved one): 


F (po) ~ (a? + ps)? (8? + pa), 
a= 190 Mev/c 


Pp — ppr°, 


8 = 2.50, 


(6) 


FIG. 1. Momentum 
distributions. 1, 2,3— 
Salpeter-Goldstein for 
Yukawa, exponential 
and Gaussian poten- 
tials. 4—Chew-Gold- 
berger (improved). 
5,6—Gaussian, with 
dispersions (p?/m)” = 
0.11 and 9.06 with m 
the mass of the nucleon. 
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FIG. 2. Energy dependence of the total cross section for 
reaction (1). O — measured in Ref. 5. 1-6 —energy depend- 
encies, calculated using the momentum distributions given 
in Fig. 1. 4a and 4c—see text. All data are normalized to 
unity at incident proton energy E = 400 Mev. 


which has a long tail (see Fig. 1). 

Together with taking the motion of the nucleons 
into account, an attempt was also made to estimate 
in an approximate way the effect of the Pauli prin- 
ciple by excluding from reaction (1) contributions 
from those collisions in which the secondary nu- 
cleons remain inside the Fermi sphere. The 
change in the size of the cross section because 
of the Pauli Principle was negligible in this en- 
ergy range, as can be seen by comparing curve 
4c in Fig. 2 with curve 4 which, in contradistinc- 
tion to 4c, was calculated taking the Paul Principle 
into account. All of the other curves in Fig. 2 
were also calculated with account of the Pauli 
Principle. 

It has already been indicated above that the de- 
pendence of the cross section opq on energy near 
threshold is determined mainly by the form of the 
momentum distribution, and is insensitive to the 
energy dependence of the cross sections for reac- 
tions (4) and (5). One can see this by comparing 
curves 4 and 4a on Fig. 2, which were calculated 
for the cases Opn ~ Nim and nm. 

Curves 5 and 6 on Fig. 2 were calculated for a 
Gaussian distribution 


(7) 


which describes the momentum distribution in com- 
plex nuclei reasonably. A distribution of this type 


F (ps) ~ exp (— p2 / 2p2), 
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differs from the Chew-Goldgerger distribution in 
that it contains relatively few high momentum com- 
ponents (see Fig. 1). It can be seen from Fig. 2 
that both the Gaussian and Chew-Goldberger dis- 
tributions are in poor agreement with the experi- 
mental data® for the reaction (1). 

It is possible to obtain good agreement with 
measured cross sections (see curves 1 —3 on 
Fig. 2) if one uses the momentum distributions 
of Salpeter and Goldstein® for the deuteron (see 
Fig. 1). In the low-momentum region these distri- 
butions go approximately as 


ED oars pt (8) 


where y = 46 Mev/c. The distributions 1—3 (cal- 
culated in reference 8 for Yukawa, exponential, and 
Gaussian potentials) differ, as can be seen from 
Fig. 1, only in the region of very high momenta. 

All of these are almost equally good in reproduc- 
ing the experimental dependence of the cross sec- 
tion for reaction (1) on energy. 

Thus, analysis of the energy dependence of the 
cross section for the reaction p+d— 7 + nucle- 
ons near threshold shows that the momentum dis- 
tribution of nucleons in the deuteron is described 
well by the curves from the Salpeter and Goldstein 
distributions. It should be remarked that the inter- 
pretation of results of measurements on the energy 
dependence, similar to those of reference 5, in the 


spirit of the impulse approximation, runs into essen- 


tial difficulties, since large momenta of the nucle- 
ons in the nucleus correspond to small distances 
between them, where threefold interactions become 
important. Therefore, the momentum distributions 
given above should be considered as effective dis- 
tributions, the knowledge of which makes it possible 
to take into account the effect of motion inside the 
nucleus on the magnitude of meson production cross 
sections of the type of reaction (1), but which may 
differ markedly from the true momentum distribu- 
tion. 


38. RECONSTRUCTION OF THE TOTAL CROSS 
SECTION FOR p-n INTERACTION 


Using the effective momentum distribution ob- 
tained above for the deuteron, the integration in 
Eq. (3) can be carried out, leading to the following 
relation between the cross sections of reactions (1), 
(4) and (5) 


Spq = R (ZpnZpn + Lop pp): (9) 


Here Opn = Opn (Pi, 0) and Opp = pp (Pi, 0) are 
the usual cross sections, and pn and gpp are 
quantities characterizing the change in the cross 
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sections from the motion in the nucleus; they de- 
pend only on p;. In order to carry out such an in- 
tegration it is necessary to know the energy de- 
pendence of the cross sections for reactions (4), 
(5). In essence, this problem can be solved by the 
method of successive approximations. However, 
because the momentum distribution F(p,) is not 
broad, the first approximation for the cross sec- 
tion oun is already sufficient to determine gyn. 
As first approximation for on, the dependence 
nen was used near threshold and in the high-energy 
region one can take og} = Opq—Opp- Above 600 
Mev the rate of growth of our decreases and for 
energies % 1000 Mev, opy * const. The functions 


Onn (Pj, Pp) so obtained and used to determine 


——— 


Spn are given on Fig. 3. The functions opp (Py, Pe) 


have an analogous form. The coefficients gpn and 
Spp obtained in the way described above are given 
on Fig. 4. 


() 2 
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Calculation of the coefficient k, which enters 
into the expression (9), is practically impossible 
because of inadequacy of contemporary nuclear 
theory. One can only say that this coefficient is 
near to unity at high energies, where Opd © Opn 
+ Opp. The only factor entering into the coefficient 
k which one can calculate is the decrease in the 
cross Section because of the mutual screening of 
the nucleons in the deuteron.? The corresponding 
correction is small (several per cent). 

The coefficient k can be found empirically by 
comparing cross sections measured in proton and 
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neutron beams of the same mean energy. When 


the incident particle is a neutron, the cross section 
for the deuteron is 


Sn = k (SnpFnp + EnnSnn>s (9’) 


which is analogous to Eq. (9), since, because of the 
charge symmetry ofnuclear forces, Onp = Opn, ; 
Cnn = %pp» Snp = 8pn and gnn=pp- In order to 
determine k it is convenient not to use the cross 
sections, which are not measured with high accu- 
racy, but rather the more accurate measurements 
of the ratios of cross sections Ap = A%pd/Opp and 
Qn =Ond/Onp. In this notation 


1/k = Spp/%p + Spn/n. 


The values Op and apn were measured at 590 
Mev:°®? gy = 3.00 + 0.15, dy = 1.30 + 0.04. From 
these, k (590) = 0.89 + 0.03. 

The quantity k can be determined at one other 
point, at 380 Mev where the cross sections for the 
reactions (1), (4) and (5) have been measured:°?®!0 


Rk (380) = 0.72 + 0,16. 


(10) 


Comparison of the two values obtained gives rea- 
son to believe that the coefficient k is constant 
over the entire energy region from threshold to 
600 Mev. 
Using the values obtained for Zpn> Spp and k 
it is possible to reconstruct the cross section for 
production of 7° mesons in p-n collisions from 
the experimental data on the opd and Opp cross 
sections: 


(11) 


Spn = Spd/RZpn — SppSpp/Zpn- 


4. m-MESON SPECTRA 


The energy spectra of a mesons produced in 
reactions of type 1 depend even more on the bind- 
| ing between the nucleons than does the magnitude 
of the total cross section o. Even at high energies, 
_ they differ substantially from the spectra of 7 me- 
sons produced in collisions of free nucleons!!!” 
(see Figs. 5 and 6). In particular, the absence of 
a peak, which is so characteristic of collisions of 
free protons, is striking. Assuming as previously 
that the effect of binding leads, in the main, to a 
change in the magnitude of the differential cross 
section d’¢/dQdE because of motion of the nu- 
cleons in the deuteron, it is possible to calculate 
the change in the form of the spectra by the same 
method as applied in the preceding paragraphs for 
obtaining the total cross sections. This calcula- 
tion was carried out for the spectra of 7* mesons 
produced in p-d collisions at 655 Mev, with the 


10} d fdEdQ 
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FIG. 5. Energy spectrum of 7*+ mesons, produced in p-p 
collisions (in relative units). 1) measured by Helfer et al.'? 
at angle ~ 90° in the c.m.s. for proton energy 655 Mev. 2) zt- 
meson spectrum from the reaction p+ p> p+n+7*. 3) posi- 
tion of the peak corresponding to the reaction p + p>d+at. 
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FIG. 6. Spectrum of z+ mesons, produced in p-d collisions 
(in relative units), O —measured spectrum of 7+ mesons pro- 
duced in p-p collisions in the deuteron‘? (obtained as the dif- 
ference of 7+ and 7 spectra). The thick solid curve is this 
spectrum, calculated from the Salpeter-Goldstein momentum 
distribution. The dashed curve shows the spectrum calculated 


for a Gaussian distribution with dispersion Vpt/m = 0.06. The | 
thin curve is the spectrum of 7+ mesons from the reaction 
p+p-+d+7", transformed as a result of motion inside the 
deuteron. The resolution of the spectrometer’? was taken into 
account in constructing these spectra; this only slightly 
changed the form of the spectra because of their large width. 


object of comparing the results of the calculation 
with the experimental data* on the spectrum of 1* 
mesons in the reaction p + d — m* + nucleons.” 
Calculations were carried out separately for the 
reactions p+p—d+m and p+p—~ptntm 
(plots of the spectra corresponding to these reac- 
tions are shown in Fig. 5). Functions d?o/ 
dQdE (pj, pg), analogous to those entering into 
Eq. (3), were calculated using the experimental 
results for the energy dependence of the 1*-me- 
son production cross section!’ and the spectra ob- 
tained in references 12 and 13. Integration over 
the momenta of the nucleons in the deuteron was 
carried out for the Salpeter-Goldstein momentum 
distribution. 

The calculated spectra differ substantially from 
the spectra of 1* mesons produced in p-p colli- 


*] would like to take this opportunity to thank M. G. Me- 
shchyeryakov and collaborators who kindly furnished me with 
the results of their measurements before publication. 
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sions. This is especially true of the peak (shaded 
region in Fig. 6) relating to the reaction p +p 
—d+*, the width of which is increased as a 
result of motion of the nucleons up to 50% of the 
whole, making it practically unobservable in the 
spectrum of m* mesons produced in p-d colli- 
sions. At the same time, the relative contribution 
of the peak is somewhat reduced (by 15%) be- 
cause the energy dependence of the cross section 
for the reaction p+p—d+7* has a resonance 
character. 

Comparison of the spectra of m* mesons pro- 
duced in p-p collisions in the deuteron! with the 
calculated spectra shows (Fig. 6) that the form of 
the spectra for p-d collisions can be rather ac- 
curately predicted from the data on free p-p col- 
lisions. The form of the calculated spectrum de- 
pends strongly on the momentum distribution em- 
ployed in the calculation. A m* spectrum, calcu- 
lated in the same way as previously, but for the 
case of a Gaussian distribution with Vp3/m = 0.06 
is shown on Fig. 6. In spite of the fact that this 
distribution is rather close to the Salpeter-Gold- 
stein ones (see Fig. 1), the corresponding spectra 
differ markedly. From this it follows that study 
of m-meson spectra in p-d collisions also makes 
it possible to obtain quantitative knowledge about 
the momentum distribution of nucleons in the deu- 
teron. 

The considerations above about the m-meson 
spectra can be turned around, i.e., from the spec- 
trum of ma mesons produced in p-d collisions, 
if measured with high accuracy, one can recon- 
struct the spectrum of 7 mesons produced in 
collisions of free nucleons. This is of particular 
interest in cases where direct investigation of the 
corresponding reaction by collisions between free 
nucleons would involve substantial experimental 
difficulties (such as, for example, the reaction 
Pee — pre pth mr ). 

In conclusion, I would like to express my grati- 
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tude to A. I. Baz’, B. M. Golovin, M. G. Meshche- 
ryakov and Yu. A. Shcherbakov for discussion of 
results of this work. Iam sincerely thankful to 
L. A. Kulyukina for help in carrying out the long 
calculations. 
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The energies and momenta of spinor fields in theories with pseudovector and scalar nonlinear / “ 
terms are calculated on the basis of a number of new exact solutions of the wave type. By a 
semiclassical quantization the mass of the nucleon is determined as kpl = 2h/2 73/2 ~ 7 BA, 

The dependence of the energy of the field on the degree of nonlinearity is established. The 
method of fusion is used to derive from the nonlinear spinor equation a nonlinear undor equa- 
tion, which on certain assumptions reduces to a nonlinear meson equation of the Klein-Gordon 
type. The conformal invariance of the nonlinear equations of the meson and spinor fields is 


discussed. 


Pc coRpInG to the unified nonlinear field theory 
the theory of the elementary particles is based on 
the spinor equation 


{%u (0/Oxe + 2s breve?) + A P}$=0, (1) 


where Xy = (Xp, it), h=c=1, and A is an arbi- 
trary function of ~ and yw. Equations of this type 
that have been discussed!~ are 


Do = ip. (0/0, + lys(brurts$)) > = 0, (2) 
Db = (720/0x, + 1? ($d) b = 0. (2a) 


We Shall call the nonlinear equation with the scalar 
(pseudovector ) nonlinear term simply the “scalar” 
(*pseudovector” ) nonlinear equation. 

Starting from Eqs. (2) and (2a), Heisenberg! de- 
termines the spectrum of masses and charges of 
the elementary particles, using for this purpose 
the complicated apparatus of quantum field theory 
and the Tamm-Dancoff approximate method. One 
can, however, also get close approximations to the 
masses of the elementary particles from Eqs. (2) 
and (2a) by a simpler semiclassical method, if one 
uses a certain approximate condition that is equiv- 
alent to quantization. 


1. THE ENERGY, MASS, AND CHARGE OF THE 
NONLINEAR FIELDS 


The Nonlinear Pseudovector Equation 


1. Let us consider Eq. (2), in which the nonlinear 


pseudovector term has been chosen by Heisenberg 


and Pauli? from among the possible nonlinear terms 


suggested by Ivanenko and Brodskii® by the use of 
all the known conservation laws both in ordinary 
space and in isotopic space. The equation adjoint 
to Eq. (2) is 


PD =$(0/ Ox, —P ys (bystut)) P= 0. (2’) 


From Eqs. (2) and (2’) we find 
O(br.9) / Ox. = 0, 
O (brute?) / Ox, = 0. 
Solutions of Eqs. (2), (2’) and (1.1), (1.2) in the form 
p =a (s) a (9), 
% = a (s) p(s), ¢=RyXp, ky, = (Rn, io), 


where s_ is the spin coordinate and g(a) does 
not depend on the matrices yy, are found by the 
method used earlier.* As the result we get a com- 
plex solution unique for the given type of equation: 


(1.4) 


(1.1) 
(1.2) 


(1.3) 


g = goexp {— ihkyry). 


The length of the four-vector ky and the eigen- 
functions a(s), a(s) are determined from the 
equations 


P = Po EXP {ik Xz}, 


Yu (Ru + YsQus) a = 0, (1.5) 
a(R, — ¥sus) Yu = 9, (1.6) 
where 
Aus = — il” (yy-7sa), a=a'yy. (1.7) 
Since the energy operator 
H =0 [0x4 = — Yan (0/ O%n + ly5Ans) — os (1-8) 
commutes with the spin operator 
O ‘ 
o=(> 0) (1.9) 


(o” stands for the Pauli matrices), we can add to 
the list (1.3) the equation for the spin 


(ks—ok)a=0, a(s) (ks—ok) = 0. 10) 


To calculate ays we take the matrices in the 
form 
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2) = (Ai) 2O=(n@)» 2O=(ig) GAD 
Then we find 
A, = —l? (aa, — a0), 
35 = — sl? (a,a, + 2) = — sl? (Gy,a), 
Ang =il? (b,09 + b3b4 — 62, — bybs), 
ys =—I? (bib2 +504 -+ 0261 + bibs). (1.12) 
Let us impose on the amplitude constants the 
conditions 
Gis =p, = 0, (1,13) 


If now in Eqs. (1.5), (1.6), (1.10) we go over toa 
primed coordinate system® in which ki is directed 
along go, then on using also the conditions (1.13), 
we get (dropping the primes ) 


(w — sek — ieays — SAg5) a = 0, 


S=-+1, «= -b1: (1.14) 
From this we get for the eigenvalue of w 
w = sek +. icdys + SAg56 (1.15) 


The function a(s) has been subjected only to 
the requirement (1.13) and the conditions (1.14). 
We can satisfy them if we prescribe a(s) in the 


ones . (aVits 
UC) eee Oe por Be 
aVic+s 
> (s) = be,_, ‘ yey : (1.16) 
Then we get 


2 2 
Q45 = 0, us = O35, 


Gee 517 (0p F100. CL es) Cre, > (1 —s) ences] (217) 


and for w we find w =sek+ Sage. 

2. Let us now determine the momentum, charge, 
and energy of the field of Eq. (2) that correspond to 
this solution. The Lagrangian density function of 
Eq. (2) is 


£ = FP (DY) — GD) 4 —P Grated). 


From this we get for the momentum, charge, and 
energy of the field 


(1.18) 


Gu = i\ Tnyd?x = — Rn (qua) L*, 
(Ope \ ved = —e(ay,a) L’, 


pe | Tasd?x = — w(@y4a) L? + (1.19) 
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If we consider the solution (1.16), we get 


G=Nk, —Q=Ne, E=—(o+4NPL*)N, 
w = sek — Il? (G@y,a) = sek —PNL*, 
N = (aya) L?. (1.20) 
From these formulas we have for k = 0* 
G10; —Q=Ne, 
E=E,= 7No, 0) = NL. (1.21) 


Let us now calculate the energy contained in the 
basic periodicity volume given by 


L3 = (2n/ 0). (1.22) 


For k=0 we get L= (2m/w) =1(2n/N)~*/?, and 
we further find 


ly = (2n)2N—", LE) = — N (lo). 


In the case N=1 we arrive by this normalization, 
which is essentially equivalent to a sort of primi- 
tive quantization, at the rest mass of an elementary 
particlet 


kl =V20"°=7.84, Q=—e 


(Ey (N=1) =Kp, wo (N =1) = kh = 2ky); this is 
close to the result of Heisenberg (kl ~ 6.5 for 
the pseudoscalar nonlinear field and kpl = 7.4 for 
the scalar field’). 

3. Equation (2) also has a solution of a different 
form. These solutions can be found by the method 
of integration of nonlinear equations proposed in 
reference 4. Equation (2) can be integrated if we 
introduce new functions y and ¢ by the formulas 


d=9D, 
which can be rewritten in the form 


(1.23) 


¢=— De, (1.24) 


g=—41, +751)  $=4(¢,— 457) 1, (1-25) 


where a is aconstant spinor. The functions Xp 
and ny can be regarded as two independent un- 
known functions. Substituting Eq. (1.25) in Eq. (2), 
we get a system of equations for the determination 
of Xy, and n,. The solution of this system of equa- 
tions is difficult, however, because of the presence 
of the summation over the index of the Yu: This 
difficulty can be evaded if we consider a special 
form of the function (1.25) without the matrices 

Yu! 

(1.26) 


g=(e+ xa, b=a¢'—4.7’). 


*Regarding the signs of the parameter /? and the Lagrangian 


(and energy) see Sec. 3. 

tAn elementary particle is taken to correspond to a field 
which has the momentum k, the charge e, and the volume 
given by Eq. (1.22). 
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Equation (2) then gives 
Yu (Op / Oxy + Bysx)a = 0, 


Yes (dy / OX, ate Bus¢) a= 0); (2”) 
Bus = F (by,48) = 2 (Gy, 150) (99 + x*y) 
+2 (aya y+ 7°9). ae 


Along with Eq. (2”) we must also take the system 
of complex conjugate equations. 
From Eq. (2”) we can get the equations 


(d¢ / Ox, + Bysy)?a = 0, 


(1.28) 
(Oy / 0x, + Busy)? a = 0. (1.29) 
If we now seek a solution in the form 
P=9(3), X=xX(9), 
Bleto s sietin. vey! ==. yy oe XL, (1.30) 


for the system of equations (1.28), we can satisfy 
Eq. (1.29) with 


=H n=, 9+? =const, 
Bis idus = const, (1.31) 
and we get for the solution 
b=e"a(s), ¢ = a(s)e"* (1.32) 


The length kf, is determined from the equations 


(Ri, —aes)a=0, k,dys— kay = 0 (1.33a) 


or 


(ky + dus + 2kyays) a = 0. (1.33b) 


The eigenfunctions a(s) themselves must be de- 
termined from the equation 


Yu (Ru + Qys)a = 0, 


which in the case (1.33a) gives a =y,(k,—ay5)a’, 
where a’ is an arbitrary constant spinor. In the 
case (1.33b), on the other hand, Eq. (1.34) is solved 
in just the same way as Eq. (1.5) with the supple- 
mentary condition (1.13). We find as the result 


(1.34) 


(@ — id4s — se (Rk + az5))a = 0. (1.35) 
For the eigenvalues w we get* 
| @ = sek + & (iedy5 + SA35). (1.36) 


If we now fix a(s) in the form (1.16), we find 


w = se(k + ags). (1.37) 


Let us determine the momentum, charge, and 
energy of the field that correspond to the solution 
(1.32) and (1.16). We have 

G = —k (@y4930) L’, Q =e (aya) L’, 


E = —o (@yeisa) L3—Ll asl? ~— (1.38) 


*An eigenvalue w is also obtained from Eq. (1.33b), which 
with the condition (1.13) gives (iw + a,,)” + (k + a,,)? = 0, i.e., 
@ =k +ia,, + a,, (Ss = €= 1). 


and, using Eq. (1.17), we get 


C=— 0) Oe-Ie = —+(NPL>)N, 
® = se(k — Sw), 
Wp = — SQz5 = L7NL™, (Gy,a) L? = — sl*a;,L3 = N. (1.40) 


(1.39) 


From these results we find for k=0: 


G=0, Q=Ne, —Ey=+New, wo=eW. (1.41) 


Let us now again determine the energy contained 
in the fundamental periodicity volume (1.22). For 
k=0 Eq. (1.22) gives L = 2n/wy = INY? (27)7¥7?, 
We get 


Q=Ne, wl =N~ "(2x)", El = — + (lo,) N. (1.42) 
In the case N=1 we again arrive at the charge 
and mass of an elementary particle: 


kol =V20"°=7.84, Q=e. (1.43) 


E\(N =1)=—ko, @(N=1) =k) =2k. (1.44) 


The Nonlinear Scalar Equation 


1. Let us consider the scalar equation (2a), or 
for the sake of generality the equation 
(720 / Ox, + A (Gd)) > = 0. (2a’) 
The solution of the equation (2a’) in the form (1.3) 
for real A(zv%, ~) is given by Eq. (1.4) with 


(Yuku — ik,)a=0, ki =—- kj = — A®(p,), 


Po = Fo - (1.45) 


Equation (2a’) also has a solution of a different 
form, which can be cbtained by the method of inte- 


gration. We must introduce new functions gy and 
@Q by the formulas* 


Se ahs Sea 
Ving Pan Waa dating 
ewan 00 4 4 
d Oral ax, HAG, ia (is 6) 


*Here on the assumption 9 = a®, 9 =a®, A(W, W) = A(p), 
v= (ow) the integrated equation is of the form* 


f dA y Toph mo 
a2) aye 1 = (43) 
( CURE Tome cen oa aa) dp ax, al : 


where in the case of Eq. (2a) the quantity p is determined from 
the algebraic equation 
p? — (aa) @*p? + I-4 (aa) (a® / ax,)? = 0, 


which, as can be shown, has a single real solution for 


(i0®/dx_,)’ > 0. 
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If we now look for (Xp) in the form* 9 
=g(a)a, @=agp*(c), then Eq. (1.46) is written 
b=(p—rakuko ya, $=a(¢' + wkuko x’), (1-47) 
where yg and x can be regarded as two independ- 
ent unknown functions.t As solutions we have x 
=0, y*gy =const, which reduces to Eq. (1.4), and 
alsof y =) cos (o +c), x=) S8in(a+¢C), ie., 
b = (cos (s + ¢) —Ypkyko sin (s+ c))a, (1.48) 
where a is an arbitrary amplitude, and Ki, = —ke 


= A? (po). 
2. Let us determine the momentum, charge, and 
energy of the field (2a) with the Lagrangian 


& = — {>} (D$) — GD) >—P GY}. 
In the case of the solution (1.4), (1.45) we find 
G =k (aya) L’, Q =e (@y,a) L’, 


E = [o—42 aa)? / (@y4a)] Grea) L*, 


(1.49) 


(1.50) 


and after the normalization N = (aya) L® we get 
(Za) = NL (wo /w) = kyl, 


G=Nk, Q=Ne, E=+No (1-7 (R?/o%)), 
o = NL*?, (1,51) 


Finally we get for the charge and mass of the ele- 


*If we look for solutions inthe form 9 = 9(&)a, 9* = aQ(E), 
€ = -x/,, then Eq. (1.46) gives w = (9+ yuXux)a, 
U =4(9 ~ y,X,x), p = (DY) = @a)(9? + x7), and from Eq. 
(2a’) we find 
4y + 28’ + A(p)o =0, (a) 
29’ — A (p) x = 0. (b) 
In the case A(p) = /?(Ww) the equations (a) and (b) coincide 
with the equations obtained by Heisenberg.* If we now elimi- 
nate A(p) from Eqs. (a) and (b), we get 


2 = — p’ /3 (Ga) (c) 
and then substituting Eq. (c) in Eq. (a) we find 


Ep” + 4p’ — A (p) V— p’ (3p + Ep’) =0, p’ ==do/ dé. 


With a special choice of A(p) it may be possible in this way 
to find also the corresponding exact solution of Eq. (2a’). 
t Then Eq. (2a’) gives 


tuby (9 + Fo 7A (0) a=0, tk, (x! + A (ep) ohok,?) a= 0, 


P= Pot pr, pr = (Za) (9*e — R2R, ty*y), ey 
Po = (@y,,k,,a) (9*y — 7*9). 
We must take along with Eq. (A) the system of complex conju- 
gate equations. It is easy to show further that 


o*o + y*y =const, o*y — ~*o = const, 


p==pyeconst, kt = — k= — A? (6). 
tIt is easy to verify that 
a 


= da ; dees 
Ox, (YiuP) = Ge (bp kat, = Ge (2 (9? — 2k, / RG) a) = 0. 


F. KURDGELAIDZE 


mentary particle 


G=0, Q=e kl = Vile z 784. (1.52) 
In the case of the solution (1.48) we have 
G = k (aa) ne L3, Q=e (aya) L’, 
E =(o—+() @a)) a(S) Lb (o,=%,) (1-53) 


and after the normalization (aa)(w/wy) Lise in 
we find* (aya) = NG 

G=Nk, Q=Ne, E = 7No(l+ (k, /0)?), 

wo = NL. (1.54) 


| 
| 
Determining the energy in the volume defined | 
by Eq. (1.21), we again arrive at the results (1.52). 


Dependence of the Rest Mass of the Elementary 
Particle on the Degree of Nonlinearity 


To find the dependence of the rest mass of the 
elementary particle on the degree of nonlinearity, 
we call attention to the fact that when A(¥%, ~) is 
an arbitrary function of p = (#~) the functions 
(1.4), (1.45), and (1.48) are also solutions of the 
general equation (2a’). The Lagrangian density 
corresponding to Eq. (2a’) can be written in the 
form 


& = — + {> (Dd) — GD) > + [B @) — 24B (0)/ 401}, (1.55) 


where p=1(%#) and B(f) is an arbitrary func- 
tion. 

From the Lagrangian (1.55) we at once find the 
field equation (2a’), in which 


A (6) = + [dB (0) / dp, 
and the expressions for the momentum, charge, 
and mass take the forms 
G=Nk, Q=Ne, E=(o—[A(6,) —/671B (@,)]) N, 
N = (@y,a) L?, wo =k? + @?, 


Oy = A (09), Po = INL (wy / 0). (1.56) 


For k=0, N=1 we obtain as the charge and 
mass of the elementary particle 


Q=e, Ry = (l/ 2%) BG) (@(N = 1) =f). (1.57) 
From the conditions 
ey = LF, ky = A (Py) = C/ 2%) B (6) 
with the additional requirement L = 21/k} we get 
dB (04) | doy = 40% (1.58) 


For a prescribed form of the function B(p) we 


*Since the a(s) are arbitrary functions, they can be taken to” 
be the solution of Eq. (1.45). 
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can use Kq. (1.58) to express py) = (aa) in terms 
of absolute constants. For example, taking B (p) 
in the form 


Be) = 2" @y)’. (1.59) 
we get eae © [nyier—9 [—4/(3n—4) 
20 = A (8,) = Lnlpe- 
RCN op Aaa cet ie cea (1.60) 
and the mass of the elementary particle is 
a= 8 /2p = FE = Hil 
that is, 
Ts moe a= ary NO, (1.61) 


Let us note some features of the function (1.61). 
For n=1 (linear theory) Eq. (1.61) gives kjl7! 
=, in complete agreement with reality. For 
n=2 [the case of the nonlinear equation (2a)] we 
get kl = 21/2 73/2 ~ 7.84, as was to be expected. 
For n—o we find 


Uk, (1 > 00) > > (40 / 11)n-+00—> 0. 


For n—0O we have 
ky (n> 0) > (42 /1)nso—> 00. 


Thus in this interpretation we can get any value of 
the mass by varying the degree of nonlinearity n. 
For example, we can use for the neutrino the case 
of an infinite degree of nonlinearity, and for the 
electron the case of a finite but very large value 
of n. 

The function (1.61) is meaningless for one case, 
n=, (the Giirsey case’), i.e., for 

B (p) =p" = I yy”. 

The peculiarity of this case is that there is now no 
need for the requirement (1.22). The expression 
analogous to Eq. (1.22) is obtained automatically. 
Besides this, the parameter / of the nonlinear 
term is a dimensionless quantity in this case, and 
the length L plays the role of the dimensional 
parameter in the theory. In fact, in the case (1.62) 
Eq. (1.56) gives the relations 


(1.62) 


G=Nk, Q=Ne, E= (o x 04) N, N = (aya) L’, 


2) = 1 (Ga) =INL* (0/0), ©) = 20° (N (o/ 0)”. 
From these we find for k=0, N=1 
G=0, Q=e, kL=+I", m= sh, 
and the condition analogous to Eq. (1.22) is 


Lk = 2 0. (1.22’) 
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Equation (1.22’) becomes identical with Eq. (1.22) 
for a suitable choice of the constant* [4/ 3, 


[1 =3n, Ryle mie 471. (1.63) 


2. ON THE THEORY OF THE FUSION OF NON- 
LINEAR FIELDS 


The introduction of a single fundamental spinor 
field as the basis of the theory of elementary par- 
ticles requires the definition of some procedure 
for getting other fields from the fundamental field. 

As has been pointed out in reference 8, the de 
Broglie fusion method, together with the use of 
group theory, indicates a possibility for such a 
procedure. Group theory is too general, however, 
and in particular does not fix any connection be- 
tween the nondifferential parts of the equations of 
the various fields. For example, if we start the 
fusion with Eq. (2a), group theory will give no in- 
formation about the concrete form of the nonlinear 
terms in the equations obtained after the fusion. 
For this reason in the present paper, in dealing 
with the problem of the fusion of nonlinear fields, 
we apply the second, fundamental, fusion method 
of de Broglie, which can be called the “method of 
fusion of equations.”® 

If we take two spinor fields gy and ye that 
obey the linear Dirac equation, we can form a func- 
tion %,. = ye? ye, which is a component of an 
undor of the second rank (7I), so that (YI) obeys 
the Dirac equation or the corresponding Klein- 
Gordon equation. The undor (7I) can be expanded 
in the following way: ‘a 
(GV) = Yoho + tsPs + TuPe + Tots Pus + Sw Par = DS) Papas 

a=1 
Yo = Ya (2.1) 
where 6q is one of the sixteen independent Dirac 
matrices. 

Let us now consider fusion, starting with the 

nonlinear Dirac equation 


(1u0 [ Ax p + Ry bs $)) b = 0. 


As in the case of the linear theory, we consider 
two fields gf!) and yf?) that satisfy Eq. (2.2) and 
the adjoint equation. We form the function dik 

= ¥{ 4) and go over to the undor equation 


(20 / xe + Ro (P, $)) GL) = 9, 
ky (b, 9) = > [Ry (b, DOMED (6, 4)], 


If we now impose on k)(#, ~) the requirement 


(2.2) 


(2.3) 


*It is easily verified that Eq. (1.62) with the value (1.63) 


inserted, i.e., the function B() = 376 ”%, is a solution of 
Bass) 
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Ro (Ys Y) = Ro (PM, YE) = Ro (P™, YM) = Ro (G™, H) (2.4) 
and use the fact that when we confine ourselves to 
the lowest powers of the invariants k,(~", y@) 
has the form? 
16 oe: 

Ry (HD, YO) = Dy haba (PMY), (2.5) 
a=1 

where Aq are arbitrary constants, we arrive at 


the conclusion that k)(~“, y®@) is also an undor. 
Let us now choose the constants Aq so that 


ha (PMB ah) = ropa. (2.6) 
Then Eq. (2.5) can be written in the form 
Rey (PY) = ho (YT). (2.7) 


Substituting Eq. (2.7) in Eq. (2.3), we get the non- 
linear undor equation 


(120 /Ox, + do (YT) GT) = 0. 


Applying the operator y,9/8x, to Eq. (2.8), we 
find 


(2.8) 


(0?/Oxs. — 25 (OT?) (WT) = 0. (2.9) 


Let us now consider the expression 
(GT)? = 95+ 95+ Gh — Pas + (Surge)? +F(..-), (2.10) 


where f(...) denotes terms containing mixed de- 
rivatives of the various fields. In a similar way 
we get for (yI)? 


(QT)? = Yo + 155 + TePnPs — Tus Pur Ors 
+ Suv Ppy (Sap Pap)” sn U ae) 
The mixed derivatives of various fields lead to 
a nonlinear interaction of these fields. In the case 
in which we consider only the self-interactions of 


the fields, the quantities f(...) and U(...) are 
to be neglected. We then get 


(oil) 


(0?/Oxj. — 2ho9e) a = 0, (2.12) 


where @q is one of the components of the undor.* 

We have previously considered‘ an expression 
of the type of Eq. (2.12) and have shown that it 
leads to a spectrum of meson masses. 


*If we take into account the fact that according to field 
theory there are three relations’ between the invariants 92, 
V5, 5 Qs Poe we can put the expression (2.10) in the form 


(YT)? = aig? + oop? + f (...). 
Then Eq. (2.11) will have the corresponding form 


(¢r)? = a1Y0% ar Wyse +U(...), 
and instead of Eq. (2.12) we get 


9 
e2 4195 Po o2 [Pp a 
5 — 22 ( : = On! Vaio, = Ooo 
Ox, a9? } } \o5 w\5 Ox, 


3: THE CONFORMAL INVARIANCE OF THE 
NONLINEAR EQUATIONS 


As a rule nonlinear equations possess the prop- 
erty of so-called conformal invariance, which 
makes it possible to go from one particular solu- 
tion to another by a simple change of scale of the 
coordinates. We have already called attention to 
the property of conformal invariance of the non- 
linear meson-field equation 


(0 — 9?) = 0 (3.1) 
in an earlier paper, where in particular we showed 
that if Y(x,, X) is a solution of Eq. (3.1) then the 
function 


db! (xp, 4) = AB (Ax, Bd) (3.2) 
is also a solution of that equation.* 

Let us introduce coordinate transformations . 
(regarding the nonlinear parameter as a fifth co- 
ordinate ): 


(3.3) 


Xp = Ate, (Ree 
The invariance of Eq. (3.1) under (3.3) gives 
g’ (x’, 0) = S(AB)$ (%, 4), (3.4) 
where S(AB) satisfies the conditions 
SS 1, > S?A°B 1, 9S Ae (3.5) 


which also leads to the expression (3.2). 

Let us use the property of conformal invariance 
of the field equation to derive conservation laws. 
According to Noether’s theorem, for this we need 
invariance of the Lagrangian function under the 
transformations in question. 

Under the transformation (3.3), (3.4) and the 
condition (3.5) the Lagrangian of Eq. (3.1), 


5 (Be) ae 


transforms according to the formula 


(3.6) 


wD 
I 


@ [d' (Ax,, Bd] = g (AB) 2 Id (xp, 0]. 


*From this it follows in particular that the functions 
AYWAx ,A) and B% (x , BA) are solutions of Eq. (3.1). For 
example, the second of these forms expresses the fact that 
the solution of Eq. (3.1) can contain the nonlinear parameter 
only in the combination AQ?, where Q, is the amplitude of 
the solution. 
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From this we get* 


2 (0) = BY (BN, g(AB) = g(B) = B. (3.7) 


Confining ourselves to the case B=+1, S-!(AB) 
=S (A) =A, we find 
Y (Xu, 4) = S(A) d(H, 0), 


9 (Xa, 4) = S(A)O(A Xp, 2). (3.8) 


Let us now introduce the representative operator 
T(A) and write 


O” (Ku, ) = T (A) b(xn, ) =S(A)b(A xy, 2»). (8.9) 


Confining ourselves to a consideration of the con- 
tinuous group, let us introduce a smali parameter 
a by the relation A=1+ a, and also the infini- 
tesimal operatorst J and §; we then find from 
Eq. (3.9) 


i —=(S8-— oon hale i) 0: (3.10) 


Let us now consider the case of the nonlinear 
spinor equation 


{%u (0/Ox. + Lis brush) + 6 (Od)} > = 0. 


The conformal invariance of Eq. (3.11) was pointed 
out recently by Heisenberg and his coworkers.! 
They also made an attempt to connect the confor- 
mal invariance of Eq. (3.11) with a definite conser- 
vation law. Here we shall consider the conformal 
invariance of Eq. (3.11) in a different aspect, in 
particular in connection with the meson field equa- 
tion (3.1). 

The Lagrangian function corresponding to Eq. 
(3.11) is 
8 = (fhe — gee to + A Gretsd)? + BGO" (ate. 

(3.12) 

Under the transformation (3.3) the quantities 
w(Xy, Aj) and L(Y (xy, Ai)] transform accord- 
ing to the formulast 


*It may be helpful to indicate the analogy with the linear 
theory, in which the field equation is invariant with respect to 
the transformation 


Y (Xp, Bo) = NY (x,5 fo), 


(3.11) 


where N is a number. Under this the Lagrangian function 
transforms in the following way: 


L [NL (x45 Fo)] = NE[Y (xy. Fo) ], 


which gives the possibility of introducing the number of par- 
ticles. In reference 9 we have used the analogy of these 
transformations with Eqs. (3.4) and (3.7) to introduce the num- 
ber of particles N = B in the nonlinear field theory. 

tf = OT(@)/d4l, <0; § = 0S(2)/d4|g-o, and, as follows from 
Eq. (3.9), the eigenvalue of $ is +1. 

tAs we see, the transformation (13) also gives the possi- 
bility of introducing the number of particles N= BA~ 
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Y (Ata, Bh) = S(AB) 4 (xa, 2), 
S74 (AB) =V AB, ;=2; 


QR’ [p' (Ax, Bd.)] = g(AB)& [db (%, XI], g (AB) = A?/B. 
(3.13) 


Taking g(AB)=1, A?=B, i.e., S(AB) = B34 
=A™ a and introducing the representative oper- 
ator T(A), we get 


Y (Xa, 2) =T (A) O (Xa, A= S(A)b(A tx, APN). (3.14) 


Introducing the small parameter @ =A-—1 and 
the infinitesimal operators J and S, we find* 


{J —(S —x,0/0x, —1,0/01,)} $ (xu, 1) = 0, by = LE. (3.15) 


As the eigenvalues of the operator S$ we get +1 
for bosons and —*%, for spinors. 

We now turn out attention to the sign of the non- 
linear parameter ie It follows from Eqs. (3.7) and 
(3.13) that if B=-—1 the Lagrangian merely 
changes sign, and therefore as long as the sign of 
the Lagrangian does not impose any conditions on 
physical processes both signs are permissible in 
nonlinear equations. 

In conclusion I express my gratitude to D. Ivan- 
enko for a discussion on the nonlinear theory. 


Note added in proof (December 12, 1959). In- 
troducing the operator py = (J—S)~=py% and the 
new coordinates £j(x,, lj) [in the case of Kq. 
(3.10)], or &j (xy) [in the case of Kq. (3.15)], we 
can write Eqs. (3.10) and (3.15) in the form 
(£j9/0£; +p) =0, with the solution 


= e107? + cg05P? + cgodox PH*I2, (a) 


where cj, Co, C3, A are arbitrary constants, oj 
= kjéj, and 0, = — £j§j- Now comparing Eq. (a) 
with the particular solution ~ = 7'/? ory i/2 of Eq. 


*The compatibility of the quantum number and the con- 
formal invariance require that the conformal transformation 
operator commute with the translation operator. Generally 
speaking these operators do not commute, but Heisenberg* 
prescribes the transformation of translation in the form 


xy = %y + al,, 


and since in the case of Eq. (3.11), according to Eq. (3.15), 
l; transforms in just the same way as x,, the operators do 
commute. In the case of Eq. (3.1), according to Eq. (3.9), 
prescription of the translations in the form (a) does not lead 
to commuting operators: instead of (a) we must write 

X7, =X, +%Pq, where Q, is the amplitude of the solution, 
which, according to Eq. (3.9), transforms just like x,. 

In the case of Eq. (3.11) the translation can be prescribed in 
the form x/, =x, + %Q,*/4 where Q, is the amplitude of the 
solution, which, according to Eq. (3.15), transforms just 
like x?/3 and secures commutativity of the operators of 
translation and conformal transformation. 
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(3.1) and the particular solution yw = co} 51/4 x 


{1 * 1X02 7/2} of Eq. (3.11) (with o, = —xi, + 
~ —xt,), we find p=1 for bosons and p = 4 fer 
spinors. From this we get for the eigenvalues 


= elas 


If in the derivation of (4.16) (sic) we start not 
from (4.15) (sic) but from 


spinors 
bosons 


h(x, 2, oh) SB) bere Ba ay): 


we again arrive at Eq. (3.15), but now with ye re= 
placed by 2d. 

The results obtained also remain valid if in- 
stead of from Eq. (3.12) we start from the nonlinear 
Lagrangian (1.59), where, however, it is expedient to 
introduce instead of 1 the parameter 


)=T (B) v(x 


ly 3a ey) 3) 1/(3A—4) 


which has the dimensions of kj! (KoZ, = const, 
B (p) = 31ly~* (pp)"). 
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NUCLEON-NUCLEON SCATTERING IN THE TWO-MESON APPROXIMATION FOR 
LARGE ORBITAL ANGULAR MOMENTA 


A. D. GALANIN, A. F. GRASHIN, B. L. IOFFE, and I. Ya. POMERANCHUK 
Submitted to JETP editor June 12, 1959 | 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 475-488 (February, 1960) 


The method previously developed by the authors is used to calculate the nucleon-nucleon scat- 
tering amplitude in the two-meson approximation for large orbital angular momenta. Specific 
calculations are carried out for the singlet amplitude in the non-relativistic approximation for 
orbital angular momenta which are not very large, 1 «1 <«<4m?*/y? (m is the nucleon mass, 

#. the meson mass). The results obtained indicate that the F and G phase shifts for nucleon 
energies Ejab < 200 Mev are given to good accuracy by the one-meson approximation. This 
conclusion may prove important in the phase shift analysis of nucleon-nucleon scattering. 


1. CALCULATION OF THE TWO-MESON AM- Bee =\a (k, q) dR (Up. qUtp,) (Upp—q tp,)s 
PLITUDE 


py (ee (ip, Mp) 


Ff ; : (Rk + g/2)2 + 2p (k + g/2 
Ly a previous paper* it was shown that, in order Bae Nees AP aig =) 


to calculate the nucleon-nucleon scattering ampli- ee |é| Up,) (Uptg Up, 
: rea ag Hee Eee ort ta a(R, q) dk, 
tude in the two-meson approximation for large or- (hk — iz)? + 2p q/2) 
bital angular momenta, it is necessary to know the ls a CAS B+ Boprk/m | i ime |e \u,,) 
meson-nucleon scattering amplitude fgg. The lat- 3 iy? (k — q/2)? + 2pe (k — qi2) 
ter amplitude, according to formulas (2.25, I), (3.1, I), mtg |R 1 Mp,) (p,q | Bik + Bapak/m | u,,) ane 
(3.6, I), (3.20, 1), is expressed as follows: Peas er hg a | (2, q) ak, 
fee Ge 2, G2) — Toes fag tage pe cas Coste [| wp,) p,q LB | Up,) A (bs 9) it, 
BO E(k + 9/2)? + 2pi (k +9/2)] [(A—9/2)? + 2 p2(k —q/2)} 
k 2 
Fup = — 8°00 + Gy + 2p (B+ aD) Be= —*- 
; (Hytg |Bl Up.) lpg LF | Hp,) A (Fs @) i 
= x Vera te Ip EES 


+ 8" te (k — q,2)? — 2p, (k — q/2)’ 
Aik, gq) =(&— 9/2)? —vy* (e+ g/2?— ey. 


i, ax = a8,5, Introducing, as usual, the Feynman parameter 
ee: go y b X, we express By in the form 
Fig) = i Sy canety (Prk + Pr), (1.1) 
; 1 , 2w 
| By = —— \ dx \ d*k [k? — pe? 2/4 — gk (1 — 2x)}7%, (1.3 
where o =1.2, B;= 0.025, and f, = —0.029. On \ Pesce east dos aig (heat 
We insert (1.1) into (2.29, 1). Omitting the term 


quadratic in f£%g [it would give a contribution to @ = (Urcta Hoy) (Up. Up,)- ee 
the scattering phase shift containing an extra fac- The integral over d‘k in (1.3) extends to infin- 
tor 1/L, where L is defined by (2.16, I)], we ity, but the high momentum contribution appears as 
obtain an additive constant, independent of q?, and it need 
not be taken into account. We separate the finite 
M?(q2) = ‘Eis [22.2 Bo +B, + 1) r2) By term, differentiating (1.3) with respect to u2, then 
Bl integrating over d*k and then integrating back 
(3 + Qe 212) By + (3 — 2eld) <2) Bal, (1.2) again with respect to ite Integrating, finally, over 
es dx we obtain the singular part of the integral in 
Share the form 
*This paper will be referred to as I. By =—w rata see : = (125) 
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s=V1—q?/4u2. (1.6) 
For the square root (1.6) we choose the branch 
which is positive in the physical region. In this 
case, on the upper side of the cut, s = —i|s|. 

We restrict the discussion below to the singlet 
amplitude in the nonrelativistic approximation and 
for this case only we shall calculate the matrix 
elements of the type (1.4). Expanding w in powers 
of p*/m? and setting cos @ = 1+ 2%, we obtain, 
to an accuracy including up to second-order terms* 


w = 1 + (p?/2m*) (1— cos 6) = 1—e*%; e=p/m. (1.7) 
Now expanding (1.5) in powers of s, and retain- 

ing the leading term, we obtain finally, 
By = —7(1 —s")s/2. (1.8) 


For the integration in B,, we introduce two 
Feynman parameters x, and x, (taking into ac- 
count that 2p,q = —q?, 2Poq = q’): 


1 1—*x, = A x 
_ 4m ap § Movtg 1214p.) (4p,—¢ 4p») 
By== \ as dx, \ dk { ee +a 
p=—q/2+4%1— pits, A = —q?/4 — pique, +p? (1 — x2), 
(1.9) 


the dots indicating a similar term with p, re- 
placed by pp». 
Integrating over d‘k, we obtain 


1 1—*x? 
B, = w\ dx, \ 7 oes part bP = x2 + 2° (1 — x9) 
0 0 


ae? (1 = 5%) x1 (1 — ey — *)- (1.10) 


Making the substitution x, = 
and integrating over dz, 


(l-ey—-z)/2, x, =ey 
we obtain 


ee y -1_(1—ey) Vi-s? 
By = 7 \ 4 tan SS ee) 
0 
where 
a? = 5? + e(1 — 2s”) y + [1 —2?(1 —s*)]y*. (1.12) 


For small s*, small values of y are impor- 


tant in (1.11), so that tan74[(1—-ey)V1—s?2/a ] 
can be replaced by 2/2 [it is shown in the Appen- 
dix that by doing this we obtain an accurate value 
for the singular part of the integral (1.11)]. After 
this is done the integral is easy to evaluate, since 
the upper limit gives a term, nonsingular in the 
neighborhood of s* = 0, which can be discarded. 
Consequently, expanding the resuit in powers of 


*We note the fact that the next correction term to the ex- 
presion in (1.7), inthe present case p*/m‘, is absent. Similar 
cancellations take place in the matrix elements (1.16) and 
(i223); 
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s* and e? and substituting into (1.7), we obtain 
_ 5 (1 {- : 2*)[s—+ In(e + 25), 


The integral B, corresponds to the interference 
term already discussed in Sec. 2 of reference l, 
and its discontinuity across the cut coincides with 
(2.28, I). 

As already mentioned,! in calculating the phase 
shift we are interested in those cases in which 
|2s| >> e for the effective region of integration 
in (2.15, I) (corresponding to L « 4m*/y?), so 
that we do not expand terms of the type In(¢€ + 2s) 
in powers of s. Since s >0 in the physical re- 
gion, the argument of the logarithm in (1.13) does 
not vanish. However, on the other sheet of the Rie- 
mann surface, where s <0, this argument does 
vanish, and on this sheet there occurs a singular 
point at 4s? = p?/m’, or q? = 4u?—-p4/m?. 

We express the integral B, in the form 


(1.13) 


1 1—%X2 
By = ——\ de obalae 
0 8 
4 (Up +g 1214p) (4p,—-9 181 & + Bopak/m | u,,) . 
Fie \ ate P1+9 Ps DPo—Q Pe ; 
i \ { (k? — 2pk — A)8 + of | 
(1.14) 


where the quantities p and A are defined in (1.9), 
and the dots represent a similar term with p, 
replaced by p,. Differentiating F with respect 
to w*, and then integrating over d‘k, we obtain 


dF _i—x { m*x5 BW) + Xo [x2 (m? + 2p?) + gq? (1 — 2x) /4 ] Bow 
apes 7 A (p2 + A)? 


ie, 1 Sive + Bow et 
2p +A 


(1.15) 
where 
1 = [(Up.—g Up,) (Up.ta | Pe | Up.) 

+ (tora |Pr | Hp.) Up.—a U,)]/2m, 


W2 = (isp ae, Yo | Up,) wes [Ya] up,)- 


With accuracy up to terms quadratic in p?/ m? and 
«? we have 


2 4 — cos 2p? 


W, = 


(1.16) 


The subsequent calculations are not difficult. Neg- 
ae terms nonsingular in the neighborhood of 
= 0, using (1.7) and (1.16), and setting 


= — (B: + Be) (1 + 2p?/m? 4+ + 8”) — 26°B,, (1.17) 


we obtain 
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B,=—8|s—+ Ine + 23)]. (1.18) 


We now turn to the calculation of the integrals 
B3 and By, which correspond to fourth order per- 
turbation theory. Introducing four Feynman param- 
eters and integrating over d‘k, we obtain 


— | dx,dxodxqdx, 8 Ss op 1) 


(4p,~9 [Al u,,) Wptg |Alu,,) 1 ws, 
x| Fay reap (19) 
By=— "P| dey deadesdxy8 (3x1) 
(Ga | A | Up,) (Up.t4 | *| Uy) 1 & 
x [ (h’? + Ay = 5 EE (1.20) 


where 


h. = Poy + PyX2'— q (%1 — X2 + X3 — %,)/2, 
h! = pox, — piX2—q (X1 + Xe + x3 — X4)/2, 
A = w? (x3 + X4) — gq? (1 — 2x, — 2x2)/4. 


Taking into account the fact that, to accuracy 
p*/m?, «*, the numerator in (1.19) can be written 
in the form [cf. (1.22)] 


(Up,—q [A | Up.) (Gp 33 [A | Up,) = m? (x, + x)? a, 


we transform Bz; to the following form: 


B; = — “= [> + Wy, =| \ dx,dx.dx,dx, 6 (x Xx;— 1) 
X [y (X12 + x2)? + 2? (x3 + x, — 4 (1 — 8?) X5%4) 
+ 4 (p?/m* + 5° (1 — s*)) xx]. 
Making the change of variables 
Hy = (ey +ex)/2, x» =—x%+ ey, x3 = (1 —*%1— %2. —2)/2 


and integrating over dz, we obtain 


1/e y a 

(aan ae -1(i— ey) Vi— 3? 

\ dy | 5, tan ; : 
0 


1 


4 Ws. to} 
B= al 1 1 3 


9 
Bee etl — 2s) y Ey" —[pijm’ 
(Ete lS pm). 


Just as in the calculation of B, and By, we re- 
place the arctangent in the integrand by m/2 and 
integrate over dx: 


(+ ?(1 —s°)] x? 


a a 
, Fs V p/m? + 2? (1 — s?) 


x sin7 Es V pm? + & (1 —s*) i, 


ai = s?+-¢(1 —2s")y 4+ E*y’. 


For p’/m?, e? «1 the arcsine can be expanded 

as a Series (taking two terms into account), after 
which integration over dy and subsequent differ- 
entiation with respect to E? gives, for |s|? «1: 


By = — gq {(1+ 40") s—e(1 + +e”) In(e + 2s) 
# UG eee 


To calculate B, the exact value of the numer- 
ator in (1.20) is needed. 


(1.21) 


i | h’ | tp.) (Up. | h | Up.) = m? (x1 — Xo)? W, + MX XoWs, 
(1722) 


(1-2) = 8 (4 +6"), (1.23) 


ion ate 


4p* 


Making the change of variables 
Xo — (1 — X%3— X, — €z)/2, 
X3 = (1 —sy— x)/2, x, = 1 — ey — x, 
and integrating over dz, we obtain 


1fe 1—ey 


\ dy \ dx = tan, 


oe W2 W3 fs) W3 (a) 
ares (oF) ga — Fae’ 
b; = s* + e (1 — 2s?) y — [p?/m? + 2° (1—s*)] y? 
+ (1 —s?) x. 


The calculation of B, (see Appendix) gives the 
following result in the nonrelativistic approxima- 
tion: 


(1.24) 


T 3 : 
ie 2 — Fil + 38) s —e (1-4 > °) In(e + 2s) 
€ 2sE + cv : € 
peyote yal eerie wisp we) 
v= V1 4st) = u/p: (1.26) 


The branch of the square root is defined as in (1.6) 
with the cut from s* = —£7/4 to —o. 

Characteristic of this part of the amplitude is 
the presence of a second singular point at v =0, 
which corresponds to q? = 4u2(1+£2/4), witha 
singularity of the form 

[4s (lt 65/8) gel e. 

For &/4<«<1, the second point is found in the 
neighborhood of the first point ( s* = 0) but for 
£2» © it moves far away from the first; there- 
fore terms in (1.25) which are singular only at the 
second point contribute to the phase shift only for 


£2/4 S$ 1/L. In view of this, in calculating such 
terms an expansion is made in powers of é? which 
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ensures that the phase shift is calculated with er- 
ror <1/L (see Appendix). The last term in (1.25) 
is the only term in the whole two-meson amplitude 
giving a contribution to Im I$), so that it is cal- 
culated exactly for any s? <0, since the effective 
region of the integration over |s| for Im ie is 
in the close neighborhood of the second point, |s | 
= §/2. 

Substituting (1.8), (1.13), (1.18), (1.21), and (1.25) 
into (1.2), we obtain, for the singular part of the 
singlet amplitude, the following expression (|s|? 
<oley lvl <1): 

M)(s?) = — ae {cos + ec, In (e + 2s) + e¢2—s- 
3— 2A, (4 4 In 


Seo 
Axiowanss 2Es 80 =| 
ay 12 EE(A+e%) wVi-& 
= (0 — 1)? + (/,—a —a) 2? + A, (0? + 28)/3, 
Cy = a—1-+ (a/2 — 2)e*—2. (2? + B)/3 


= (3+ 2h,)(1 +8*)/6, (E27) 


where A7 is the eigenvalue of the operator 7) 72), 
The amplitude has been calculated taking into ac- 
count first order corrections in powers of e€* and 


p/m? = e/#. 


2. CALCULATION OF THE TWO-MESON PHASE 
SHIFT 


To calculate the two-meson singlet phase shift, 
it remains to integrate the scattering amplitude 
with respect to |s| along the cut, making use of 
the relation (2.15, I) for each of the functions oc- 
curring in (1.27). 

Taking into account that the discontinuity of the 
function s across the cut is As =-—2i|s|, we 
obtain, for the contribution of this function to Ys 


[s], = — 4n-%2Q, (1 + 262) L~h, (ely 


Inserting into (2.15, I) the discontinuity in the func- 
tion In(e€+2s), equal to —2i tan74(2|s|/e), we 
obtain for the corresponding contribution to I): 
[In (e+ 25): = — (1€8*/x) Qr(1 + 28) emt 
xtan!(2/s|/e)|s|d|s|. (2.2) 


We calculate the integral (2.2), first differentiating 
it with respect to e, 
ar / 2}s| 
Ae : e—- Is tan ornare 


\Isid|s| 


vais opt glee 


where @(¢€VL/2) is the probability integral. If 
we restrict the discussion to not too high orbital 
angular momenta, then the parameter ¢ = «VL/2 


(2.3) 
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«1. At any energy, this makes it necessary to 
restrict 1 by the inequality 


1 <4)? = 180. (2.4) 


Now expanding (2.3) in powers of ¢, we obtain, 
after integrating back with respect to €, 


— 467Q, (1 + 26?) Lt [1 — Qn“ +...].. 
(2.5) 


Note that both terms written out in (2.5) can 
easily be obtained directly from (2.2), expanding 
the arctangent in powers of ¢/2|s|; however, 
it is already impossible-to obtain the next term 
in the expansion in terms of ¢ in this way, since 
the integral of each separate term diverges. 

For the term s/(€+2s), expanding in powers 


(In (e+ 25)}, = 


of ¢€/2|s]|, we obtain the first term in the expan- 
sion in ¢: 
Sik 2ie | sii eee 
ip tisiae tt 


[pa], =e kt (1 + 289). 28) 

In integrating the remaining terms, we consider 
separately two regions of integration: 0 <|s| =< é/2 © 
(from the first singular point to the sedond) and 
|s| =&/2 (beyond the second point). For the 
function 


(In (2Es + ev) —In E§(1 + v)|/Eo 


in the first region we obtain 


4 j = s 
Ais 2Es -- ev een 3) Ae 6] 


Ev E& (14 + v) AT Be 6U 
PME Tf Ge 6U 
= a ee a 


The first term of the expansion in terms of ¢/2|s| 
gives a contribution to I]: 
E/2 


— FE Qu (1 +24) | etter 
0 


(2.7) 


|s|d|s| 
Vi—4 js Pe 
EVIL 
= at ee 62) e—EPL ia \ Bade. 


0 


(2.8) 


In the second region of integration 


A 1 ty 2Elsi te 


Eo " EEG +0) ~ In(e]v|+ 2E]s]) 


api 


—In2E|s||=ae +... (2.9) 
Combining the contributions of the first term of the 


expansion (2.9) and of the second term in (2.7), we 
obtain 


An V2 be [“*/2 (1 = p?/m?) Q; (1 + 2¢ aks (2.10) 


In (2.10) we set E* = 1+p?/m? and include terms 
of first order in p*/m? 
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Ratio of two-meson to one-meson phase shifts 


Eyap, Mev 2,5 10 40 90 160 360 650 
1p —0.08 015 i. 
1p 0.02 0.04 0.1 0.25 
1F —3-10-3 —6-10-8 —0.02 —0.04 —0.05 | —0.1 
1G 40-3 3-10-3 0.01 0.04 — (A 0125 
1H —10-4 —4.10-4 —3-410-3 | —7.10-3 | —0.015 | —0.035 i—0.08 


The final term in the amplitude (1.27) is the 
only one contributing to Im Le Its cut only begins 
at the second point,* so that we cannot use formula 
(2.15, I), obtained for the end-point t = 1+2é%. For 
the end point t; = 1+ 26° (1+ t?/4) which corre- 
sponds to v =0 [q? = 4u?(1+£?/4)], similar con- 
siderations give the formula 


i» SS 
= Fz & (#2) \ e-Lel?* A M (0?) d|d|?, 
0 


de =U DEVI EU PPO). (2.11) 
Substituting i/vV1—s? ~ i/vv¥1+é2/4 in (2.11) 
we obtain for the corresponding contribution to I]: 

[i/oV 1 — s?], = 2i€8 (nL)*2Q, (tz). 


Taking account of (2.1), (2.5), (2.6), (2.10), and 
(2.12), we obtain, for the two-meson singlet inte- 
gral I7: 


(2.12) 


3 
TP = EE {Qu (1 + 28) fey + Gey + Oda] 
+in eBid CEQ, (te) \, (2.13) 
where 
dy = 2Y'x [cy + | (3— 2x) (1 — p?/2m?) $(z)], 
ds = 2¢, — 4c, — @ — =i.) (1 — p?/m’), 
z 
 (z) = ze-* Wee dx, 2?=Lt/4 
0 
Inserting numerical values for a, §, and ee 
= 0.0223, we obtain 
Cy = 0.06 + 0.012,, 
d, = 0.6 — 0.03, + 0.62(1 — p?/2m) $(z), 
do = —0.7 + p?/m? + 2, (1.4 — 2p?/3m’). (2.14) 


The singlet phase shift is related to the integral 
Ij in the following way: 


pRel; = 2sin 28, = 46;, pImJ, = 2(1 —cos 28;) = 483, 
*It is interesting to note that this result does not depend 

on the approximation we have applied (expansion in 1/L) and 

it is valid for the exact scattering amplitude, i.e. values of 

t > te give a contribution to Imlj. 


Hence it follows that for large orbital angular mo- 
menta (when |67| «< 1), the two-meson phase shift 
6?) = (em/4E) Re I). Im If? is proportional to 
the square of the one-meson phase shift 5), since 
Im ia = 0, and the square of the “total” phase- 
shift is (67)? ~ [6)” 

The results (2.13) and (2.14), which we have 
obtained, show that there exists a strong compen- 
sation between the contributions from perturbation 
theory (fourth-order diagrams) and the terms ob- 
tained with the help of dispersion relations (con- 
taining a and 8). Furthermore, there is mutual 
compensation of terms containing B, and B, (the 
final result involves their linear combination B 
<«K By, By), aS a result of which the part Pop of the 
meson-nucleon scattering amplitude [cf. (1.1)] 
gives a negligible contribution to (2.13). 

Formula (2.13) is the main part of an asym- 
ptotic expansion in the parameter 1/L (cf. Sec. 2 
of reference 1) and therefore its accuracy should 
be, generally speaking, of order 1/L. In the re- 
sult given above, the cancellations in the main term 
may increase the importance of higher terms in the 
asymptotic expansion. For a rough order of magni- 
tude estimate we can apply the formula obtained 
also to cases when the expansion parameter is not 
extremely small, 1/L 8 1. 

The table shows values of 5P/ 6y) calculated 
for several 1 and &, using formulas (2.13) and 
(2.9,1). We see that, to good accuracy, one can 
use the one-meson 'D phase shift for energies 
Elab < 40 Mev, and the one-meson !F and !G 
phase shifts for Elagb < 150 Mev. The estimates 
of the order of magnitude should also be valid for 
the triplet phase shifts. Hence it follows, that for 
the phase shift analysis of nucleon-nucleon scatter- 
ing for E]jgp < 150 Mev, all phase shifts corre- 
sponding to 1=3 can be taken to be the one-meson 
ones, and only the S, P, and D phase shifts deter- 
mined from experiment. 


3. CONCLUSIONS 


The results we have obtained indicate that al- 
ready for moderate orbital angular momenta the 
nucleon-nucleon elastic scattering phase shifts 
are determined by the one-meson interaction. This 
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circumstance may be of importance in carrying out 
phase shift analyses of nucleon scatterings since 
(as has already been noted??) this makes it un- 
necessary to treat every significant phase shift as 
an arbitrary variable parameter. If for given l 
and E the two-meson amplitude (2.13) appears 
appreciably smaller than the one-meson one (2.9, I), 
then with good justification one can take account of 
the corresponding phase shift with the one-meson 
approximation. The absence of a given angular 
momentum state from the whole analysis of nu- 
cleon-nucleon scattering apparently makes impos- 
sible a unique shift analysis of the experimental 
data. The best available data on p-p scattering 
at an energy of 310 Mev give eight sets of phase 
shifts’ of which only two have phase shifts for 
large 1 agreeing with the one-meson ones. Un- 
doubtedly the use of the one-meson “tail,” within 
the limits indicated in the present paper, should 
facilitate phase shift analyses. 

The results of this paper depend strongly on 
the dispersion relations for momentum transfer 
near 4u?. Although there is no reason to doubt 
the applicability of the dispersion relations under 
these conditions, nevertheless experimental veri- 
fication of the results obtained might shed light 
on the region of applicability of the dispersion 
relations. Since we have considered only the 
singlet scattering, naturally we have not obtained 
the complete matrix (in spin space) of the scat- 
tering operator responsible for the two-meson 
exchange. However, the calculations for the triplet 
state do not introduce any difficulties of principle 
and have been carried out by Grashin and Kob- 
zarev.® 

In all the above discussion, we have been mak- 
ing an expansion in powers of 1/L, retaining only 
the first nonvanishing term, so that the accuracy 
of our results should be of order 1/L. It is not 
difficult to see, however, that the basic formulas 
(2.12, I) and (2.20, I) must hold for appreciably 
weaker restrictions on the value of the orbital 
angular momentum. For these to be applicable 


the inequality 
exp{— ({ + 1/2) €} for 2< 1 


9 xo 
Q, (145 8) 
22) ~ \(4/9)'+1 for £2 91 


ae a0, (a-28) a ; 


must hold, in order to make it possible to neglect 
three-meson states in the sum over intermediate 
states in A,(E, @ ). Under these conditions for- 
mula (2.21,1I) remains. In this case, of course, 
one cannot restrict sane calculation of fop to the 
point w=0 and q? = 4y*, but itis necessary to 
know the meson-nucieon scattering amplitude in 
some limiting region round the point w=0, ¢@ 


AS Di GADANEN 


eterale 


= 4y, Therefore the problem of analytic continu- 
ation of the meson-nucleon scattering amplitude 
becomes much more complicated. If, however, 
such an analytic continuation is feasible, then it 
may be possible to obtain with sufficient accuracy 
an expression for the two-meson nucleon-nucleon 
scattering phase shift for quite small J. It should 
be emphasized that such an extension to small / 
depends fundamentally on Mandelstam’s results,° 
while the results obtained in this paper depend 
essentially only on the following: (1) the nearest 
singular point (apart from the one-meson pole) 
lies at q? = 4y?; (2) near gq? = 4u? there are no 
other singular points [except for q? = 4y?(1+ é/4)]. 

As a result of the strong compensation of the 
leading terms, which we discussed above, errors 
in the determination of L“)(0, 4u2) =a (Sec. 3 
of reference 1) may appreciably change (for 
example by two degrees) the final two-meson 
phase shifts given in the table. However, if the 
ratio 5/5) is, for example, less than 10%, 
these errors do not alter the conclusion that in 
the given case the scattering phase shift is basic- 
ally determined by the one-meson interaction. 

It has proved possible to express the nucleon- 
nucleon scattering, caused by two-meson exchange, 
in terms of the pion-nucleon scattering and, in this 
way, a connection has been established between 
these two distinct processes. This is not acci- 
dental. If it were possible to do the calculation 
for small 7, then the nucleon-nucleon scattering 
would be expressed in terms of the meson-nucleon 
scattering amplitude, the amplitude for the proc- 
ess 7+n—27+n, etc. 

The authors express their gratitude to L. D. 
Landau for numerous discussions, and also to V. B. 
Berestetskii, L. B. Okun’, A. P. Rudik, Ya. A. Smor- 
odinskii, K. A. Ter-Martirosyan, and I. M. Shmush- 
kevitch for a number of useful remarks. 


APPENDIX 
1. Calculation of B,. For calculating the in- 


tegral By, we introduce the auxiliary function 


ie baka 

levee niit=ey)Vi-s* +4 
By (u) = ee Gan a 
0 


a®’= s*+ e(1 —2s*) y+ [1 = scl —s*)]y?.  (A.1) 


The desired integral is equal to the value of this 


function for u=0, which can be written in the 
form 


By (0) =, B, 


(co) — 


° AB, (u) 
\ LN du (A.2) 
0 
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B Sanaa aL 
u(ce) a aoe (A.3) 
OByu) _ 4 
ou oy Vi-—s: 
1/e } 
|e ip ES ae 
ret ote yes (A.4) 


We consider the analytic properties of the func- 
tions (A.2), (A.3), (A.4) of the variable s*. The orig- 
inal integral was analytic in the whole plane with a 
cut from s*=0 to —© (corresponding to g? = 4u, 
t>=1+2¢? ). In the integral (A.3) there appears an 
additional singularity at the point s*=1 (q?=0), 
so that for (A.3) it is necessary to make a second 
cat fronts = "1, to-+0.-(q? <0, t-='1). The in- 

_ tegral (A.4) is analytic as a function of the vari- 
able y1—s? in the right half-plane, and as a 
function of s* in the whole plane with a cut from 
s?=1 to +, since we took V1—s? >0 for 
s* <1. Since for the calculation of the phase shift 
we need to integrate along the cut s* <0 (q? = 4’), 
the contribution of the second term in (A.2) van- 
ishes identically and it need not be taken into ac- 
count. The calculation of the remaining integral 
is elementary. Thus the method we have indicated 
has enabled us to calculate exactly the singular 
part of the original integral (1.11), giving a con- 
tribution to (2.15,1), while “spoiling” the behavior 

of the function in other regions which do not con- 
tribute to the subsequent integration (2.15, I). 

2. Calculation of By. In contrast to the previous 
integral, the integral B,, which corresponds to the 
fourth-order Feynman diagram shown in the figure, 


2 


A b; 
Sees Diagram 
for the 
integral 

2, B 


possesses singularities such that the integrand in 
(1.20) as a function of its parameters is singular 
for any real q’. It follows from this that the real 
axis for the integral By, (2 ), considered formally 
for any complex values of q*, is a singular line. 
However, direct calculation shows that the func- 
tion B, may be analytically continued from the 
physical region to all densities with a cut from 
q= 4u2 to +, which corresponds to the ana- 
lytic continuation used in Sec. 2 of reference (1). 
This will agree with the original Feynman inte- 
gral only in the upper half-plane. To calculate the 
phase shift we need just this function and we will 
not discuss its singularities. 


Of (uy) _ 


To calculate the remaining integral over two 
parameters in (1.24), we introduce the function 


Le 1—sy 


f (u) = \ 


4 E+ 
dy \ dx; tan12— ef 
2 2 


0 
geet A BE Wie Kei ier ee a NDI: 


+ (1 —s?) x*— i0. (A.5) 


The desired integral is equal to the value of f(u) 
for u=0: 
(0) =F (oc) —| au, (A.6) 
0 
Ve I—ey 


f (co) = + \ ay | 
0 


0 


dx ad T 
be 2Vi-s? 
1/e 


x | tin (Rit VI=S(1 —ey)) — In R] dy, 
i 
R?= s*+ © (1 — 2s”) y — [p?/m?+ ©? (1 — s?)] y?— i0, 
2== | —-ey — p*y"/m’?—i0, (A.7) 


1/e 1—ey 
= \ dy \ dx [s*+ ¢ (1 —2s")y 


0 9 


ie. le == Be (1 Wes 5°) )y? 


Ou 


(1s) x7 bye we (A.8) 


The integrand in (A.7) is singular, as before, on 
the whole real axis, so that for the following inte- 
gration over dy it is necessary to take s? real 
and analytically continue the integrated result to 
the unphysical region. The integrand in (A.8) is 
already singular only for s? <0 (q? = 4p”), ive., 
the second term in (A.6) is an analytic function in 
the whole plane with a cut from s?=0 to —o. 
After integrating with respect to x (A.8) takes 
the form 

L/e 


Of (u) at 4 \ 
Ou, Vi-s : 


a? = s*-+ ey (1 — 2s’) 


SSicz eae 
dy tan-t Vi—s? (1 —ey) : 
ag ag 


[Bea pm —e* (1—s*)] 77 2E yu a (A.9), 


From this integral we select the part which is 
singular on the cut, introducing another auxiliary 
parameter in the same way as in (A.1), (A.2): 


Af (u) _ Of (u, 00) Of (u,v) 
i ou —| Ou OU dv, (A.10) 
0 
Af (u, 00) a 
u,oo % Yy 
Ou oyi_s \ at (A.11) 


354 


Je 
Re \ [1 —sy + (B —5) y?-+ 2Eyu + u?+ v? 
0 


Ou Ov 


+2(1 —ey)oV1—s*] dy, u, v>0. (A.12) 
The second term in (A.10) need not be taken into 

account since it is an analytic function for Re s* <1 

(Re q? > 0). In the remaining singular part (A.11) 

there appears an additional singularity at s?=1 

and a second cut from s*=1 to + (q? <0). 

We now insert (A.10) and (A.11) into (A.6) and in- 

tegrate over du. At the upper limit the integral 

diverges, but the dependence on s? disappears, 

so that we need only take account of the lower 

limit. Thus the singular part, contributing to 

(2.15, 1), takes the form 


1/e 


\ In[R2+ Ey] dy, 


0 


=e) a 


TT 
2) Vast 


R2= s+ ey (1 — 2s") + [E*— p?;m?— ©? (1 — s*)] y*— 10. 
(A.13) 
The integral over dy remaining in (A.13) is 
calculated exactly, since integrating by parts and 
removing the irrationality in the denominator of 
the integral leads to the elementary result: 


f (00) = in EES in ee ee In (— Ky) 
fe aoe ee 
xIn (225 a 9) a= seek 
2s In | apa (F,—KF,)(F,+ KF2) | 
Binet as Dials (A.14) 


BP? Vins | FitKFa’ 
Here we introduce 

F,= 2 (2p2/m?+ «(V1 —s? 1 — s*) + K?, 
F,.=0(1+2V1—s%), 
P?= p?/m?+- e? (1 — 2s?), 
K,=[K + e(1 — 2s°)]/2P?, 


K = V 4s*p® m+ &, 
K,= [K —e(1 —2s°)])2P?. 


The root K is defined so that it is positive in the 
physical region withacut running from s?=— ¢?/4 
to —«© [q? = 4y?(1+é?/4)]. The function (A.14) is 
analytic in the whole plane with the indicated cut. 

Leaving only terms singular for s?<1 (q’?>0), 

we obtain 


CS se rar ea 


The other term in (A.13) is calculated similarly: 


[—Ky In (—Ki) + Ka ln Kg]~ “(A-15) 


A.D. GALANINGetsal: 


1/e 


\ dy InfR.+ Ey] =~ [In(V E*— p/m? + B) 


0 


— 1] + in(—K,) 
—*2 in Kz+ Kein (1/e + Ks)— 5? + 5 In (2Es + K) 


Ee (1 —2s?) Pacey 4. KateRs : 
ype eo 25s) oct as In (2P?e) 


— in Q(E+ VE py myiK VE pm 
+ eE (1 —2s*)] + eK (K—®)} 
—®in(2(E— VE pm) [K V Ep nt 
+ eE (1—2s*)] + eK (K +8) 


+ EC in EV B= pm 22 Pee), 
where we have introduced Ww = E? = p*) “Leaving 
out terms nonsingular for s? <1, and also the 
last term, singular for W=0 (which corresponds 
to q? =4m?), and combining with (A.15), we obtain 
finally the singular part of the original integral 
(for 4? <q? < 4m?): 


i at 
+ gprln (2Es + K) — Ze t Koln (225 +674 ek) 


Es(1—2s? 
2W P2 


Mn [2Ws + e(1 —2s2)] 


— in 2(E + VE*—p4m® [KV B= pm 
+ 8E (1 — 2s") + eK (K —e)} 
— Fin (2(E—V EB pm Kk V EB pm 


+ eE (1—2s%)J/4+ eK (K +8). (A.16) 


The singularities of the functions f(s?) and By (s?); 


obtained from f (s?) by the application of some 
differential operator [cf. (1.24)], consist of two 
singular points: the point s* = — Ey 4, which cor- 
responds to the value K=0 [q? = 4u?(14+ é2/4 ie 
For £/4<«1 the second point is found in the 
neighborhood of the first, but for £*—- © it moves 
away to an extremel\ large distance from the first. 
It is evident that terms singular only at the second 
point contribute to the integration (2.15, I) only for 
£/4 S$ 1/L since for them the cut begins for |s |? 
= £?/4 and compared with terms singular at the 
first point they will have, after integration, an ad- 
ditional factor exp(-£?L/4). In view of this, such 
terms in (A.16) can be expanded in powers of £2 
and the leading term in the expansion retained. To 
this accuracy the phase shift will depend on the 
parameter £* exp(—é*L/4), vanishing as ¢? —0 
(high energy) andas £%— (low energy). The © 
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largest error will be in the intermediate region the form Ké*/P”, K(p/m)*/P”. Operating on 
£?/4 = 1/L, where this parameter takes its maxi- (A.17) with the differential operator 2(1/4E) 
mum value 4/2.7L ~1/L. But even in this region [cf. (1.24)], we obtain formula (1.26). 

the expansion in provides just the same accu- . 


racy aS comes from our asymptotic expansion in ‘Galanin, Grashin, Ioffe, and Pomeranchuk, 
1/L. Besides this, it is necessary to consider JETP 37, 1663 (1959), Soviet Phys. JETP 10, 1179 
only the first term of the expansion in powers of . (1960). 

K?, just as we considered only the first term in 2 AUK, Grashin, JETP 36, 1717 (1959), Soviet 
the expansion in powers of s?*. Taking this into Phys. JETP 9, 1223 (1959). 

account we Simplify the last three terms in (A.16), 3 Moravesik, Cziffra, MacGregor, and Stapp, 
after which we obtain, in the nonrelativistic approx- Bull. Am. Phys. Soc. 4, 49 (1959). 

mmation,.for) se |<«< 1, |K]* < €: 4Stapp, Ypsilantis, and Metropolis, Phys. Rev. 


Tw 


Ez : . 105, 302 (1957). 
f = pr {Fn Ws + 2(1 — 2s*)] 


°S. Mandelstam, Phys. Rev. 112, 1344 (1958). 
$4. F. Grashin and I. Yu. Kobzarev, JETP 38, 
863 (1960), Soviet Phys. JETP, in press. 


peaks 4K | ~.ink 
Hob sacar sbraeesh a 


The next correction terms in (A.17) vanish in this Translated by R. F. Peierls 
case, and the largest of the discarded terms takes 99 
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The hyperfine structure of localized electron centers in crystals is evaluated and their elec- 
tron spin resonance is considered, taking the vibrations of the ions (atoms) into account. We 
have obtained the shape of the electron paramagnetic resonance (EPR) lines and its tempera- 


ture dependence. 


NaCl type crystals is considered as an example. 
The determination of the EPR half width makes it possible to evaluate the spin-lattice 
Numerical estimates performed for F -centers lead to agreement between 


ments. 
relaxation time. 
the theoretical results and experiments. 


INTRODUCTION 


lw those papers which are known up to the present 
and which are devoted to the theory of the electron 
paramagnetic resonance (EPR) of localized elec- 
tron centers, it is assumed that the ions were im- 
movably fixed at lattice sites.1~> In a number of 
cases it was possible in this approximation to ex- 
plain the shape of the overall EPR spectrum of 
localized centers.!* The shapes of the separate 
lines, however, were not explained satisfactorily 
in a quantitative way. Attempts to estimate the 
line broadening taking dipole-dipole interactions 
between spatially separated localized centers into 
account led therefore to a discrepancy of one or 
two orders of magnitude between the theoretical 
results and the experiments. In this approxima- 
tion, of course, one cannot consider the tempera- 
ture dependence of either the shapes of the sepa- 
rate lines or the shape of the overall EPR spec- 
trum. 

There are, nevertheless, recent experimental 
evidences of an appreciable temperature depend- 
ence of the EPR spectrum shape.®:? Moreover, 
direct experimental measurements performed 
with F-centers’ show that the spin-lattice inter- 
action is the decisive factor for the shape. 

We shall develop in the present paper a theory 
of EPR of localized centers which will include 
the hyperfine interaction of a localized electron 
with the magnetic moments of the nuclei of the 
vibrating crystal. The latter turns out to be not 
a small perturbation, in contradistinction to the 
situation in investigations in the theory of spin- 


It turns out that they have the Lorentz shape. 


The EPR of F-centers in 
The theoretical results agree with experi- 


lattice relaxation, and will be taken into account 
in the zeroth approximation of the theory. The 
calculations will be performed in the approxima- 
tion of extremely long wavelengths of the lattice 
vibrations which turns out to be justified in the 
case under consideration. 

The theory leads to a Lorentz shape of the sep- 
arate lines and to its correct temperature depend- 
ence. The Lorentz shape agrees also with the re- 
sults of phenomenological investigations. Portis® 
has given a satisfactory explanation of the satura- 
tion effect of the EPR of F-centers assuming 
that the shape of the separate lines is close to the 
Lorentz shape. A similar assumption enabled 
Wolga and Strandberg’ to obtain the correct shape 
of the smoothed out EPR line of F-centers. 


1. THE HAMILTONIAN AND THE ENERGY 
SPECTRUM OF THE SYSTEM 


The Hamiltonian of the system (a localized 
electron interacting with the lattice vibrations, 
with the nuclear magnetic moments, and with the 
external static magnetic field) can be written in 
the form 


fee PV (er) Heinle ue (1) 


where T is the electronic kinetic energy operator, 
v (r, u) the operator of the interaction energy be- 
tween the electron and the lattice, which does not 
take into account the hyperfine interaction (this 
term contains, in particular, also the operator of 
the energy of the electron in the periodic crystal- 
line field); Hint the lattice vibration energy oper- 
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ator, H3 the operator of the energy of the interac- 


tion between the electronic magnetic moment and 


the external static magnetic field Gs 2G Qn the 


operator of hyperfine interaction of es localized 
electron with the magnetic moments of the nuclei 
in the neighborhood, u the displacement vector 
of an arbitrary lattice point, and n the vector de- 
termining the position of a lattice site. 
tonian (1) does not contain spin-orbit interaction 
terms as we shall in the following consider sys- 
tems for which L = 0. 

For small displacements u we can expand the 
operators Vv and Gn in a power series in u and 


restrict ourselves to the linear terms in the expan- 


sion. Equation (1) can then be rewritten as follows 
H=T+V,(r)+u (grad V), + Ayn 
+ Hs+ DiQn+ Dd u(grad Qn)o (2) 
Writing u as an expansion in a complete set of 
functions 


u= > UxyaXx (r), (3a) 
X% (r) = WV 2/13 sin (xr + 2/4) 


and using in (2) dimensionless normal coordinates, 
we get 


A =T 4D, (0) + DByg deg FH DU Ay, (92, — 9? / 092,) 


(3b) 


+ Hs + 3Qn + Di Ate Gua (4) 


where a is the eae: of the branch of the lattice 
vibrations and wyq the frequency of the « -th vi- 
bration of the a -th branch. 

The energy spectrum of the system can be ob- 
tained without writing down explicitly the operator 
coefficients Byq and Aka: The energy of the 
spectrum is determined by minimizing the func- 
tional 


Ja \ WA ¥ de. gg + AS, digg (5) 


The symbolic integration over the spin coordinates 
of the electron Sz and of all the nuclei of the sur- 
roundings of the defect ...,inz,--- 
tion over the spin variables. 

We shall choose the wave function of the system 
in the form 


Y= blr) O(. . . Ae (6) 


Sushi 


Substituting (6) into (5), restricting ourselves to the 


contact terms in the hyperfine interaction operator 
and in the approximation of strong magnetic fields, 
we get 


The Hamil- 


means summa-— 
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— i af VY, afr > Bu. \ O'q.,, @... qd, 


4 z @2 
+> ® 2 Rye (42, — 772 
xa "ya 


+ (4 /S) S2He + DY (Brppn/3SIn) | (C= Re) |? Selne 


\o. shea ms 


+ ALJ O'q..0 mada ae naiea (7) 


nxXa 

where Iyz is the quantum number of the operator 
of the z-component of the spin of the n-th nucleus. 
The bars on top indicate averaging over w(r). 
Without loss of generality it was assumed in (7) 
that the axis of the system coincided with the di- 
rection of the external static field. 

Varying (7) with respect to #* leads to the fol- 
lowing equation for & 


[FD t,, (G2, — 98 /942,) + Di (Bae + 3) Ate) de} 


OD (G5 oe) AD Coi5 Gin ace) (8) 
One can fare eae i in the form 


oe ho, 9, ain} ® = hO, (9) 
=9, ne (10) 
a = (Byak,2) AONes (11) 


Gea => [> (Dikxa) InzSz| | hOxa OS Ss — Ace (12) 


where Kyq is a unit vector with components 
Ryax = Sin 9, COs Pray Ryay = Sin Oy. sin Puas Ryaz = COS O,4, 


with O0xq and @Pxq being polar angles determin- 
ing the direction of the vector Qxq. 
It follows from ‘ that 


ie pa no, ( ct xa (13) 


fea S 


aia ho, ede 


O= I Drx (Gn =~ Vea)? (14) 


where %n,, are aie eigenfunctions of an oscillator 
with its equilibrium position at the point qxq. 
Using (13) and (14) we get for J 


T= PAV, + Sera (Mma + $) + 4/8) 82H: 
4D (Srpten /3SIn) $2 (t = Rn) Seine — $ 2) GrahOva- 
: (15) 


The electron-coordinate part of the wave func- 
tion (6) is determined by minimizing (15) with re- 
spect to ~(r). The evaluation of the ~(Yr) corre- 
sponding to the minimum of J and the substitution 
of that function into (15) determines the energy 
terms of the system. We note in passing that the 
presence in (15) of spin dependent terms can in 
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no way appreciably influence the wave function 
parameters, as these terms are several orders of 
magnitude smaller than all the others. We can 
thus to a high degree of accuracy use for our cal- 
culations the ~-function evaluated without taking 
the “magnetic” terms into account. ~(r) has been 
evaluated in this approximation, for a number of 
localized electron centers (see, for instance, ref- 
erences 10 and 11). 

The frequency of the quantum transition involv- 
ing a change in the electron spin and the emission 
(absorption) of phonons is determined by the ex- 
pression 


AQ = gp Hz + Dy (Sr ppn / 3SIn) d? (t = Rn) Inz 


A Dhiexe (tea —M,,) — Dy WOva Tn, Wy | See (16) 
By comparison with the paramagnetic resonance 
frequency in a crystal with “clamped” ions, (16) 
contains a term (the third one) corresponding to 
the emission (absorption) of phonons accompany- 
ing the electron-spin transition. The fourth term 
determines the constant shift of the EPR frequency 
in a vibrating lattice. This last term must lead to 
an additional change in the g-factor of an electron 
in a crystal. 


2. SHAPE AND TEMPERATURE DEPENDENCE 
OF EPR LINES 


To evaluate the absorption coefficient for lines 
corresponding to the frequencies (16) we can use 
the general expression for the intensity of the ab- 
sorption of electromagnetic radiation by localized 
centers given by Krivoglaz and Pekar’? 


7 =K (2ni)* dz eS hie: exp >; CM tLe 


X [a (ma + 1) 2% + > Mea 2 — tee — FI] - 


2 


(17) 


In the case under consideration dqxq , and Ak» 
are the equilibrium positions of the normal coor- 
dinates in the ground state (as far as the electron 
spin is concerned ) and the excited states. The co- 
efficient K depends in the given case on the ampli- 
tude of the incident radio-frequency field and on 
the temperature determining the difference in 
population of the magnetic levels. If 2u3¢/kT « 1, 
K is inversely proportional to the temperature. 
The integration is over a closed contour encircling 
the point z = 0, 


AW, = > AOx (tia = fee\s 


= [exp (h@,y- / RT) — 1}}. 
It follows from (10) that 


(18) 


(19) 
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Vai Vyo2 = Geer L/, Ge 9 (20) 
wrote Ge 1/2. and dear -1/2 are the values of 
Graton S, =% and Sz =—%. 

It is convenient to go over to new variables 
z=pel? in (17) and to put p =1. Separating 
moreover the real and imaginary parts of Te 
one sees easily that the imaginary part of Te is 
identically equal to zero. Using also the fact that 
the integrand in the expression for the real part 


of Te is even we can rewrite (17) in the form 


Ce KK] =)\dp cos [> > Ia sin xa  — >| 


0 


x exp 1 Gin (ue a oa, [COS Ora P — 1}} : (21) 


Oj = (QR, Marinate ae (22) 
It is appropriate to emphasize once again that 
the summation over a in (21) includes all branches 

of the dispersion. One can, however, show that in 
the case under consideration the optical frequencies 
do not play an important role in (21). To show that, 
we estimate the indices of the exponentials corre- 
sponding to the optical vibrations. We shall re- 
strict ourselves for the sake of simplicity to lat- 
tices containing two ions in the elementary cell. 
One can in that case determine the displacements 


of the positive and negative ions u, and u_ in the 
lattice from the following equations 

M,u, + M_u_=0, (23a) 

(e/ n*Qv) (u, — u_) = P (23b) 


where M, and M_ are the masses of the posi- 

tive and negative ions, Q ) the volume of the ele- 
mentary cell, n the refractive index in the crys- 
tal, and P the vector of the specific inertial po- 

larization of the crystal in the case of extremely 

long wavelengths. It follows from (23) that 


u, =PQon?/e(l1+M,/M); w=—M,u,/M.. (24) 


An expansion of P ina series in terms of a 
complete set of functions x,(r) and the transition 
to dimensionless coordinates using the relations 


q. = V4" / ha,cP,. (25) 
leads to the following expression for u, 
OQ on?M_ 
n+ eC + My eM. + My J Vaan, 2) 


where wy, is the frequency of the limiting optical 
vibrations, c =1/n?-1/e, and € is the dielec- 
tric constant of the crystal 
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We shall assume that the radius of the state of 
the localized electron is not much larger than the 
lattice constant (this occurs in a wide range of 
crystals). In that case only the hyperfine interac- 
tion with the nearest ions in the lattice will play 
an important role. Let these be, for instance, the 
positive ions of the first coordination sphere sur- 
rounding the defect (the estimate is not essen- 
tially altered if we take several coordination 
spheres into account). For our estimate we can 
put 


(grad Q,)o=(8ritun / 38In) (VY")__gy Selnes 


Using (26) we get for qe opt 


Sr pp, Qo? M_ ie 
~~ Bho, ST, (M+ Me ae (Ra (VP pare k- 


(27) 


qT, opt 


The summation is over the positive ions of the 
first coordination sphere. 

A direct numerical estimate of the index of the 
exponent in (21) using (22) and (27) and strongly 
overestimating shows that this index is practically 
equal to zero (10715 — 107!®). A similar estimate 
of the sum in the argument of the cosine in (21) 
leads to the result that here also the role of the 
optical vibrations is insignificant. As we shall 
show directly in the following, the index of the 
exponent in (21) is for the case of the acoustic 

vibrations, generally speaking, not small (of the 
order of unity). The interaction with the long 
wavelength acoustical vibrations turns out to be 
very substantial, which follows both from the ex-!- 
pression for the coupling constant for the spin- 
lattice interaction 


Cre Vit] x09 Dy (grad One kya, (28) 


and from the general physical picture of the phe- 
nomenon.* 

We note that for the optical vibrations the coup- 
ling constant is equal to 

C opt rae eae owes (grad Q,) k. (29) 

For small x, Cyq will thus be appreciably larger 
than Copt. Taking the above remarks into account 
we can with great accuracy in (21) in both sums 
over kx and a retain only the three branches of 
the acoustical vibrations. 

For the actual case of the extremely long wave- 
lengths we can introduce the normal coordinates of 
the acoustical vibrations using the relations 


* One sees easily that for the spin resonance phenomenon 
the long wavelength phonons with frequencies w ~ 2uH/h play 
the most important part. This follows, though, directly from 
the expression given in the following for u,, where the se¢ond 
integral with the limits @,~ 2uH and a, does not play a part. 


tee—age Vi /p@,. (30) 


pos (30) and (12) into consideration we can write 
Gay in the form 


qo, = wx" >) (E*k,,) x, (R,) Sl. (31) 
m ; sane @. Jo : 


We note that (32) is independent of InzSz. — 
It follows from (22) and (31) that 


Chae SOG ia (E"k;.2) ) (E” ‘ky, a) Yu (Rn) Yun (Rn’) | bie bese (33) 


By generously overestimating, we find from a 
numerical estimate similar to (27) but for the 
acoustical vibrations that the sums 


1 ; 
a » Aya SIN Wye 


xa 


ft 
5 Dy na [COS Wye 9 — 1], 
xa 


are appreciably less than unity (of the order of 
10a ). Therefore 


K 


T= ( COS We eXP by Axalya [COS Oxa & — uh - (34) 
i) 


le a 
Replacing the summation over « by an integra- 
tion over k-space we are by a direct integration 
over 0q and gq anda summation over a led 
to the following result 
ra UK If) \de cos (og) exp) M oo Wy O— nye pe 
0 (35) 


M = (622) (2/c, +1 ») 2 ELE) ieelesramn(3e) 
where cy and cy, are the velocities of the longi- 
tudinal and transverse waves. We note that M > 0. 
To obtain (35) we took into account that in the sums 
over x in which the extremely long wavelengths 
play the dominant part, kRy « 7/4 and thus 
sin (KRy + 7/4) © 1/V2. 

For the integration it is convenient to write (35) 
in the form 


SAU Pe) \ de cos (W.% ) exp ut COS @, 9 — 1] mate 
9 0 
C coat ies CAS eee 
de COS (@,.%) ue [coso,e — !] nyx ae 5 
2/01 é 
(37) 


where w, is the frequency within the interval 
(0, wo) which satisfies the condition 


wo, <RT [h. (38) 


We shall show that the first integral in (37) is 
appreciably less than the second one. To do this 
we note that 
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Wo 


\ cos wp — 1 do 
exp(Rw/kT)—1 © 
0 


cannot be positive. Its largest value is equal to 
zero. 


2a 
uy —* \ de COS (We) 
0 
Xo 2/04 
x exp{M { (cos oxp— 1) rota < \ dp = 2/. 
0 0 


We write the second integral in the form 


™ 


Us aes \ dep COS (We ¢) 


14 


cos ap — 1 dw 


C c cos wp — 4 do 
exp M \ exp (hw / kT) —1 =+| exp (ha / kT) —1 al 
0 Oy 


One can show that in the index of the exponent the 
first integral (J,) plays the dominant role. To 
show this we expand n(w) in powers of fiw/kT. 
We can restrict ourselves by virtue of (38) in J; 
to the first term of the expansion. The second in- 
tegral J, is only increased when we replace n(w) 
by kT/hw. Thus 


@19 
Dt = COSOE. | sinx URE 
Jy = [ee \ ee dx] 5 (39a) 
0 
kT [ 1— cos ao 4 — cos 19 
Js S =e ® as 1 
DoF @19 

(39b) 


—* \ Smt d+ \ dx. 
0 0 

wy >1 in the range of values of g (2/4, 7). 

Using the asymptotic expression for the sine in- 

tegral we can write (39) in the form 


Jy = (RT /%) (1 /@, — xp / 2) > — RT xp / 2h, 
Jo < (RT /h) (1 /@) — 1 / @;). 


(40a) 
(40b) 


_ It follows from (40) that J, is larger than the 
right hand side of (40b). Therefore 
c wc kT 
eyes — \ de cos(mep)exp (— a FR Mg) . (41) 
2/a, 


Integrating, we get 


— K exp(—2m/o1) 
™ m2 + wo? 


20, $20, 
Us (m cos —- — @ sin =) , (42) 


m= MkRT«/ 2h. (43) 


Since for the range of frequencies of interest (for 
which Teg is still appreciable) 2we/w, «K 1, we 
find 


(44) 


Comparing (44) and uy < 2/w, it follows that 
in this interval u, > uy. 
Therefore 
wet, (45) 
Tm m24+ w? 


if w, is chosen within the range 
Mm <0 CAT jh. (46) 


Numerical estimates show that m ~ 10° —10" 
sec"!, Therefore (46) is not a strong inequality 
restricting the range of temperatures. For w , 
~ 10°, for instance, T = 0.01°K. 

Equation (45) is a general expression for the 
absorption coefficient at frequency We. It can be 
seen from this expression that the curve has the 
Lorentz shape. The half width of the line 6 is 


determined by the expression 
oO == 2 (47) 


The total intensity of the absorption in the line 
turns out to be equal to 
++oo 
\ tedo, = K. (48) 
It follows from (47) and (43) that the EPR line 
half width increases linearly with temperature. 
The absorption coefficient at the maximum 


Te max = K/ TM, (49) 


is thus 


fi mat eK tm (50) 


3. THE SHAPE OF THE EPR LINES OF 
F -CENTERS 


For the sake of simplicity we restrict ourselves 
to such colored crystals for which the hyperfine in- 
teraction cf the electron with the nuclei of the first 
coordination sphere, for instance with alkali halide 
nuclei of the NaCl type is substantial (the general- 
ization to the case of interactions with several 
coordination spheres does not present any difficul- 
ties in principle). It is well known that there are 
in that case 19 lines corresponding to the different 
values of the z-component of the total spin Iz. The 
intensity of each of the 19 lines is determined by 
the interaction of the electron spin with the lattice 
vibrations without taking the statistical weight of 
the state with a well defined value of I, into ac- 
count. 

The consideration given above shows that the 
line corresponding to one of the possible distribu- 
tions of the values of Inz (for given Iz) is broad-’ 


ELECTRON-SPIN RESONANCE LINES 


ened. The intensity of each of the 19 lines Te is 
thus made up of the intensities of broadened lines 
with a well defined ee of Inz 


See a, (51) 


pny - wo 

where the summation extends over all states with 
different Inz but fixed I,. 

One shows easily, using (51), that the total line 
intensity turns out to be equal to Ko, where o is 
the statistical weight of the state. One sees easily 
that (51) has also the Lorentz shape for we which 
are small or large compared to the mj. The range 
of intermediate values is small so that (51) toa 
good approximation has the Lorentz shape for the 
whole interval over which the frequency varies. 
What has been said above substantiates the assump- 
tion of the phenomenological theory of the satura- 
tion effect of the EPR of F-centers which agrees 
well with experiments, if one assumes that the 
shape of each of the 19 lines is the Lorentz shape® 
in their “tails.” 

To obtain the overall shape of the EPR line of 
F -centers in accordance with experiments it was 
also just assumed?’ that each of the 19 lines had a 
Lorentz shape. It was then again emphasized that 
to obtain the correct shape of the EPR band it is 
sufficient that the Lorentz shape occur in the 
“tails” of the curve. 

The frequency dependence of the absorption co- 
- efficient of the whole EPR band can be written in 


the form 
Kk 
= TR m? ate ae Seer tlk : 
if we use (51), where wy, is the frequency of the 
maximum of each of the 19 lines. 

Equations (51) and (52) enable us to obtain the 
temperature dependence of the band width in the 
frequency range near the maximum. If we «K mj, 
it follows from (51) that 


cee fe Bie opm}. 


We shall as an Bemis determine the line width 
in the neighborhood of the maximum for Teq 

= 1 —@)Tmax where a <1. It follows from (53) 
that the line width is equal to 


(52) 


(53) 


b. = 2[a Dm" | Ym} (54) 
Taking (43) into account we find that 
3a Fes Te (55) 


A similar consideration enables us to obtain the 
temperature dependence of the width of the whole 
EPR band in the neighborhood of the maximum. 
The dependence turns out to be more complicated. 
The band width increases slowly with the DUO 
ture in accordance with the experimental results.® 
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One sees easily that the mj depend on the val- 
ues of the gradient of the wave function of the lo- 
calized electron at different lattice sites. A com- 
parison of the results of the theory developed in 
the foregoing with experiment may thus serve as 
a method to determine the gradient of the wave 
function. This can be especially simply done for 
those crystals in which the localized electron in- 
teracts only with one magnetic moment of the nu- 
clei of the surrounding atoms (such a situation 
occurs, for instance, for F-centers in MgO 
crystals ). 

In conclusion we note that knowing the width of 
the absorption lines enables us to estimate the 
spin-lattice relaxation time t. In the weak coup- 
ling limit (which is valid in the case under con- 
sideration) t is inversely proportional to the 
line width. Preliminary estimates performed 
for F-centers, show that t ~ 107>—107® 
This magnitude agrees well with the correspond- 
ing experimental results (see, for instance, ref- 
erence 8). 
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EXCITATION OF NUCLEAR COLLECTIVE STATES IN CHARGED PARTICLE 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 499-502 (February, 1960) 


The differential excitation cross section of the 4* even-even nucleus collective level in fast 
nucleon small-angle scattering is derived. The cross section is strongly dependent on the 
absolute value and sign of the nuclear shape parameter Q,. 


In the scattering of nucleons on nonspherical nu- 
clei, excitation of the collective states of the nu- 
cleus takes place as a consequence of the process 
of direct interaction of the incident particle with 
the nuclear surface. We shall show that the angu- 
lar distribution of particles scattered elastically 
in these processes is always strongly dependent on 
the nuclear shape parameter aj entering into the 
equation of the surface of the nucleus r(yw) =R 

x [1+Za]P](u)]. For this purpose we shall com- 
pute the excitation cross section of the rotational 
4* level of an even-even nucleus in the scattering 
of fast charged particles by making use of the 
method of diffraction theory.!? 

The excitation of the first rotational level 2* 
has been considered previously.? As before, we 
assume that the energy of the particles exceeds 
the Coulomb barrier (kR > 7 = ZZ’e*/fiv), that 
the adiabatic condition is satisfied (KRAE/E <1), 
and that the nucleus is black. The differential 
scattering cross section with excitation of the ro- 
tational level of an even-even nucleus with moment 
A is given by the equation 


on (8) = Di Yin () (2, ©) Yoo> ?, (1) 


vy 
which is easily generalized to the case of an odd 
nucleus.? 
According to the diffraction-theory method, the 
amplitude is determined by the expression (Z) 
— Co) 
b 2m oe) 
—+\ dp \ pdpeK°'E'y (p, 25) e-‘#, (2) 
0 (9) 
where the angles Q=(86, y’) determine the scat- 
tering direction while the angles w determine the 
direction of the symmetry axis of the nucleus; the 
function p(g) describes the shape of the nuclear 
shadow in the transverse plane; k’ = the wave vec- 
tor of the scattered particle. The wave function 
Wk describes the scattering of charged particles 
on a black nucleus, and has the form! 


FSF) = 
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Vu (pse 2) Se xp {i [ez — (fv) U(p, 2) da ; (3) 


—2, 


in cylindrical coordinates with the polar z axis 
along the wave vector of the incident particles k. 
The quantity U(p, z) represents the energy of 
the electrical interaction of the particle with the 
nucleus. 

If we assume the nucleus to be uniformly 
charged, we then obtain in second approximation 
in the small parameter of nonsphericity aj]: 


Ui(pn2) en 
Zien ae 


7 [+3 Bow (Chro)?] 


z Pa +2 OH pyr (Coys 


r | 


eR ss (Gide (4) 


* QI-+1) 


and similarly for the nuclear shadow function: 


4ra * 
20) 1 + ot Vim (0) Yim (0, @) 
im 


Hh Lo plLm-+m’ 
4 (4%) "aa )C roi oC imi m’ 


oe eee 
2 itmm V Cb ately eleet) 


Va +m’ () 


x[aYinws @] lar Yew es a], (5) 


where oh eng Har 


cients. 

By substituting OS (5) in (2), we can compute 
the amplitude < Yiu (w) £(Q, w) Yo9 > correspond- 
ing to excitation of the rotational state of the nu- 
cleus Y)y(w) in the form of an expansion in pow- 
ers of aj(ajkR? «1). For simplicity, we shall 
assume that the nuclear shape parameter a, « Oy. 
Then the amplitude of the excitation of the state 4* 
of the even-even nucleus in the scattering of 
charged particles has the form (é = a,/ a, 
a=kR9, \=4): 


are the Clebsch-Gordan coeffi- 
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EMOTES (2h + AY ag*h (ERY LY, () F(Q, ©) Yog> 
= 2y (An? — An?) Ju (@) + 4 GBY + AL) Re (Fan — Dy) 
+ PAL Im (Fas — Oy) + 1(GBL + AP + A?) J, @) 


+ Awad, (a) + (BY + AL?) Im (Fa, — De) 


Here AQ), Bi) are numbers representing combi- 
nations of the Clebsch-Gordan coefficients and the 
spherical harmonics, for example, 


4 
AQ) = 75 285, J) CB. an¥am (040) Yom (0,0). 


mm’ 


These equations are given in the table; they differ 


—=7t 4 Re (Fa. — ‘ 
PAu Re (Fan — Day)] (6) from 0 only for even yp and do not depend on the 
sign of wy. 
@. iu pe. | (1) (2) (3) (4) 
Pi es eee eb A A Ata A(s) 
| | 
2 i | ! 
0 0:375 1-0 | —0.514 | ten 0.0257 | 0.0206 0 
2 —0.395 | 0 | 0.407 | —0.102 | —0.0407 | 0 0 
4 Oe Pale EO eo 0.434 .|~ 0/408 -| -0-0861 | 0.246 


The complex functions F,y(a, 7), $)1,(a, 7) 
entering into (6) depend on a and 7. These func- 
tions can be computed from the following formulas: 


—~2(1-4in)91—a-tein b (én + (» — Aj/2 + 1) 
D>, (a = q?—2(14+in)Q1—A+ 217 
Sa ealirala P (Sige eas’ 


aS im (a) 


IG —A)/2+1 
en (in + (p )/2+1) (7) 


Pin + (wp —A)/2 + m4+2)* 


Fy, (a, 7) = > 


m=0 


For »=0, we get the amplitude of inelastic 
scattering of neutrons (A = 4) from Eq. (6): 


Cermee (21 1) (kR) * Ci () f (Q, ©) Yoo> 
= [AM+ A@—- EBM] J, (a) + A@as’ (a). (8) 


In a fashion similar to what was done earlier? 
for the amplitude of excitation of the 2* state, one 
can divide the amplitude of inelastic scattering (6), 
corresponding to excitation of the 4* state, into 
two components: the amplitude of electrical excita- 


FIG. 1. The functions o4(6), o44(6), Jinta(®, oF 
o,4(@), in units of $(kR)*/9k’, describing the acy 
angular distribution of protons with energy DIb 
20 Mev (curve 1) and 30 Mev (curve 2), scattered 
on the Gd?®° nucleus with excitation of its rota- 
tional level 4+. The calculation was made at 

a, =0 and R=1.3 x 107*°A!/3 cm. 

FIG. 2. The function o,{6) in units of 


a$(kR)*/9k?, describing the angular distribution art Onty (9) 
of protons with energies of 20 Mev (a) and 30 90: 
Mev (b), inelastically scattered by the Gd¢{° na- “pit 


cleus. The calculation was made for = %,/0} 
=i]. 


tion E4 and the part of the amplitude connected 
with nuclear interaction. It is not difficult to show 
that the terms in (6) containing the function Pry 
give the amplitude of the Coulomb excitation E4. 
The remaining terms correspond to the nuclear 
part of the scattering amplitude n4. Thus the ex- 
citation cross section of the level 4* can be rep- 
resented in the form of a sum of the Coulomb ex- 
citation cross section and ofy, the nuclear part 
of the cross section Oy, and the interference 
term Ojnta: 


4 (8) = OF, (6) = Sng (6) + Sint, (6). (9) 


The angular distributions of protons and neu- 
trons with energies of 20 and 30 Mev scattered with 
excitation of the state 4* of the nucleus Gdéf° are 


shown in Figs. 1—3. As is seen in Fig. 1, the role 


AC) 
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FIG. 3. Graph of the 
Same quantity as in Fig. 2, 
for the case of inelastic 
a scatterings of neutrons 
(a—20 Mev, b—30 Mev). 
The calculation was made 
for €=0, +1. 


0 2 


3O 40 
b 


of Coulomb excitation E4 is small in small angle 
scattering @< 1, inasmuch as in this region of 

angles, of,(9) is proportional to 64. It should 

be noted that in the excitation of the level 2*, the 
role of Coulomb excitation is quite significant.’ 


DROZDOV 


The form of the angular distribution 0o,(6) for 
neutrons and protons is strongly dependent on the 
absolute value and the sign of the nuclear shape 
parameter (Figs. 2—3); for &é = a, /o8 = 1, 
there is a large maximum in the angular distribu- 
tion, corresponding to forward scattering; for é 
~ 1, this maximum has essentially vanished. 

The author sincerely thanks A. V. Babykin, 

T. V. Novikov, and V. Z. Mel’gunov for the nu- 
merical calculations. 


17,, Landau and E. Lifshitz, Knantopaa MexaHuka 
(Quantum Mechanics ) (Gostekhizdat, 1948, p. 184). 
English translation, Addison Wesley, 1958. 

2.1. Akhiezer and A. G. Sitenko, JETP 82, 

794 (1957), Soviet Phys. JETP 5, 652 (1957). 
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The peculiarities of a “condensed state — plasma” transition in ultra-compressed matter 
are considered, and it is concluded that the cores of dense white dwarfs may be in a con- 
densed state. As a result, the nuclear processes have much lower rates than in a plasma, 
and the possible hydrogen concentration in the matter of white dwarfs may be much higher. 


1. INTRODUCTION 


Ware dwarfs (w.d.), stars of exceedingly high 
density and small radius and luminosity, do not 
lack interest for many branches of physics. The 
exceedingly high density of matter, approaching 
10° g/ em, the presence of relativistic degenerate 
electron gas, the specific features of the nuclear 
processes — this is a far from complete list of 
the distinguishing properties of w.d. (see refer- 
ence 1). 

In the present article we consider the aggre- 
gate state of matter in w.d. One usually assumes 
that it is in a plasma state; accordingly, for ex- 
ample, the speeds of nuclear reactions in w.d. are 
calculated with the aid of relations applicable only 
to ionized gases. 

Such a representation, which is true for a ma- 
jority of stars, necessitates when applied to w.d., 
generally speaking, a review. The point is that 
owing to the high density of the w.d. the Coulomb 
coupling between nuclei may be so rigid, that even 
stellar temperatures (~ 10’ deg) are found to be 
insufficiently high for the “evaporation” of the 
condensate. * 

- A consistent examination of this problem re- 
quires the calculation of thermodynamic potentials 
of the condensed and plasma phases and the deter- 
mination of which is the smaller. It is important 
to emphasize that, for uncompressed matter, even 
a qualitative examination of this problem would be 
very difficult owing to the important role of elec- 
tron shells. The situation is considerably simpli- 
fied, however, at high compressions, correspond- 
ing to a small value of the parameter RZY3/ay 
(see below for notation). We deal essentially with 


*We make no special distinction between the solid and 
liquid state (see, incidentally, Section 2), since for nuclear 
reactions only ‘“‘near order’’ is significant. 
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a practically ideal and homogeneous electron gas, 
which plays the role of a background that compen- 
sates for the positive charge of the nuclei. 

In spite of this simplification, the problem re- 
mains exceedingly complex. We shall therefore 
employ here a simpler and clearer, although 
rougher approach.* There are grounds for assum- 
ing that not far from the phase curve the results 
obtained will be sufficiently reliable. 

The presence of a condensed core in the w.d. 
influences greatly the rate of the nuclear proc- 
esses (p-p reaction) and the chemical composi- 
tion of the w.d. What is radically changed (com- 
pared with the plasma) is the kinetic mechanism 
of the process: the factors that come to the fore- 
front are the height of the barrier, (which causes 
the binding of the particle in the condensate), the 
frequency of particle vibration, etc. 

Wildhack’ and Zel’dovich® have considered the 
reaction in cold crystalline hydrogen, due to the 
tunnel effect. The reaction yield was found to be 
large and incompatible with the small luminosity 
and the long lifetime of the w.d. This conclusion 
becomes even more aggravated at a temperature 
different from 0. Thus, even in a condensed w.d. 
a hydrogen content on the order of several times 
ten percent becomes impossible. ft 

Hydrogen concentrations on the order of sev- 
eral percent (< 103% according to the plasma 
model) are possible, however, if a configuration 
is produced, in which the protons are uniformly 


*This approach is used in the theory of the metallic bond 
to derive the equation of state of matter, etc. 

tWe note that even a few years ago” the question of the 
discrepancy between the values of the hydrogen concentration, 
obtained on the basis of the mass and radius (S0—70%) and on 
the basis of luminosity (<10~*, obtained for Sirius B), was 
quite acute. At the present time, owing to the more precise 
determination of the radius, this question apparently has be- 
come less acute.’ 
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“frozen” in the bulk of heavy nuclei. The reaction 
is then suppressed because the protons must over- 
come not only the mutual repulsion, but also the 
potential barrier produced by the neighboring in- 
active nuclei. We note that the presence of even 
such a relatively small hydrogen concentration 
may be of prime significance for the theory of 
stellar evolution and the theory of novas and super- 
novas (in this connection see reference 4). 

Nuclear reactions are apparently the only fac- 
tor influenced by the presence of condensate. Such 
quantities as the pressure, conductivity, etc are 
determined as before essentially by the electronic 
component.* 

To conclude this section, we give numerical 
values of the parameters of w.d., which will be 
used henceforth. The density p is chosen to be 
108 g/em®. Only indirect data are available on 
the temperature; we assume a probable value of 
10’ deg (see references 1 and 5). Finally, the 
average atomic number Z is taken to be on the 
order of 10 (reference 6). 


2. PHASE TRANSITION IN SUPERDENSE MATTER 


We shall start with a consideration of the con- 
densed phase and find the range of temperatures 
and densities in which it is stable. 

We consider first matter containing nuclei of 
one kind. We separate an isolated neutral spher- 
ical cell with a nucleus at the center. The remain- 
ing matter is ignored in this approach; its influence 
manifests itself only in boundary effects, which pre- 
vent the expansion of the separated cell. 

The cell radius R, which has the significance 
of the average distance between nuclei, is equal to 


R = (3yZM/4r0)" (1) 


where M is the proton mass and 7 is the ratio 
of the atomic weight to Z. 

Introducing the Bohr radii of the electron, ag 
= h*/me’, and of the nucleus Aj = i?/nMZ*e?, we 
have 


R/ay= 3.8-10-°< 1, R/Ap= 1.4-108> 1, (2) 


i.e., the system is dense from the point of view of 
electrons and rarefied from the point of view of 
nuclei. 

An elementary calculation gives the following 
expressions for the potential energy of the nucleus 
in the cell 


*We note that the usual arguments that lead to the equation 
of equilibrium of a w.d. become, strictly speaking, unsuitable 
for w.d. heavier than Sirius B, owing to the Klein paradox. 
This question will be considered separately. 
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where r. is the distance from the center of the cell 
(x < R). The nucleus is thus in an oscillator poten- 
tial well. The corresponding oscillation frequency 
is 

w = (Z?e?/RR)(Ao/R)". (4) 
At 0 temperature the level occupied by the nucleus 
corresponds to an energy (reckoned from the bot- 
tom of the well) 


Eo= © fiw = (32%€%/2R)(Ao/R)"* (5) 


By virtue of (2) this quantity is considerably less 
than the depth of the potential well, which also is 
evidence of the strong bond between the nuclei in 
the cold condensate, and thereby of the stability 
of the latter.* 

As R decreases the value of Ey increases 
more rapidly than U, and at extremely high com- 
pression when R becomes of the order of Ap, 
the nucleus cannot be held by the potential well. 
In spite of the 0 temperature, the condensate is 
destroyed by a process that can be called “cold 
evaporation.” It must be noted, incidentally, that 
electron capture begins long before that and leads 
to a transition of the matter into a neutron state; 
in view of this, the upper part of the figure given 
here is only tentative. 

We now consider the influence of the tempera- 
ture, an effect that reduces to an increase in the 
average energy of the nucleus. The corresponding 
factor for an oscillator is coth(fiw/2kT). Thus, 
the ratio of the nuclear energy to the depth of the 
well is of the form 


E = (A, / R)coth [(Z%e? / 2RRT) (Ay | R)""- (6) 


It plays the role of a criterion of phase transition: 
when <1 and £>1 we deal with condensed 
and plasma states respectively. If € ~ 1, no defi- 
nite conclusions can be made, owing to the inapplic- 
ability of the approach itself. The figure shows the 
approximate course of the curve £ =1. When T 
> Ter ~ 10°Z* deg, the condensed state is alto- 
gether impossible, and when T < Tey the conden- 
sate region is bounded both from below (the usual 
thermal evaporation) and from above (“cold evap- 
oration” ). 

Under the conditions of w.d., Ze?/RkT = 84 
> 1, fiw/2kT =0.11<«1. Hence 


= QRET | Z2e® = 0.024 <1, 


*With this, the amplitude of the zero oscillations of the nu- 
cleus is approximately one order of magnitude less than R (cf. 
the basic premise of the Lindeman melting theory), 
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The latter estimate makes it possible to speak with 
a great degree of confidence on the condensed state 
of the matter in w.d. 


Let us determine the displacement of the nucleus 


during a time t in the diffusion process; accord- 
ing to Seit* 


1 ~ R (wt): exp (— W /2kT). 


The activation energy W cannot be obtained from 
an examination of an isolated cell; therefore the 
estimates given below are quite tentative. 

Putting W ~ Z’e?/R, we find that during the 
entire time of existence of w.d. (~ 10!” sec) the 
nucleus shifts merely by a distance on the order 
R. One can therefore speak of a solid (possibly 
amorphous) state of the matter in w.d. 

Let us make two remarks. We have Seen ear- 
lier that for the condensate to exist the system of 
nuclei must be rarefied [see Eq. (2)]. Under this 
' condition, an important role is played by the inter 
nuclear correlation, which, in the final analysis, 
causes the plasma condensation. A “crystalliza- 
tion” of similar kind of a rarefied degenerate 
electron gas was considered by Wigner.® 

We note furthermore that during the process 
of formation of the w.d. the latent heat of conden- 
sation should be liberated. This source of energy 
can apparently play a noticeable role and should 
be taken into account in the theory of stellar evo- 
lution. 

We proceed to consider a model in which, in 
addition to the heavy component with average 
Z, = 10, there exist also protons. The heavy nu- 
clei, as noted above, form a more or less stable 
skeleton of the system; with this, at least “in the 
small,” one can speak of a crystalline lattice. The 
latter will be considered, for the sake of being 
definite, as face-centered cubic (close packing). 
We shall also assume that one proton belongs to 
each crystalline cell of this lattice. This makes 
the concentration of hydrogen by weight on the 
order of [7 (4Z+1)]7' = 1% (for heavy w.d. the 
volume of condensate is close to the total volume 
of the w.d.). 

Let us separate an individual crystal cell and 


replace it by an equivalent sphere, where the 
charge of the heavy nuclei is uniformly distributed 
over the surface of the sphere. Designating the 
corresponding quantity with a subscript 1, we shall 
have R, =4'/3R. The potential energy of the pro- 
ton in the cell is 


Uy (r) = — (42 + 3) /2R, + (4Z + 1)? / 23, (7) 


whence w, = V2 w. 

We have furthermore £, = [2 x 41/3Z?/(47+3)]é 
= 0.17. Thus, the protons are more weakly bound 
in the condensate than the heavy nuclei; however, 
the character of their motion differs greatly from 
thermal. The protons are displaced relatively 
slowly over the condensate and vibrate with high 
frequency about the equilibrium positions. 

Let us find the diffusion path 1 (see above) 
for protons. Assuming that W is not less than 
the depth of the potential well, and taking accord- 
ingly W ~ 2Z/R,, we obtain 7 ~ 10° cm, which 
is approximately four orders less than the radius 
of the w.d. Thus, (if this estimate is confirmed 
by more accurate calculation), there is no need 
to fear that the greater part of the protons will 
diffuse into the plasma periphery of the w.d., and 
will be taken out of play there by the nuclear reac- 
tion. 


3. RATE OF NUCLEAR REACTION IN WHITE 
DWARFS 


In the introduction we already indicated that, 
other conditions being equal, the rate of the prin- 
cipal reaction for w.d.. p+ p=d+e*+ py in the 
solid phase should be less than in the plasma 
phase. 

We shall estimate now the rate of this reduc- 
tion for the model considered in the end of the last 
section (we shall henceforth drop the subscript 1). 

The rate of reaction in the plasma phase is 


q’~ son’, (8) 


where o” is the reaction cross section (allowing 
for the penetration coefficient) and n is the pro- 
ton concentration. 

In the condensed phase, as can be readily seen, 
the rate of reaction is independent of the rate of 
diffusion of nuclei (the change in the number of 
nuclei which the given nucleus encounters per unit 
time is exactly compensated for by the opposite 
change in the fraction of the time spent near them). 
If w is the frequency of the oscillation (the num- 
ber of approaches of the nucleus to the barrier per 
unit time) then the rate of reaction in the conden- 
sate is 
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q~ b(s/R?) on ~ bowRn’, (9) 


where b =6 is the number of neighboring protons. 
In practice bwR/v =1 and 


dq S/S 


(the velocity v is taken at the saddle point, see 
below). Thus, in spite of the different kinetic 
mechanism, the rates of reaction in the plasma 
and condensed phases differ only in the character - 
istics of the elementary act (more accurately 
speaking, in the penetration factors). 

Let us proteed to calculate the latter. If the in- 
teraction potential between protons has the form 
V(r) =e2y(x)/r, x =r/R, then the usual proce- 
dure (see, for example, reference 1) leads to the 
following expression for the coefficient of penetra- 
tion: 


K (9) ~ exp {— 1 (9 — 7/s X09')/(p — Xo9")'*}- 
The saddle point x») is determined by the equation 
xis= a (p — Xo9’). 


Here tT =3(1e?/4A)kT)/?, @ = (2/1)(Ap/R)'”? 

x (e2/RkT), the functions g and g’ refer to the 
argument xX). For pure Coulomb interaction K(1) 
=eT, Infinding g we shall assume that the pro- 
tons react while in different (neighboring) cells.* 
For plasma one usually assumes the following ex- 
pression for v:! 


V (N=@/r)\(1 — = 1/Rot+ = 79/3) 
V (r) =0 for r> Ro. 


Here Ry = R[n(4Z+1)]"”* is the radius of a 
neutral sphere containing the proton. Thus, allow- 
ance for the screening of the protons by the elec- 
tron gas yields 


for r< Ro, 


jG <a NWied Zou 


wa + — 38Z%x + 4Zx3, 
a Le As 


¢ (x) 0 é 


In the case of a condensate it is necessary to 
add a term that takes into account the proton bond 
in the lattice. Considering that the protons are on 
the average arranged symmetrically with respect 
to the boundary that separates their cells, we ob- 
tain with the aid of (7) 


*The statistical weight of the configuration, in which a 
noticeable number of cells contain two or more protons, is 
negligible. 


Sp = Zx (2 — x)?. 


This term corresponds to the potential well re- 
ferred to in Section 2, and leads to an effective in- 
crease in the repulsion between protons. 

The sought reduction in reaction rate is given 
by the ratio A =K(g+dqy)/K(¢). Numerical 
calculations yield a = 0.0315, Xo = 0.094, and 


A~ 10°. (10) 


Since this quantity has the significance of a ) 
probability of emergence from the potential well | 
and depends relatively little on p, one can assume | 
this estimate to be valid for a greater portion of | 
the core of a dense w.d. The smallness of A is | 
evidence that the factor that limits the hydrogen 
content is not the reaction rate, but the model 
selected by us (see end of Sec. 2). Models with 
greater hydrogen contents require a special in- 
vestigation; in any case, a concentration on the 
order of several percent is quite possible. 
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If equilibrium does not set in during a collision, one can employ the statistical theory for es- 


timating the mean values of the squares of the matrix elements. 


In this case, one can hope to 


obtain satisfactory agreement with experiments for the multiplicity, charge state, and momen- 
tum distributions irrespective of the charge of the particle. 


iy In the work of Witten and Block the energy 
spectra of m*- and m -mesons were given for 

the reaction 7™+p—-n+7 +7* at an energy of 
1.8 Bev. Corresponding calculations carried out 
by Maksimenko? according to statistical theory, 
with account of isobaric states, did not give agree- 


ment for these spectra which were considered sepa- 


rately for each sign of the charge of the pions. 
However, the total spectrum of the charged mesons 
agrees satisfactorily with the calculation.’ Better 
agreement of the results of the statistical theory 
with experimental data on multiplicity, total spec- 
trum and distribution over charge states (see ref- 
erences 2 — 4) leads to the thought that the circum- 
stance just mentioned is not accidental. 

Let us consider in detail the reaction 7m +p 
—n+7+7*.2 By first using only isotopic invari- 
ance, we find the general expression for the ma- 
trix element and investigate its perturbation sym- 
metry. We shall use the method of Belinfante.° 
We denote by f(1, 2, 3) =f(pj, Do, p3) the part 
of the wave function of the system na*n which 
is independent of the isotopic variables. We shall 
assume that variables 1 and 2 refer to mesons, 
while the variable 3 refers to the nucleon. As usual 
we denote the isotopic function of the proton by 
[%, 3]3, and that of the neutron by [3, -—z]3- The 
analogous functions for the m*-meson will be 
[1,1], or [1,1]), depending on whether it re- 
fers to the first or second meson (i.e., it refers 
to a particle whose momentum is denoted by p, 
or p.). The total wave function of the system 
nt*n is obtained by symmetrization of the func- 
tion f(1, 2, 3)[4, —~a]}g{1,.1],[1, —1], over the 
momentum and isotopic variables of the mesons: 


Wi= Voy = V2 (1, 2, 3) ThE —Me 
+ £21, 3)0,1bt1 Na — 4]s (1) 
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Expanding the isotopic functions in definite total 
isotopic spins, we transform Eq. (1) to the form 


Teoma labile $— tla V ele Feed 
— fofV 212 FeV ELE Fane) 
+fV+[+.— = 

f= V EF (1, 2, 3) + F (2, 1, 3)}, 

fa= V+ EF (1, 2, 3) —F (2, 1, 3)3 


(see the similar calculations of Belinfante®). If 
now for simplicity we limit ourselves to a definite 
total spin, for example T = 4%, then 


Mny-=VW+ Ma + VEM,, 


[Mny— [= 2 | Mal?+ +| M+ V2 Re MoM? (2) 


If summation is carried out over the isotopic 
variables of the mesons, then the term Re MaMé 
drops out, since it is antisymmetric relative toa 
permutation of the isotopic variables of the mes- 
ons. Summation shows that we are interested in 
the momentum distribution irrespective of the sign 
of the charge of the mesons. We now make use of 
the assumption 


y} | Ma|?= MI Ms P= 


It then follows from Eq. (2) that 
DIM P= 52. 


Thus even if Re MaMé #0, the statistical theory 
can give the correct results relative to the total 
energy spectrum. 

2. We now consider the annihilation processes 


Atporttatte, a4 port aot 20, 
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We symmetrize the function ¢ (1, 2, 3)[1, 1]; 
x [1, 1],{1, —1]3 in similar fashion: 


bare es {o (1 
+¢@(l, 3, 2)(1,1J2 (1, 0)sl1,— 1]. 
+ ¢(2, 3, iL, Usbls Ua} - (3) 
Since the mesons 1 and 2 areidentical, we canassume 
(be 2 oO) =e 2, leo) 


Waf1,1ot1,— 1s 


Expansion of the isotopic functions entering 
into Eq. (3) in terms of functions with a definite 
total isotopic spin T is given inthe table. For 
example, according to the table we have 


=Vi% 2V €2) V te 


The Young diagrams® corresponding to irreducible 
representations are shown in the drawing. The 
diagram a corresponds to the functions ey and 


a 


e3, the diagram b tothe functions e;, ej, e, 
and ej. The quantity e) =[1,1] is the isotopic 
function of three mesons forming a system with 
a total isotopic spin T=1. The Young diagram 
in the figures shows that in a permutation of the 
isotopic variables of the mesons 1, 2, 3, the func- 
tion e) is transformed into itself.’ Similarly, 
e€, = [2,1] is the isotopic function with T = 2, 
T3 =1. In the permutation of the isotopic vari- 
ables, e, and ej are transformed into linear 
combinations of themselves without involving the 
other e. All of the e functions are orthogonal. 

By making use of the table, we transform Eq. 
(3) to the form 


-=Vse0+ViGat se) 

+V Fe +96) +V Eee 
g=V il, 2,3) +4, 3, 9 +9(2 3D), 
a =V + (1, 2, 3) — 29(1, 3, 2)+ (2, 3, 1)}, 


&%=VE GUL 2 3)—¢ (2, 3, 1). (4) 


We immediately note the structure of Eq. (4). 
Each term of it represents the product of a mo- 
mentum part by an isotopic part. The factors in 
the product have the same permutation symmetry, 
as follows from the table and the form of the func- 
tions Ys, 94, and gj in (4). This property is 
preserved even for systems with an arbitrary 
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en ey e eg e Qn \ 
| _——— 
ioe 2) ee 
4s noe 22 OR | 
Cale 2 4.) 4 /) ate Garena 
ORC 2 ns eee 
13524 et eer Rie 
DS 1 aa i it A ie ptt a 
Square of the nor-| 1 1) | ee Use Tee ore nee 
malizing factor 15 12 12 | 12 12 1b 
if al 1 i 2 2. 3 


number of mesons, as will be shown somewhat 
later. In this case it is essential that the isotopic 
functions are orthonormalized (see reference 7), 
while the functions e are not orthonormalized. 
In the language of group theory, this means that the 
product ge contains only a single representation 
of the product of two groups of permutations when 
the permutation symmetry of g and e is iden- 
tical. 

Returning now to Eq. (4), we have the matrix 
element corresponding to it: 


BUA (i Fea oly } 


M = <M, 


pais 


Once again it is easy to see that the sum over the 
isotopic variables is equal to 


DI (M,,_|?= 


By making further use of the assumption of Fermi, 
we obtain. 


ig | Mol?-+ > (1Mi}?+ |M)?) 


SIM,,_P== 08. 


In this formula the identity of the two 7* mesons 
is also taken into account. 
Similarly one can find 


> 1M,,o0/?= + Q3 


Unfortunately, such a complete cancellation of the 
term M,Mf (i =k) does not always take place. 
For example, it is not difficult to prove that 


pees Y= Wee $s €o + Ve (¢1@1+ 7,e,) 
a (F1€2 + $18) + V+ 225}[5 5 +]. 


It can also be demonstrated that 


Mn+——= V & Mo-+V 4 (My + M1) —V 2 (M+ M). 
After summation over the isotopic variables, the 
terms Re M,Mj} and Re M{M}* do not generally 
vanish. The fact that the results of the calculation 
by means of statistical theory with account of iso- 
baric states agree with experiment points to the 
fact that the remaining cross terms are small. 
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8. In the case of a system consisting only of 
mesons and having a definite total spin T, all of 
the cross terms cancel each other identically upon 
summation over the isotopic variables. This can 
be established in the following way. The total wave 
function of the final state in which we are interested 
is obtained by symmetrization of the functions 
SOR me S70 nl Pc 


ae Gh Sains litem ten), (5) 


ec is the normalizing coefficient and [...j...] 
is the isotopic function of the system obtained 
from the initial [1, 2,...n] as the result of the 
j-th permutation (compare the obtaining of Eq. 
(3) for the system m*m*nz, where [1, 2, 3] 
aid, t,11, 1]5{15—1)3): 

We further represent [...j...] in the form 


ike) Bad NET (6) 


where the ej are orthonormalized functions form- 
ing the bases of an irreducible representation of 
the permutation group (so that summation over i 
is a Summation over types of irreducible repre- 
sentations and over the numbers of basic functions 
of the representation of the given type); for the 
particular n=3, and total charge 1, see the 
table. Hence, 


Ue cf (. eae j 2% .) Azjlzs= CHiej. (7) 


It is important that yj = ajjf(...j...) have ex- 
actly the same permutation structure as ej, if all 
the ej are orthonormal. Actually, 


CC Ae fa) a OC oes ug ore) ee 8 (8) 


The terms [...j...]’ etc refer to other charge 
states with the same total charge as [...j...]; 
Cjj are determined by the type of permutation 
symmetry; b, b’ etc (actually these are the 
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Clebsch-Gordan coefficients ) depend on what total 
spin T corresponds to ej. Since ejek = djk, then 
it follows from (6) and (8) that Cjj = ajj- In this 
connection the cross terms Re M,Mjf (i =k) van- 
ish in the square of the matrix element upon sum- 
mation over the isotopic variable because, for 

i =k, there is no unique representation® in the 
product M;Mg. 

In conclusion, I express my gratitude to I. L. 
Rozental’ and V. M. Maksimenko for interested 
discussions, and also thank F. Cerulus and R. 
Hagedorn for supplying preprints of their work. 
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General formulas have been obtained for radiative corrections to photoproduction and single 
photon annihilation of electron-positron pairs. Some limiting cases are considered. 


Ie An expression for radiative corrections to the 
differential cross section of pair production by a 
photon in a Coulomb field (photoproduction) can 
be obtained from the general formula for correc- 
tions to bremsstrahlung,'»? by making use of the 
well-known ‘substitution rule” (see, for example, 
reference 3, p.162) which reduces in the given 
case to the substitution 


P2— P_, k——k, (1) 


Pigs = Pes 


where p, = (py, i€y), Po = (Po, i€g) and k =(k, iw) 
are the initial and final momenta of the electron and 
the momentum of the photon in the bremsstrahlung; 
Pi = (p,, ie,), p_=(p_, ie_) and k=(k, iw) are 
the momenta of the positron, electron, and photon 
in photoproduction. 

In addition to the substitution (1), it is necessary 
to take the following into account. The expression 
for the radiative corrections to the bremsstrahlung 
contains the parameter y, which is determined by 
the equation 


(2) 


4sinh*y=p—x—t 


and, in particular, the transcendental function 


y 
h(y)=y" ( ucoth udu. 


0 


(3) 


A similar parameter will enter into the correction 
for photoproduction. In the case of bremsstrahlung, 
y is real, since 


(4) 


For photoproduction we have, with account of (1), 


(9) 


This means that y becomes complex, and the in- 
tegration in (3) is carried out in the complex plane. 

In the case of photoproduction, we define a new 
parameter z by the relation 


p—x—t= 2 (£12 — pipe) — 2 > 0. 


p—x—t=—2(e,e_—p,p.)—2<—4. 
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y=2z—in/2. (6) 


On the basis of (2), we obtain 


4cosh?z=x+t—p>4, (7) 
i.e., z is real. 

Carrying out the integration in (3) over the ap- 
propriate path (in this connection, see the paper 
by Harris and Brown‘) and taking it into account 
that only the real parts of the corresponding func- 
tions enter into the cross section, we obtain as a 
result the following substitution rule: 

Zz 
yh(y) > zg (z)= { utanh udu, 


0 
22 


2yh (2y) > 2zh (22) — 22/2 = \ ucothudu — x?/2, 
0 


x 


(ytxh(ytx)e(Ztx) g(2tx)= | u tanhudu. (8) 


As a result of the changes, which are connected 
with (i), (6) and (8), the following result is obtained 
for the cross section of photoproduction:* 


ds = doy [1 — (e/2r)*Sp], (9) 


where doy is given by the Bethe-Heitler formula®»® 
and 


8a = 2W (x) + [U (x, t, p; —e,, &) 


+U(z, x, p; &, —2,)1/Ub, (10) 
W (x) = (1 — x coth x) (1 os = coth*x) = , 
4 sinh? 1— 0, (11) 


*We shall use units in which c =i = m = 1, e?/47 = 
V/A1373 
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2U (x, t, 9; —e,, ©)=—T? 2z/sinh 2z 

+ Up {2 (1 — 22 coth 2z) Ink 

+ 4z coth 2z [h (2z) — g (z) — n?/4z] + 2—ztanhz 

+ (4+ p) 2/sinh 2z + 21M} + (— U, — 8, 0/dx 

+ S;0/dx +- S,0/du + S70/d¢) J (u?) + (S,0/dx 

+ Se 0/Oa +- Sy 0/0p) di (u) + (Uy +- Sy 0/0x + Sp 0/0u 

a So 0/O¢) df (uw?V) ot (Si == S44 0/Ox. 

+ SLs 0? Ox") a (isu) + (Si — Si x 0/Ox 

+ 1/.S8y5»? 0?/Ox?) J (isuv,)- (12) 
The expressions J(...) appearing here are ex- 
pressed by Eqs. (A5) and (37)—(40) of reference 1, 
with the substitution y coth y —z tanh z, and 


L=2(2—x°— =) ial oC Ss by a CE 


M = 2sinh“12z {z Inx + zg (z) — (z+ x)g (z+) 


—(2'— x) g(z— x)}, 


1 
= dv {+(1— v) up 
N=\ See | xU 


oy 


0 
1 
F (x)= jae dv (13) 


with the new values of the parameters: 
PANS. 
x = 20 (e_—p_cos8_), 6 =kp_, 
<= 20 (e,—p,cos6,), 6, =kp,, 


(y=). AP Be, 
= 2 4, x + 2 (2,2 —p,p_cos 9), 


4==x-+T, 


SN 
§=p,p., p=|pI, (14) 
Uy, T? and S; are obtained from the correspond- 
ing expressions in the case of bremsstrahlung 
[Eqs. (14) and (41) of reference 1] by direct sub- 
stitution of (1). 
It is necessary to add the cross section of pair 


photoproduction, which is accompanied by radiation 
of a soft photon, to the cross section (9); the energy 


of this photon does not exceed a certain AE <m, 

which is determined by the accuracy of the meas- 
urements. This cross section, integrated over the 
momentum of the soft photon, is equal to? 


“f dop = doy (e/2r)*8p, (15) 
=e Os PY = 2(1-2zcoth22)la* 
a : [= 1 os _ nie —Y(z, e,, ¢_)cosh2z], 
aie cies p_/e_, 
Y(z, &,&)= \car oe etfs |, 
=I 


uv 


In the total cross section, which has the form 


do = do, {1 — (e/2r)? (5x — 8p)}, (17) 


p2 = s2 --- v*sinh® z —cosh’*z. 


the term containing the “mass” of the photon A 
disappears. 

2. From the principle of detailed balance, it is 
easy to obtain the result that the radiative correc- 
tions to the single photon pair annihilation in a 
Coulomb field are described by the same expres- 
sions as the corrections to the photoproduction, if 
we mean by p,, p_, k the momenta of the anni- 
hilating pair and the radiated photon. 

3. Let us consider some limiting cases of radi- 
ative correction to photoproduction: 

1) Photoproduction at threshold (p,, p. « 1) 


e cos 8 — cos 9, cos 6_ 


5 Bh ieie 
I Lanai site Barr ge ae Lee at Oe p_), 
Pe a eae (18) 

ép = O(P,, ‘alas 

65 43 5 = 
Cees er = F (3) 1 A4 el 

Soy 2 (ey 2 ey 
p38 Se Pe) A222) ing 


—In?(1-+V2) =—1, 0; 
Sl lt appaeite ioe yes eS | em 
| =F (3k) 2s (19) 


The first term in (18), which diverges as the rela- 
tive velocity approaches zero, arises as a result 
of the fact that account of the interaction of the 
produced electron and positron is carried out auto- 
matically in radiative corrections in the first Born 
approximation. Fer a more detailed discussion, 
see reference 4. 

2) Relativistic case of equal energies ( €, = €_ 
>> 1) at small angles (6%, 62, 62 «1/e?). In this 
case, the momentum transferred to the external 
field is small (p <1). 


bea — de GA +O), (20) 
8p = O (276? Ins). (21) 


The small invariant quantity 2z in the center-of- 
mass system of the pair has the meaning of rela- 
tive velocity of the electron and positron. The 
term —7°/2z is completely analogous to the first 
term of Eq. (18) in the threshold case. 

3) Ultrarelativistic case. Assuming the angles 
to be sufficiently large, we write 


In(@—o), Vinx, Ina, InpSa; 
However, 
a—Pp a—Pp p ups Ae 
In 15 in Ins= In - ihe 


It is not difficult to prove that in this case 6R 
and dp can be obtained directly from the asym- 


374 
ptotic expressions (5) and (6) of reference 2* by 
the substitution 

y= + In (p—a) 2 = In (w—p), &—2,, 23> 8 
The equations thus obtained can be written in the 


form: 
dp = 2(1—In2p,p_) Ind 


1 1183 
+ In 2p,p_(— In2p,p.—) + 0(1), (22) 
dp = (1 — In 2p,p_) (2 Ind + Infe,<_/(AE)?*)) 
+ — In? 2p.p_ + O(1),.% | P.Pa= %22— Pps - (23) 


In the limiting case under consideration, the 
radiative corrections to photoproduction were cal- 
culated earlier by Drell et al.’ Our result (22) co- 
incides with their formula (27), while (23) differs 
somewhat from their Eq. (28) which is brought 
about by a different determination of AE in the 
reference mentioned.'T 


*We note that an error in sign occurred in (5) of reference 2 
and in (56) of reference 1 in front of the term 4x/3. 

tWe note that the expression obtained in reference 8 for 
the ultrarelativistic case of radiative corrections to the brems- 
strahlung does not coincide with the corresponding formula (5) 
of reference 2 [or (56) of reference 1] and, consequently, does 
not agree (for corresponding substitution of parameters) with 
the result (27) of reference 7. 
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4. Analogous limiting cases for single photon 
pair annihilation are described by the same equa- 
tions (18) — (23) with corresponding change in the 
meaning of the parameters. 

The authors are grateful to Professor A. I. 
Akhiezer for advice and discussion. 
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The formalism of the S -matrix for interacting electromagnetic field and half- -spin particle 
field is considered. Particle field quantization is carried out according to a scheme sug- Ey, 


A 


gested in the works of Green! and the author.” It is shown that the basic concepts of the con- 
ventional theory of S-matrices (N-product, Wick’s theorem, Feynman graphs) allow a 
simple generalization within the framework of the quantization scheme considered. 


l. The customary methods of quantization of wave 
fields use as commutation relations commutators 
or anticommutators based on a choice of completely 
symmetric or completely antisymmetric wave func- 
tions in the configuration space of many identical 
particles. The confinement to symmetric or anti- 
symmetric wave functions corresponds to the ex- 
perimental data known at present as regards the 
statistics of elementary particles, but is evidently 
not rigorously established from the theoretical 
point of view. The problem as to why other possi- 
bilities are not realized in nature, “equally valid 
in the sense of the correspondence principle,” in 
which “lies the essence of this limited choice of 
nature” (Pauli*), has been discussed in lively 
fashion in the literature in the period of the devel- 
opment of quantum mechanics (see, for example, 
reference 3). 

With the development of methods of quantum 
theory, great progress has been achieved in the 
understanding of the connection of symmetric and 
antisymmetric wave functions with the value of the 
spin of particles‘ and with the TCP invariance.*»® 
However, consideration of the problems mentioned 
has always been carried out within the framework 
of the following alternative: either symmetric or 
antisymmetric wave functions; all other possibili- 
ties have been entirely neglected. 

In this connection it is of interest to attempt to 
formulate this old: problem, which arises in non- 
relativistic quantum mechanics, in terms of the 
theory of wave fields. 

The generalization of the existing methods of 
quantum field theory, which takes into considera- 
tion the presence not only of symmetric and anti- 
symmetric wave functions, but which is also com- 
patible with the fundamental premises of relativ- 
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istic quantum theory, was carried out in the work 
of Green! and later in a research of the author.’* 

In references 1 and 2, however, questions con- 
nected with interaction were not considered. At 
the same time the possibility was not excluded 
that precisely the interaction between fields could 
be decisive for explanation of the separation of the 
existing methods of quantization.T 

In the present article we consider the formal- 
ism of the scattering matrix (S-matrix) for in- 
teracting electromagnetic field and the field of 
half-spin charged particles. Quantization of the 
field of the particles is carried out on the basis 
of transformed commutation relations [see below, 
Eq. (3)]. It is shown that, in spite of the change of 
the quantization rules, there exists a unique pro- 
cedure of expansion of the S -matrix in a series 
of normal derivatives (analogous to the usual tech- 
nique of Wick®), which makes it possible to isolate 
the vacuum effects in the S-matrix. The results 
obtained without any essential change are applicable 
also to other local variants of interacting fields. 

2. The scattering matrix for the case under 
consideration has the form 

S =T (exp (—i\ A (x) dtx)), (1) 

where H(x) is the Hamiltonian density in the in-- 
teraction representation 


(2) 


~~ *The work of Green was not known to the author during 
preparation of reference 2 for publication. 

+The possible connection of the symmetry of a wave func- 
tion with a definite type of interaction in nonrelativistic 
quantum mechanics has been investigated by Yaffe.’ 
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y(x) and p(x) =¥*(x)y, are the field operators 
of particles satisfying the Dirac equation without 
ener actien. in the commutation representation* 
ba (x) be (x") by (X”) + dy (¥") dp (%’) ba (x) = 0 
the (3) bp (X”) dy (x") + py (x") bp (*") ba (2) 
= — iSap (x — x’) by (") — iSyp (x" — x’) ba (X), 

a (x) Gp (X") dy (X") + dy (”) bo (%') $a (2) 

SiS eg (X)- (3) 
Ay (x) are the operators of the electromagnetic 
field, which satisfy the usual rules of commutation. 

Thanks to the commutability of the operators 
H(x) and H(x’), the T-product in Eq. (1) out- 
side the light cone is determined in a unique, rela- 
tivistically-invariant fashion. 

The operators of the electromagnetic field and 
the field of particles commute with one another; 
therefore the T-product in Eq. (1) can be repre- 
sented in the form of the products of two independ- 
ent T-products, one of which contains only the 
field operators of the particles, while the other 
contains only the operators of the electromagnetic 
field. The latter of these T-products will not be 
considered, since it has the same form as in or- 
dinary theory. 

The absence in the quantization method under 
consideration of simple commutation rules be- 
tween the two operators makes difficult the sepa- 
ration of the vacuum effects in the T -product, 
which depend on the field operators of the particles, 
and requires a generalization of the concept of nor- 
mal product. 

In order to make clear the idea of such a gen- 
eralization, let us look first at the simplest case, 
in which there are two operators: a, is the de- 
struction of a particle in the state k and aj that 
of the creation of a particle in the state J [or, 
similarly the operators b;, (bj) of destruction 
(creation) of antiparticles ]. 

The fundamental properties of these vectors are 
defined by the relations (9), (13), and (14) of I. 

Let us determine the normal product N (aj a ) 
of the operators aj and a, by the direct action 
of the N-product on the arbitrary basis vector:f 
N (ata,) atayt...at@Dy = dgatay...ar®o 

+ 8p.atay .. AD. +... +8 pnatay...at®o 


= » Spi ar hale ay Of at + .atDo, (4) 


~ *We use the notation of reference 2, which is cited below 
as I. 

tIn Eq. (4) [and in the subsequent formula (6)] the opera- 
tors ‘b* (or a‘) which can enter into the determination of the 
basis vector are omitted. Such operators, if there are any, do 
not affect the action of the N-products considered in (4) and 


(6), and without change in their position go over into the right- 
hand parts of the corresponding equations. 
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where 4, is the vector of the vacuum state for 
noninteracting fields and the indices 1, 2,...n 
determine the state of the particle. 

As is seen directly from the definition (4), the 
N -product in the first place preserves the sym- 
metry of the wave function, which is important in 
the establishment of the connection with nonrela- 
tivistic theory, and, in the second place, does not 
contain the vacuum effects, which are connected 
with the possibility of the destruction by the op- 
erator a, of a particle previously created by 
the operator aj. 

We note that in the quantization with anticom- 
mutators, the determination just considered of the 
normal derivative coincides with the usual one. 

Making use of the commutation relations for 
the operators a and a* (9,1), it is easy to find 
an explicit expression for the normal product 
N (ajay) in terms of the operators aj and ay: 


N (apap) = at ap — apat — dip. (5) 


The normal product of the operators b; and 
bz is determined in similar fashion: 


N (bybt) btbs .. b+ Py = — Dy by bf ...O¢ bt OH ...b+Do, 
i (6) 
where 
N (b:b+) = bb¢ — bt b; + Bar. (7) 


For the case of two particle and antiparticle 
creation operators, and correspondingly for two 
destruction operators, we determine the normal 
product with the aid of the following relations: 


N (atbf) = aby — btat, (8) 
N (b, az) a bap — Apb;. (9) 


The relations (5), (7) — (9) make it possible to 
write down the current operator in the form of a 
normal product. Actually, if the wave functions 
of the particle and antiparticle in the state k are 
connected by the relation v; = Cu,, where C is 
the charge-conjugation matrix, u, and Vk are 
the coefficients in the expansion (7, I), then 
UkYpUk - VkYpVk, as a consequence of which, 


ielb(x), ‘tub (x)] = ieN [ (x) yup (*)I- (10) 


In the general case, the N-product depends on 
an arbitrary number of pairs of operators* and is 
determined by the following relations: 


*We limit ourselves here to a consideration of the N- 


products only of an even number of field operators of the par- - 
ticles. Such a limitation is not essential in what follows, 
since an even number of particle field operators always enters 
into the S-matrix and into all observable physical quantities. 
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N (GF as)... 5 GOL; 6.3 Oye ges. bynbx ...) 


= N (afby)...N (atay;...) N (bynbt, 


Bis ee) N (Oy Ayr). 
(11) 
The order of arrangement of pairs of operators 
under the sign of the N -product in this formula is 
arbitrary. 
The normal products N(aja);...) and 
N (byb3;...) in Eq. (11) depend only on pairs of 
operators of the form a*a and bb*, respectively. 
The N -products of such a type are determined, 
similarly to (4) and (6), by the action of these 
products on the basis vectors: 


N Cage aarp; .. .)atay. SGTOo = 
= 3, bu ee -.af ataf ...at atat ...atDy, 
PTA) 
N (i$; Ob; ..-)OtOF ...0FDy = (—1)P—— DD) Bs Sexy 
, Pe eked) 
re ie mn Ot bee. bE Dy, (13) 


summation in (12) and (13) is carried out over all 
non-coinciding indices; P is the number of pairs 
of operators of the form bb* (see the last foot- 
note but one). 

Equations (8), (9), and (11) — (13) determine the 
N -product for an arbitrary even number of oper- 
ators and make it possible to represent any prod- 
uct of N-products (including the T-product) in 
the form of a sum of normal products. 

As an example, let us consider the product 
N[D(1)¥(2)) N[P(3)% (4)] (the numbers 1, 2, 
3, 4 indicate the dependence of the operators on 
the coordinates and spinor indices). Making use 
of the commutation relations for the operators a, 
a*, b and b* [Eqs. (3) and (9,I)] and the determi- 
nation of the normal products, we obtain 


N ($(1) 6 (2)) N ($(3) 6 (4)) = N ($(1) (2); $(3) 8 (4)) 
— iS* (2, 3) N (8 (1) $(4)) +éS> (4, 1) N ($(3) $2) 
$299.9(948).57 (4, 1); (14) 


where S* and S~ are the usual (+)- and (—)- 
fold commutation functions: 


— aap (3 — 1) \ 8 (p? + m?) eP*d*p, 


Po >O 


Ss (0) = 


Sx) = gin(tge—m) | B+ mrerrrdtp. (15) 
Po<0 
A similar formula holds for the T -product 
TIN(S GAY) N ($2) 9 2M=N GA) 90% APCD) 
+ S*(1’, 2) N (P(1)$(2)) + S* 2’, 1) N(¥2) 901) 
Be Set D)se (2 eal), (16) 


where 
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1 
maiee! ) Pou 8h: t= 0 Oi) 


The prime indicates the possible difference of 
spinor indices in the corresponding operators. 

In the general case of a T-product from an 
arbitrary number of N -products, the following 
rule holds, similar to the rule of Wick in the or- 
dinary quantization theory. 

In order to expand a T-product of the form 

TIN (YI) PLY) (¥ (2) $ (2)... NM ($ (0) 9 (0) 
in a sum of normal products, it is necessary to 
consider all possible couplings of operators yf (a’) 
and ~(b), which do not enter into the composition 
of one and the same normal product, and to substi- 
tute these couplings in the functions S¥ (a’, b). 

As a result of the superposition of the couplings, 
all the N-products located under the sign of the 

T -product are united in groups which are uncoupled 
among themselves, and which either contain no op- 
erators (closed loops) or contain two operators 
~(a) and w~(b’) (open lines). In the latter case, 
it is necessary to join the two disconnected oper- 
ators in a pair and to put under the sign N- 
products oftheform N (% (a) ~(b’)...). In the 
presence of closed loops, each of them must be 
multiplied by an additional factor of 2.* 

We note that the rule formulated above has the 
usual graphical interpretation in terms of a Feyn- 
man diagram. 

3. The relations considered in the preceding 
section make it possible to investigate in a simple 
fashion the matrix element of the scattering ma- 
trix corresponding to some particular process. 

As an illustration, we consider the process of 
scattering of two particles. 

In order to determine completely the state of 
the two particles (in the given system of quantiza- 
tion), it is necessary, in addition to the quantities 
that characterize the individual states (spin, mo- 
mentum ), also to give the symmetry of the wave 
function (in the case of pure states) or the rela- 


~~*The fundamental difference between the ordinary technique 
of Wick® and its generalization considered here consists in the 
appearance of an additional factor of 2 in the closed loops. 
The appearance of this factor takes place not only for virtual 
processes, but also for processes which occur with the crea- 
tion of pairs of real particles and antiparticles (as a conse- 
quence of the normalization of the operator wave function). In 
the case of more complicated schemes of quantization,’ which 
lead in the general case to statistics of particles with maxi- 
mal occupation number m for each of the individual states, 
the expansion of the T-product in a sum of N-products takes 
place in precisely the same fashion, but in this case each 
closed loop acquires an additional factor of m. 
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tive weights* of the symmetric and antisymmetric 
functions (for mixed states ). 

The basic orthonormalized vectors of states 
for different types of symmetry have the form 


7m (a; ay tay az)D,; Rl, 
k and I are indices characterizing the spin and 
angular momentum of the individual states. 

To determine the probability amplitudes of the 
scattering process under consideration, we compute 
the matrix elements of the N -product between the 
different basis vectors. 

Separating in the N -products the terms giving 
non-vanishing contributions to the matrix element 


N (9 (1) tad (1)5 9 (2) ta (2)) 
= 2N (apapiaja;) Uy (1) Xp Ue (1)ur (2) yoter (2) 


+2N (aj ap saa) ur (1) Yule (1) Up’ (2) yt (2), (18) 


where the primed indices characterize the state of 
the particles in the final states, while u,(1) etc 
are wave functions of single particle states, and 
noting that as a consequence of (12), 


1 
N (fax; afaz) eS (afay + atat) Dy 


1 : 
= ry (GG + aap) Vo, 


‘ 1 ne eg : 
N (ayae; Qa1) r= (apay +atat) O 


1 re 
we get the following expression for the non-vanish- 
ing matrix elements: 


aGj-) Do, (19) 


*A more detailed realization of the state (furnishing of 
coefficients in the expansion of the wave function over sym+ 
metric and antisymmetric states) has no meaning because of 
the identity of the particles. 
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5 lar ay kav ar) N (BC) ya (159 2) 9 2) 


x (atat -afaz) D> = 2 (uy (1) Yale (1) ue (2) 7 tts (2) 


+ uy (1) tutte (1) ue (2) yt (2). (20) 


Taking into account the sign (—) in Eq. (20), we 
obtain the well-known formula of Méller. The sign 
(+) in Eq. (20) leads to the following expression 
for the scattering cross section (in the center-of- 
mass system ): 


4et — 5e* + 7/4 
sin? @ 


4 (8° | 


For the case of a mixed state, the scattering cross 
sections do* and do are averaged with the cor- 
responding weighting factors. 

In conclusion the author expresses his grati- 
tude to A. I. Akhiezer, S. V. Peletminskii and 
P, I. Fomin for valuable discussions. 
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The effect of quantization of the electromagnetic field and electron orbits in a constant mag- 
netic field on the relaxation time of electrons in a metal due to electron-phonon interactions 

is studied; the effect on the surface impedance of the metal is also considered. The complete 
frequency region (normal skin effect, anomalous skin effect, infrared region) up to the inter- 
nal photoeffect limit has been investigated. It is shown that the quantization of the orbits is 
significant only in the anomalous skin effect region for w ~ 22 kT/f (Q is the cyclotron 
frequency, T = temperature). Quantization of the electromagnetic field is always important 
in the infrared region and for the anomalous skin effect in a constant magnetic field (through- 
out the whole magnetic field region for w~ Q and only for cyclotron resonance when w > 2). 


Tae surface impedance of a metal in a variable 
electromagnetic field either in the absence or in 
the presence of a constant magnetic field has been 
investigated in a number of researches (see, for 
example, references 1—3). In almost all re- 
searches devoted to this problem, the classical 
collision integral for electrons and phonons has 
been employed. 

At the same time, quantum effects can have a 
strong effect on the relaxation time of the electron 
gas in a metal, thus changing the dependence of the 
surface impedance of the metal on frequency, tem- 
perature and magnetic field (see, for example, the 
researches of one of the authors‘). These effects 
become important when the characteristic energy 
entering into the problem is of the order of or 
greater than kT (k is Boltzmann’s constant, and 
T the temperature). Such an energy can arise for 
several reasons. 

In the first place, as a consequence of the quan- 
tization of the levels of the electron in a constant 
magnetic field H, the distance between the levels 
Ae =f2 (Q is the frequency of revolution of the 
electron, see reference 5) becomes of the order 
of kT at helium temperatures in afield H ~ 104 
oe. 
In the second place, owing to the quantization 
of the energy of the electromagnetic field, the 
value of the quantum hw is already of the order 
of kT (w is the frequency) at helium tempera- 
tures for centimeter waves. 

In the third place, when the energy is associated 
with the spatial inhomogeneity of the distribution 
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of electrons in the metal (spatial dispersion ) 
vzAp ~ vzh/A (the z axis is directed along the 
normal to the surface of the metal, v is the ve- 
locity of the electron, p its momentum, and A 
a depth, characterizing the spatial inhomogeneity ). 
In different cases, A has different forms; however, 
if we take A~10°cm and vz,~v, then hiv,/A 
~ kT. at T.=100°. 

We shall now consider under what conditions 
each of the characteristic energies appears. 


. EFFECT OF QUANTUM PHENOMENA ON 
THE FREQUENCY OF ELECTRON-PHONON 
COLLISIONS 


The results given below were obtained by means 
of a rigorous analysis of the corresponding equa- 
tions, which we shall not write down because of 
their comparatively complicated form; we shall 
instead limit ourselves to qualitative considera- 
tions. 

As is well known, in the consideration of the skin 
effect in metals, the following three important re- 
gions are usually distinguished: the region of the 
normal skin effect (1 «6, where / is the mean 
free path, and 6 the skin depth), the region of 
the anomalous skin effect (2 > 6), and the infra- 
red region (v/w « 6). 

We first investigate the role of quantum phe- 
nomena in the region of the normal skin effect and 
in the infrared region since the analysis is rela- 
tively simple in these cases. 

a) It is easy to prove that quantum phenomena 
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are not important in the case of the normal skin 
effect. This is connected with the fact that long 
before any of the characteristic energies exceeds 
kT, one has reached the region of the anomalous 
skin effect.* 

b) In the infrared region of the spectrum, as had 
been noted previously, the inequality v/w<«6 is 
satisfied (in the case of a quadratic law of disper- 
sion of the electrons, 672 = 4mme*/mc?, where n 
n is the density of the electrons and m is the 
electronic mass). Since in the given case A ® 
6, it follows from this inequality that vh/A 
< fiw. It can be shown that the effect is nonethe- 
less important, since the energy connected with 
the spatial inhomogeneity frequently exceeds the 
energy of the phonon which can be absorbed or 
emitted by the electron; actually, the usual condi- 
tion is vi/6 2 k® (@ is the Debye temperature 
of the material, which characterizes the upper 
boundary of the phonon spectrum). However, as 
a quantitative analysis shows, the only determin- 
ing quantity in the given case is the ratio v/w6; 
therefore, account of spatial dispersion has no effect 
on the time of free flight. 

It is easy to establish the fact that quantiza- 
tion of the electron levels in a magnetic field in 
the infrared region is not important. Actually, at 
practically obtainable fields, the inequalities hQ 
«fiw and fh“ «k@ are satisfied; therefore, the 
energy of the phonons with which the electrons in- 
teract is large in comparison with hQ (independ- 
ent of the relations between the quantities kT, k®, 
and hw). 

Account of the quantization of the electromag- 
netic field in the infrared region was taken earlier 
(see reference 4). 

c) In the case of the anomalous skin effect, the 
fundamental contribution to the surface impedance 
in the classical consideration is made, as is well 
known, by the small fraction of the electrons which 
move almost parallel to the surface of the metal 
(see, for example, reference 6), for which vz /v 
< (6/l)/3. For these electrons, the quantity v,h/A, 
even if it exceeds kT, is still small, which leads 
to a mean free path which is large in comparison 
with the length 7, determined, say, by the colli- 
sions with atomic impurities. For the remaining 
electrons, spatial dispersion leads to a significant 
decrease in the mean free path (it is shown that 


*In the region of the normal skin effect, HQ ~ kT at prac- 
tically unattainable fields, H ~ 10° oe. Here we are dealing 
with the fundamental electron bands; the case of anomalously 
small bands requires special consideration (which can lead 
to the appearance of quantum oscillations of the impedance 
with the magnetic field). 
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l~ Ve.) and, consequently, their contribution to 
the impedance increases. However, as calculat- 
tions show, the “slipping” electrons still play the 
principal role. The considerations given here 
evidently remain valid even in the presence of 

a magnetic field.* 

The situation is different in the consideration 
of quantum effects brought about by the quantiza- 
tion of the electromagnetic field and electronic 
orbits. In the anomalous skin effect, in the ab- 
sence of a constant magnetic field, the time of 
free flight, as is well known, generally drops out 
of the expression for the surface impedance (see 
reference 7).t However, in the presence of a con- 
stant magnetic field parallel to the boundary of the 
metal, the surface impedance depends essentially 
on 7, and the quantum effect connected with fiw 
and HQ must generally be taken into account. 

In the present work, we limit ourselves to the 
case 2 <w; consideration of the region 2 2 w, 
where it is necessary to take into account both 
types of quantization, will be the subject of another 
article. 


2. RELAXATION TIME FOR CYCLOTRON RESO- 
NANCE IN METALS 


The anomalous skin effect in the presence of a 
constant magnetic field parallel to the boundary of 
the metal was considered by one of the authors and 
Kaner.®»? In these researches, an expression was 
obtained for the surface impedance in an arbitrary 
magnetic field. However, if one is not speaking of 
the rather uninteresting case of square law disper- 
sion of electrons, then the simple formulas for 
frequency and temperature dependence hold in 
three cases: weak magnetic fields (when the ra- 
dius of revolution of the electron in the magnetic 
field r > 17/6), strong fields (r « 1) and, finally, 
resonance frequency (w = Qn; n=1, 2,...). 

In the case of weak magnetic fields, the surface 
impedance depends upon the relaxation time T 
only in the combination 1* = 1/(1+iwT) (see ref- 


*The effect of spatial inhomogeneity on the frequency of 
electron-phonon collisions is possibly important in the con- 
sideration of the fluctuations of the electron density ina 
metal, Actually, in this case, the spatial inhomogeneity of 
the distribution of electrons is important, and at the same 
time electrons with all velocity directions play a role. 

tWe note that in the quantum consideration (iw > kT) 
this result is valid not with accuracy up to terms of higher 
order in 6/1 (as was the case in the classical approximation), 
but with accuracy up to terms of higher order in 1/ @T(w) ~ w? 
[see Eq. (3) of the present article]. However, these terms be- 
come important in a frequency region of little interest —for 
A= 2nc/w@ < 107? cm. 
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erence 8). On the other hand, for fw > kT, 
wT(wW)>> 1 always [this follows from Eq. (3) of 
the present article] and consequently +t drops 
out in the first approximation. 

In the case of strong fields, i.e., for r «1 
or, what is the same thing, for QT >1 (and 
simultaneously, wt > 1), as is easily seen, T 
also does not enter into the final formula for the 
surface impedance. 

Finally, we come to the consideration of the 
resonance region. Here the surface impedance 
depends essentially on the relaxation time. Quan- 
tization in the magnetic field has not been consid- 
ered in the present research, the results obtained 
being applicable only to harmonics of the cyclotron 
resonance (w #2, 3Q,...), where Q<w. 

In the region of frequencies of the electromag- 
netic field that is of most interest, fw « k® (this 
inequality is equivalent to A > 1/@, where A is in 
centimeters, and @ is in degrees), so that in what 
follows we shall assume 


ROSS ho kT. (1) 


An expression was obtained in reference 9 for 
the quantum collision integral of electrons with 
phonons. If we write the collision integral in the 
form 


($7 f:0))...= fh @)\a'K @, pd + lar’) Qe, P’) 


(here f,(p) is a nonequilibrium addition to the 
electron distribution function, p is the momen- 
tum of the electron) then under the conditions of 
the anomalous skin effect the second term on the 
right hand side is small; consequently the time of 
free flight of the electron 7(p) can be introduced 
(see reference 6); 


(+ fi ©). sor zp | (P), = \dp'K (P, P’). 


Zi 
In finding the surface impedance, one must cal- 
culate integrals of the form 


(a 0 52 (= za)’ 


0 
where f)(¢€) is the Fermi electron distribution 
function, €(p) is the energy of the electron, 
is some function of 1/t (see reference 6). 

Since the function ~(1/T) generally has a com- 
plicated form, the calculation of similar integrals 
in the general case meets with difficulties (in par- 
ticular, such is the case in the classical considera- 
tion). However, if the inequalities (1) are satisfied, 
then, as is not difficult to show, 1/T(p) is a rela- 
tively slowly changing function which varies apprecia- 
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bly when the energy changes by anamount of the order 
of hw. It is evident that the integral under consid- 
eration in this case is simply equal to —~[1/T(pp)}, 
where py is the momentum of the electron on the 
Fermi surface € (py) =€9 (€9 is the limiting en- 
ergy ). 

Starting out from the results of reference 9, it 
is not difficult to prove that 


4 : f 
=C \ dq rach 5 (e (p + q) — £9) {eoth ae 


T (Do) 
hy (q) + ho 
—-;|tanh yp 


me phe OF fel (2) 
where the integration is carried out over all pos- 
sible momenta of the phonons q; hv(q) is the 
energy of the phonon, C is some constant. 

As a consequence of (1), the principal contribu- 
tion to the integral (2) comes from the region of 
low phonon energy; hv (q) < fiw «k@. In this re- 
gion, the dispersion law of the phonons can be as- 
sumed to be linear (but, in general, anisotropic); 
hv (q) =qu(n), where n is the unit vector in the 
direction of q. 

Simple calculations lead to the following results: 


1 /* (Py) = + (hw / 20)? /<o (Po), 
=C(k0)5\ d2,5((v (p.), I/tu(ny¥, (3) 


7) (Do) 
where dQp is the element of solid angle in q - 
space. 

Choosing a spherical system of coordinates with 
the z axis along the vector v(py)), we find 


1 _ , (k@)8 ( do 
7 (Po) | ¥ (Po) | J [u(e)]*’ 


where u(y) =u (0=7/2, ~). 

We note that tT) coincides in order of magnitude 
with the classical high temperature time of free 
flight, ken at the Debye temperature rel (rel (T) 
= (0/T) rel for T>@), in particular fora 
square law dispersion, T) = sel, 

Now the expression (3) that has been obtained 
should be substituted in the corresponding equation 
of reference 6 for resonant values of the real R 
and imaginary X parts of the surface impedance.* 

The frequency and temperature dependence of 
the quantities Rres, Xres, (X/R)reg have been 
given, as well as the corresponding frequencies of 
revolution Qreg in the quantum and classical 
cases. These quantities also depend on the number 
of harmonics n; however this dependence is not 
connected with the form of 7, and therefore re- 
mains as before. 


*In these equations, the quantity 1/T(p,) appears, aver- 
aged over the trajectory of the electron in the magnetic field. 
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1) Square-law dispersion: 
9 1 1 oy 
Revs~ 0, A™ ~ w?; Rosa: iS PO Se ie 
4) 4 1 
er 0, WAT Oe) UX eat SO Rag ie 
, = qu Ue 
(X/R)R.~o 4 A ~ 0; (GIRS, Orr = 
Ao shel wT”: —_ Oe AQres|- 
2) Q has a maximum: 
qu , 1 VWo7qn1/o 
RES Xess ©; A ~ 0; I Sep Kor 
KO T? 


3) & has a minimum: 


16 qu 7 1 a7 ay 1 1 
RY ~w /» A ~w": Roe ae AS me Te 


, qu a : 1 

he 20, ake ot XE orn Ted 
—*/, 7/g at 1 — 

(X/R)B.~o *, AM~ow" (X/R)res~ oT 
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The types of Waves excited in a magnetohydrodynamic medium by a uniformly moving con- 
ducting plane (piston) are investigated. The question of the resolution of an initial discon- 


tinuity is discussed. 


‘lbs purpose of the present paper is the study of 
the character of waves excited in a magnetohydro- 
dynamic medium of infinite conductivity in which a 
conducting body moves. This problem is a gener- 
alization of the piston problem in ordinary hydro- 
dynamics. 

We consider the motion of an infinite plane 
(piston) with constant velocity u; the conductivity 
of the piston is assumed to be infinite. The mag- 
netohydrodynamic waves excited in this case can 
be either stationary shock waves of compression 
or self-similar raretaction waves. A fast shock 
or a self-similar wave moves forward; behind it 
comes an Alfven discontinuity and, finally, a slow 
wave, shock or self-similar.! Taking it into ac- 
count that some of the waves enumerated can be 
absent, we obtain 17 qualitatively different pic- 
tures of motion of the liquid, which are realized 
for different values of the velocity of the piston. 
The particular case Hy = Hz =0, ux =0 (the 
x axis is directed along the normal to the piston) 
was studied by Bazer,’ while the special case 
Uy =Uz =0 was considered by Lyubarskii and 
Polovin.? 

1. The problem of the character of the waves 
excited by the motion of the piston can be studied 
in the limiting case V«Kc, u<c, where 
V =HV 4p , H is the intensity of the magnetic 
field, p the density, and c the speed of sound. 

Upon satisfaction of these conditions, the den- 
sity discontinuities in the fast and slow shock and 
self-similar waves will be small, the relations be- 
tween the discontinuities of magnetohydrodynamical 
quantities in the shock and the corresponding quan- 
tities in the self-similar waves will be the same; 
the difference between the shock and the self- 
similar waves in this approximation is only that 
the density increases in the shock waves (Ap 501); 
while it decreases in the self-similar wave 
(Ap < 0). 
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The relations between the discontinuities of the 
magnetohydrodynamic quantities in the fast waves 
(shock or self-similar) have the form 

Avy = (c/p) Ayptl + (y— 3) A,o /4oI, 
A,p=c*A,ol1 + (y¥— 1) A,p/ 2p), 
A.V a eet V.V,A,0/¢p, AH; os H;A,o/, (1) 


where y = Coy /Cy, Vv the velocity of the liquid, 
and p the pressure; the index t denotes the tan- 
gential component of the vector. 

At the Alfven discontinuity, the relations 


Aavi = —AaV;:, Aa (Vi) = Aap = Aap = Agvz = 0. (2) 


are satisfied. 
Finally, for the slow waves (shock and self- 
similar), we have the conditions 


Avy = Vis /p1) Ap, 
A vi = Vii {1 — (1 = QcjA_p / V2401) “1, 
A_H¢ / V 429, = Vu {1 = 2c2A_p/ Vip)” ie 1] (3) 


(the index 1 refers to the region lying between the 
Alfven discontinuity and the slow wave). 

Taking into consideration the fact that the me- 
dium at infinity is at rest, while on the surface of 
the piston the boundary condition??? y =u (Hy = 0) 
is satisfied, we obtain 


A p=cA_»9, 


A,v+Ayav+Av=u. (4) 


Making use of Eqs. (1) — (4), we can find the val- 
Wes1ol Alo, Alp, Baye: 
A,p/p = (uz/o)t! —(y— 3) ux / 4c], 


Ap u?—2u,Vy , Uplly 9 u,V,u, (27 — 9) 
p yeu tone D2 | 263 (y ) 903 
MAVe= Vit (Vie — U) | | Viz — u|— Vi. (5) 


If A,p >0, then the fast wave is a shock; if 
A,p <0, then it is self-similar; if A,p =0, then 
the fast wave is absent. Similar relations hold for 
the slow waves. 

2. Let us consider in more detail the case in 
which the magnetic field, the velocity of the piston, 
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and the surface normal to it lie in a single plane 
(the xy plane). 

The picture of the motion of the liquid in this 
case is indicated in Fig. 1 (for definiteness we 
have set Hz =0, Hx >0, Hy >0). The normal 
lies along the abscissa, while the tangential com- 
ponent of the velocity of the piston lies along the 
ordinate. The letters Y+, P+, A denote the pres- 
ence of the shock wave, the rarefaction (self- 
similar) wave, and the Alfven wave, while the 
symbol “+” refers to the fast wave and the sym- 
bol “—” to the slow wave. 

The equations of the curves separating the dif- 
ferent regions in Fig. 1'can be obtained from Eqs. 
(5). Simple transformations lead to the following 
results. 

Equation of the P*-curve: 


uy VW 20 
4 Y 
Ee gy a, eet (6) 


Uy 4 


Equation of the P*A -curve: 


De VV ( SS RNC), 
: zeit anit Spy piste ale gala 


x 
49 oe oHa(y—Du, 


—2¢/(,¥—-1)< ur <0. (7) 


Equation of the Y*-curve: 


Wea WV pf Ui) = 0 Bae 0 ay <0, (8) 

where U is the velocity of the fast shock wave, 

equal to 
U=+(r4 


1 


OW ac (4 (of Se) 7k ie)". 
The equation of the Y*A-curve: 
fee we UU) — 2), V UO Sa 


De Oaiizeee (9) 
The curves AP’, AY, YY, P” are described 

by the equation 
Ux Vu, (Uy — 2V,) (2c? = 9, (10) 
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where we have for AP”, ux <0, uy >2Vy; for 

AY, ux >0, Vy <uy< 2Vy; for Y, we have 

Ux >0, 0<uy < Vy, and for P™, ux<0, uy <0. 
Equations (8), and (9) have a region of applic- 

ability that is somewhat larger than V«Kc, u<C; 

to be precise, they are valid under the condition 


Vee ufexey,) 4a. 


3. The topological structure of Fig. 1 can be 
obtained even without calculation, on the basis of 
qualitative considerations. In this case we dis- 
pense with the requirement of the smallness of 
the magnetic field and velocity of the piston. 


b 
: y 

Uy (Aaa 

{ PX y 

' ear 5 

Lx REC 
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FIG. 2 


We first determine through what region the 
axis of the ordinate passes (ux =0). Since the 
magnetic lines of force are “glued” to the particles 
of the liquid and to the piston, then for uy < 0, the 
magnetic line of force is deformed as shown in 
Fig. 2a. The bending of the magnetic line of force 
leads to the appearance of quasi-elastic tension 
forces, directed to the side of the concavity (see 
the arrow in Fig. 2a). Since vx =0 close to the 
piston and at infinity, then a compressional wave 
(shock) arises in front of the arrow, while the 
rarefaction (self-similar) wave lies behind it. 
The Alfven wave in the given case does not appear, 
since Hy close to the piston and at infinity has 
the same sign. (We recall that the sign of H 
does not change in the shock and self-similar 
waves,‘ while the contrary is true in the Alfven 
case.) Thus, for uy =0, uy <0, the shock wave 
travels ahead and the self-similar wave travels 
behind (the combination Y*P7). 

Similar considerations show that in the case 
shown in Fig. 2b, the combination P*Y~ is re- 
alized. Upon increase in the velocity Uy, the 
sign of Hy close to the piston changes, which 
leads to the appearance of an Alfven wave (P*AY7) 
(see Fig. 2c). Upon further increase in uy, the 
value of | Hy | close to the piston becomes larger 
than Hy at infinity; in this case the resultant ten- 
Sile stress is directed out from the piston (see 


Fig. 2d), which corresponds to the combination 
YAP, 
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For a sufficiently large value of |uy|, the am- 
plitude of the rarefaction wave becomes so large 
that the density of the liquid behind the wave van- 
ishes — cavitation sets in. 

A picture of the motion of the liquid for ux ~0, 


uy =0, uz =0 can be obtained by starting out from 


a consideration of the case ux =0 given above. 
Upon increase of u,, the amplitude of the rare- 
faction wave decreases, while the amplitude of the 
compressional wave increases. For a certain 
value of ux, the rarefaction wave is transformed 
into a compressional wave. In a similar way, a 
decrease of ux leads to a transformation of the 
compressional wave into a rarefaction wave. From 
the qualitative consideration just given, it is also 
evident that the negative values of u, make cavi- 
tation possible, while positive values hinder it. 
The region in which cavitation sets in in back of 
the rarefaction wave is shown in Fig. 1 by the 
shaded area. The characteristic value of the ve- 
locity at which cavitation begins is the velocity of 
sound. 

For u;=0, H=0, the cavitation condition 
has the form® 


Ux S — 2¢/(y— }). 


For ux =0, H?/41 <p, numerical calculations? 
lead to the cavitation condition uw; = 3.67¢ 
(y =°%). 

The wave Y-, AY, P*, AP” are possible 
only for not too large values of the piston velocity; 
this is connected with the fact that in these waves 
the value of | Hy | falls off; therefore their ampli- 
tude is limited. The waves P*, AP* cannot lead 
to cavitation, since the relation 


|Ap/p|<|AHy/Hy|<1 


is satisfied in the P*-wave. 

The dividing line between the region P*P™ and 
P*AP™ is the curve on which Hy returns to zero 
after passage of the P*-wave; the line dividing the 


regions P*Y~ from P*AY™ and Y*Y~ from Y*AY7 
corresponds to the case in which the tangential mag- 


netic field Hy vanishes in back of the Y™ -wave 
(the special Y~-wave'). 

4. The problem of the decay of a discontinuity 
in the initial conditions also reduces to the piston 
problem. This problem, in the case Av <c, 

Av «< V was considered in reference 7 (Av is the 
velocity jump at the initial discontinuity). In the 
present research, the problem of the decay of an 
arbitrary discontinuity is investigated under the 
assumption Av <c, V «c for an arbitrary re- 
lation between the characteristic velocities Av 
and V. This makes it possible to consider the 
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Alfven discontinuities, in which the angle of de- 
flection of the magnetic field is not small; in par- 
ticular, it is equalto m if Av, H on both sides 
of the discontinuity and the normal to the surface 
of discontinuity lie in a single plane. 

At the initial instant of time t = 0, let arbi- 
trary discontinuities of the magnetohydrodynamic 
quantities Ap, Ap, Avx, Avy, AV; be given on 
the surface x =0 (such a situation arises, for 
example, in the collision of two ionized gaseous 
masses in a magnetic field). If, the necessary 
boundary conditions® are not satisfied on the sur- 
face of the discontinuity, then such a discontinuity 
decays into seven waves.’ Velocities of the waves 
generated are such that not more than three waves 
can be propagated on each side: in front is the fast 
magneto-acoustic wave (shock or self-similar ); 
in back is a rotational discontinuity and, finally, 
the slow magneto-acoustic wave (shock or self- 
similar). The waves traveling to the left are 
separated from the waves traveling to the right 
by a contact discontinuity. 

Since the liquid is at rest relative to the con- 
tact discontinuity, then the picture of the motion 
of the liquid on the two sides of the discontinuity 
will be the same as in the case when the contact 
discontinuity is replaced by an ideally conducting 
plane (piston), moving with the same velocity. 

In contrast with the problem of the piston consid- 
ered above, the liquid at x = + is not at rest, 
but moves with the given velocities. The veloci- 
ties of the piston u relative to the liquid at + 
and of wu’ relative to the liquid at -~ are related 
by the self-evident expression: 


u’ -—u = Ay. (11) 


In order to determine the velocities of the piston 
u and u’, it is necessary to add three more equa- 
tions, containing u and uw’, to the three equations 
(11). These equations follow from the condition of 
continuity of the magnetic field and the pressure 
on the contact discontinuity: 
AH; ~ AH; + A_H; = (AH; + AaH, + A_Hs) + AHe, 
A, p+ A_p =(A.p+A_p)+ Ap (12) 


(A’,, A’, AL denote the jumps of magnetohydro- 
dynamic quantities in the three waves moving to the 
left. We note that for the waves moving to the left, 
it is possible to make use of Eqs. (1) to (3) and (5), 
if Aiv, Aav; Ap, Agp, AsH, AAHS-u. are'sube 
stituted by —Aiv, —A’av, Ap, Abp, ALH, AH, 
—u’). 

ie: express the discontinuities of all the quan- 
tities in terms of u and wu’ by means of Eqs. (1) 
to (3) and (5), and make use of Eq. (12), we get 
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us + uy = AV. (13) 


Ux Ux = — Ap/cp, 


Solving Eqs. (11) and (13), we find that the waves 
traveling to the right of the initial discontinuity will 
be the same as in the case of motion of a piston in 
an undisturbed liquid, where the velocity of the 
piston is equal to 


fy, == (Ap } co Ad,): 


5 UW; = > (AV; — Av;). (14) 

Waves traveling to the left from the initial dis- 
continuity will be the same as for a piston moving 
in the positive direction along the x axis with the 
velocity u”: 


aes ; 7] } : 
u.==— U,. = = (Ap /'co = avga\e 


Uy = — uy = — L (AV; + Avy) (15) 


[in Eqs. (14) and (15), the x axis is directed into 
the liquid]. 

The discontinuity in the velocity at the contact 
discontinuity is shown to be equal to 


NG) = Ap — Ape. (16) 


The authors express their gratitude to L. I. 
Serov for suggesting the theme, and to A. I. Ak- 
hiezer and G. Ya. Lyubarskii for valuable dis- 
cussions. 
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It is possible to deduce the energy dependence of the coefficients in front of the products of 
various form factors in the expression for the probability of leptonic decay of hyperons, and 
also to predict when part of these coefficients vanish by making use of the invariance of the 
four-fermion interaction matrix element under some formal transformations, no straight- 
forward calculations being required for this purpose. 


1. FORM FACTORS 


re matrix element of the four-fermion interac- 
tion H corresponding to the leptonic decay of 


hyperons 
YSENAPL 5, (1) 


have, in the most general case, the form (we shall 
omit the bar over vy in the indices) 


CNDAVY> = S(T Puy) (40,0) + (axT Puy) (HO jysu.)] 


(2) 


where uy, is a spinor of the k-th particle, and 


On te in Nive ee 
th Y yor a3 24d. 5 ey 


(Srey VA, 1), 43) 


Because of the presence of virtual strong inter- 
actions, the vertices I'{+) can have a complicated 
structure. The most general expression for [q, 


7 


= (py -PN)y] follows! from relativistic invariance: 


(ee (5) (=) (C28 oe 
eee Us 5, he == Cp Ys 
ae ie Clay B=. ID) F 
Vote SAV ‘((oeata V Gavgui + i Ve Qa; 


a -((=) Hy e\ (ss) (=) . 
ry a Ow Yen dD AncaQuis = DA Gu%s; 


Pe) = CP ou, + BF (tugs — Ve) + OPS (109 — 149%) 
ff Dae (PrpPN» aot PyuPN». aa Suyx5PYaPn Me (4) 
The form factors Can pie Dis FY are 


J 
functions of the invariant 


2 


Q?-= — (py — px) (5) 


In the work of Weinberg,' the coefficient of FY 
has a somewhat different form; however, the 
transformation properties of the expression de- 
scribed in (4) are much simpler. 

Calculation of the energy correlation and the 
asymmetry of the decay (1) are given in reference 


387 


2, and also of the spectrum and polarization of the 


nucleons, either with Tj and T'© left in (2) 


(since cy) is equivalent to — Di /my, while 
ce corresponds to D&/my, then essentially 


only the tensor vertex re is not considered in 


this calculation), or with all five variants consid- 
ered, but without form factors. Calculations with 
all (including the tensor) vertices would be too 
cumbersome; however, certain information on the 
interference of the form factors can be obtained 
without calculation by studying the behavior of the 
matrix element (2) — (4) in certain formal trans- 
formations which are considered in Sec. 2. In 
this case, as is shown in Sec. 3, a prediction of 
the energy dependence of the coefficients in front 
of the different products of form factors is pos- 
sible, as is also the vanishing of part of these co- 
efficients. The absence of the interference of cer- 
tain variants or of form factors, for example, in 
the ordinary B decay, is a well known fact; its 
explanation from the general formal point of view 
has a certain interest. Moreover, the relations 
that have been obtained can serve as a control of 
the results of calculations. 


2. TRANSFORMATIONS 


In calculations with the matrix element (2), it 
is necessary to calculate an expression having the 
structure 


>» RrRe (U13,.F pall) (Ge U3); (6) 
where Fyg and Gqgg are any of the spinor oper- 
ators (matrices) written down in (4); Rp and 
Rg are the form factors standing in front of them 
in (4); uy and u, are spinors, either Y and N, 
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or pv and l. Asarule, G* =+G. It seems that 
the expression (6) should be multiplied by (u,F’u;) 
x (u3G’*u,); however, inasmuch as the spinors u3 
and u, do not take part in the transformations (12) 
(see below), this factor is not essential for our 
consideration. 

Strictly speaking, one should compute not the 
expression (6), but 


ReRe Sp {F91Gpe}, (7) 
because only in the case of a pure state is the den- 
sity matrix pgq expressed in terms of ug: 


Wea, (8) 


Oca — 
r 


and (7) reduces to (6). In the general case, the den- 
sity matrix of the i-th particle pj, as is well 
known,® has the form 


0; = (1 + iystz) (mi — tpi) | 4E:, (9) 


while if we introduce a unit vector nj = pj/ | Pj | 
in the direction of the momentum pj, and the 
vector ¢; of the spin of the i-th particle in its 
rest system, then 


Ge = (Fan) mE; / m; + [$2 — (G.n,) nj); CuPip 10410) 
i.e., (the notation is obvious ), 
Gig = Een! Sea Ser, Go = Ge. Pd) /m. (11) 


Let us consider further three types of formal 
transformations: 
I. Uy Y5y, Ug Up; 


Il. Ug—> 5a, Uy Uy; 


Hee = Chis Ua sl, = Ch. (12) 
In transformations I and II, we have 
b> — sits = (1 — sti) (— mi — ips)’ 4E:, 
(i=1, 2), (13) 
i.e., ae ciety (or Diane —Pp;), bi > ti. 
If we consider (11), then this means 
mj—>—m; (Or pi>—pi), Gip>—Siy. (14) 
In the case of transformation III, 
p> —(C™tpoC)" = (1 + ists) (— my — ip,) / 4Es, 
p2—> — (C™¥p,C)’, (15) 
whence 
Pic — Pos MyM, (OL Py Po, MZ — m2); 
Cin — Son» Sar Get. (16) 


If we now return to (7), it is not difficult to see 
that it is invariant under transformations I or II, 
i.e., upon replacement of (14) with simultaneous 
transformation of the spinor operators: 
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Ie F > Fs, G— Gs, 


ll. F-—5F, G>— 4G; (17) 


and similarly in case III, i.e., in the transformation 
(16), together with 


(le BC AEC) G Se (CFCC ean (es) 


(if the particles 1 and 2 are Y and N, while F or 
G is equal to pyyPNy — PYvPNy — £uvaBPYaPNp> 
then an additional change in sign should take place). 
The transformation of the operators (17) and 
(18) is equivalent to a transformation of form fac- 
tors for unchangeable operators. If the particles 
1 and 2 are vy and J, then the transformations I, 
II and III in (17), (18) correspond to [Ry are 
arbitrary form factors in (4)] ; 


1 ORPISARE (19) 
ie Re ee i Seer) (20) 
Ry Re a), 
ny], change sien RS, RB, Ra?, Rv”, (21) 
donchchaneeslgauic da ek 


If particles 1 and 2 are Y and N, then the 
form factors transform in the following fashion: 


1 Cs 


Vo< 
Di a Da Cre Bea fp 2, 
. : . is (22) 
Il. COPLEY Kc a eRe ae 


“i alee Con Ci), D\*), ce D> Dp: 
do not change sign o>: BY, BYE Cy Be 


The invariance of (7) means that the even (odd) 
combinations of the quantities mz, pk, Sk (k= /Y, 
N, J, v) relative to any of the transformations con- 
sidered should be multiplied in formulas for the 
probability of decay by a combination of form fac- 
tors that is even (odd) relative to the same trans- 
formations in (19) — (24). 


3. INTERFERENCE OF FORM FACTORS 


We shall now make clear how the conclusions 
can be obtained. > 
1) Imasmuch as m,,=0, while summation is 
carried out over {), the variables v do not re- 

main in (14), so that the probability of decay can 
contain only even [relative to (19)] bilinear com- 
binations of form factors, namely, 


RMR + ROR, RIOR + ROR. (25) 


2) If we are not interested in £7), then it fol- 
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lows from (14) and (20) that the products of form 
factors inside each of the groups (20) which must 
enter into the combinations (25) should not be mul- 
tiplied by mj, whereas the coefficient in the inter-. 
ference between the groups certainly contains my]. 
In formulas with £7) the contrary would be true. 

3) If we are not interested in fj and ¢,, then 
the interference of form factors inside each of the 
lines of (21) should be multiplied by even [relative 
to (16)] products of the quantities Ej, pj, mj and 
Ey, Py (my=0), while the interference between 
the lines must be multiplied by odd products. 

In what follows, we limit ourselves to an inves- 
tigation of the spectrum, the asymmetry of emission 
and the polarization N. It is then necessary to in- 
tegrate over the variables 1 and v. This is most 
convenient to do in the system of coordinates where 


Py= Pn, Pi: = —Pp,. (26) 


Integration over the variables 7 and v means 
here simply integration over the angles pj, after 
which all the components which are linear in pj] 
=-p, disappear. Therefore, the expressions that 
are even relative to (16) are 


E18), = Pip. = Pp; — ps = &, miéy Taw M6, => méy, (27) 
while the odd is 
migy + m6, = myéy. (27’) 


In order to distinguish the system Py =py from 
the system py = 0, all the energies in the first are 
denoted by the letter @, and in the second by E. It 
is not difficult to see that here 


[py] =|py|= my V Ey —my /Q, 8: = (Q? + mi) /2Q, 
Sy = my (my— En) /Q, |pc| =|pv] =%& = (Q?— mi) /2Q, 


Ey = (myEy — my) /Q, Q? = my + my — 2myEy. (28) 
If now the form factors in (20) are found in one 
line, i.e., they should not be multiplied by mj, but 
in (21), in different lines: 
RORY, RPRY, RE 
RyRy”, mR? Re 
then (the signs must be chosen either both upper 
or both lower), by virtue of (27) such interference 
is forbidden. Since c3? and cS? can be reduced 


(29) 


to —D\}/mj and D§*)/m] and conversely, then 
the forbiddenness of the interferences 
CHCe CoQCce: CEcr™ De Re, 

De Re DPR? 


Dy R= 
(30) 
also follows from (29). 


From a comparison of (27) and (21) with (20), it 
is further clear that the product of form factors 


from one line both in (20) and in (21), i.e., (the 
expressions Ry RY, etc, denote products both 
of identical and also different form factors, in 
this case of the vector type 


RORY, REPRE RIP RP, ROR. 
RP RP, RORE RYR®), RP RF (31) 


should be multiplied by @)2, or pj= &,. If the 
form factors in (20) are found in different lines, 
then they interfere with the factor mjé,: 


RsRa, RsRy, RpRa, ReRy, RrRa, RrRy. 


In the case of electron decays, one can neglect 
mj. This means an absence of interference both 
in (29) — (30) and in (32). This result was obtained 
in somewhat stronger fashion by Weinberg, who 
used only the invariance relative to the transfor- 
mation III, and obtained forbiddenness for the in- 
terference of two groups in (21). The ys invari- 
ance leading to Eq. (20) gives the additional infor- 
mation here. 

Thus, in the case of electron decays, the RP 
interfere only with one another; in the group 
V, A, only the expressions 


RVPRV? + RORY, REPRD + RDRD, 
ROR? + RV RD, 


(32) 


can be encountered, while in the group S, P, only 
RRS? + RORS?, RRS? + RRS? 
RoORS? = RORD?: 

When only the form factors C; 
conclusion is confirmed by direct calculation. 
Inasmuch as the form of the matrix element 
(uynI'juy) has no effect on the considerations 
given here, all the above results are applicable 
to the case of ordinary B decay, where they are 
generally well known. 

Application of the transformations (22) — (24) 
to the baryon part of the matrix element (2) gives 
new relations. If in this case one calculates the 
probability of decay with given energy Ey, angle 
between Ny and fy, and polarization ¢y 
(léx|=1) then 
dW ~ dEydQySy (En) (1 + &n (Ey) Gry) } 

x + P; (Ew) Gym) + Pe (Ew) Gat) (sy?) 

P; (En) (Grex) — (swt) (Gyn) ]}, 


remain, this 
254 


(33) 


where Sy characterizes the spectrum, ay — the 
asymmetry of the flight, and P,, P,, P3; — the 
polarization of N. The quantities ay and P,; can 
be different from zero only in parity nonconserva- 
tion. 

A discussion completely analogous to that given 
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above shows that in Sy and SyP, (Sy = Sy [1+ 
an (fy*ny)] the following expressions are mul- 
tiplied by @yy and py (RjRp = R{YRA? + 
R‘R{; the form factors Bj; and Dj have the 
additional factors ¢y-—¢yN=Q while Fry has 
the factor ¢y¢yN or p\; Cg and Cp behave 
as —Dy and Da): 


Cre Cy Be 44 By, Dip D4, (Cipe Be Dr, 
Fr, BrDr, CrFr CyBr —CaDr, 
(By — By) Cr, (By — Ba) Fr. (34) 


The factor mymy multiplies 


(FLOP BY — Bh, Dy =D a BE — D7, CyBr —C,Dr, 
(By + Ba) Cr, (By + Ba) Fr. (35) 


Moreover, interference expressions of the form 
(R:R; = RR») myén al (UR = RirRz) myéy (36) 
are possible in S, and SyP), where 


R:Rj —- RrRe = CaBa — CyBy, CyDy —CaDa , 
CaCr —CyCr, CaFr +C’Fr, BaDr + ByBr. 
ByDr -- BaBr, CrDr —CrBr, D;Fr — BrFr. (37) 


The components (34) in the coefficient SyP3 
which determine, in accord with (33), the trans- 
verse polarization, are multiplied by mymy, 
while (35) is multiplied by ¢y@y and py. The 
expressions (37) interfere according to the rule 


(R:R; — RaRe) my@y + (R:Rj — RaRz) mye. (38) 
Besides (29) and (30), the interference 
ByDy, BaDa, CyDr, CaBr. (39) 


in Sy, SNP2, SNP 3 is shown to be forbidden. 

As far as the components with parity noncon- 
servation are concerned, i.e., Syay and SyP, 
in (33), a similar discussion leads to the result 
that the interference (35) does not enter into it 
(here R;R, = R{PR,? + RRA) while the co- 
efficients for the remaining products of form fac- 
tors in Syay and SyP,; are simply related to 
each other. For example, in the products (34) 
(with the substitution of Ch ~ Che BY + BY, 

2 2 

Dy +Da by CyCa, ByBa, DyDa) the fac- 
tors ¢y and ¢y appear, while the transition 
from ay to Py is connected with éy =-cy. 
In the interference (37) (with the substitution of 
CaBa — CyBy, CyDy -— CaDa by CaBy 
—CyBa, CyDa — CaDa) we get 


(R:R; + RprRe) my 2 — (R:R; — RaRx) my. (40) 


According to the general rule, one can also as- 
certain that the form factors ByD,a — BaDy and 
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CaBT + CyD7T should not make a contribution to 
ay and Py, while ByDa+ BADy and CaBr 
—~CyD7 should be multiplied by ¢y and ¢y, 
while in the transition from ay to Py, dy = &N. 
Direct calculation? shows that the coefficients for 
ByDa and BaDy are equal to zero. Thus, if 
ay is computed, then the expression for P, can 
be obtained without additional calculation. 

The results of the present section can be put 
in a form suitable for comparison with the formu- 
las of reference 2, where the notation 


Ls Q? / (my — my)*, E = (my — my) i (my =e mx), 
y= mi | (my — my)* (41) 


is used. 
According to (41) and (28), 


y= my (1 +8) /VI(1 +8), 

éy = my (I —2/) [VIL 8), 

Py = mymy (1 —J)(1—B/) /(1— 8) J, 

&: == (my — my) VJ (1 + y/J), 

$= |p.|=|pel=5 (vy — my) VI (1— 9/4). (42) 
Therefore, in addition to the added factors (Q or 
éy n> PA), for B,, Dj or Fy, the expressions 


(34) in Sy and SyP, [and (35) in SyP3] are mul- 
tiplied by (1-J)(1-é23) or (1-£%J*), while 


(35) [(34) in SyP3] should be multiplied by (1?) J. 


The interference of (36) or (37) can now be written 
as 


V JIRR; (1 — BY) + RaRE (1 —J)I. (43) 


In the transition from ay to Py, the rule 
éy =F én is equivalent to 1—7F1, EJ +FEéJ; 
the rule (40) now means that for RjRj we have 
1—-1l1, €—&, while for R,Ri, we have 1—1,; 
~---—£. The factors &], €,, pj = 6% and mjé, 
in (31) and (32) are proportional to 1+ 7/J, 1-—n/J 
and V7/J. 

Direct calculation”? agrees with the results given 
here, in particular with the absence of interference 
of the form factors in (29), (30), and (39). It should 
be noted that in the expression for the energy cor- 
relation, such interference will certainly appear 
with the factor 


X ~ E,— E,[1 + mi/Q?]/[1 — m3 / Q?], (44) 


the contribution from which vanishes upon integra- 
tion over the variables I and p. 

In conclusion, I express my deep gratitude to 
S. V. Maleev for stimulating discussions. 
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~~ The energy correlation and asymmetry of emission of particles produced in leptonic decay of 
hyperons, and also the polarization of the emitted nucleons or secondary hyperons, have been 
calculated with account of all six form factors of the decay V-A interaction. A method of com- 
parison of the theoretical formulas with the experimental data is suggested, which permits in 
principle to determine the form factor. A similar calculation is presented in the appendix, 
when all five types of decay interaction are retained and the form factors are neglected. 


1. INTRODUCTION 


‘Tue recent observation!” of the decay A—p 

+e +p gives grounds for hoping that leptonic de- 
cays of hyperons will soon be experimentally inves - 
tigated. Such an investigation is particularly inter- 
esting for the following reasons. On the one hand, 
the theoretical analysis is made much easier here 
by the fact that all the particles in the final states 
are free (accurate to inessential Coulomb forces ). 
This permits an exact calculation of the process 
with account of the weak decay interaction, naturally, 
only in first-order perturbation theory. On the other 
hand, the influence of strong interactions should lead 
to the appearance of energy-dependent form factors 
of the decay interaction, which affect the experimen- 
tal results. An investigation of the B decay of hy- 
perons can therefore yield certain information on 
the role of strong interactions, as takes place in the 
scattering of fast electrons by nucleons. 

The present work is devoted to a theoretical 
analysis of leptonic decays of hyperons. It is as- 
sumed from the outset that this decay is due to 
the universal four-fermion V-A interaction.*»4 
This assumption is natural, since the universal 
V-A theory has thus far been most brilliantly con- 
firmed by all experiments on weak interactions 
(incidentally, always without participation of 
strange particles). The question of the possibility 
of determining the variants of the interaction re- 
sponsible for the leptonic decay of hyperons di- 
rectly from experimental data is considered in 
Appendix B. 

The form factors of the V-A interaction are 
introduced in Sec. 2. Section 3 is devoted to the 
possibility of determining all the form factors in 


an investigation of the energy correlation and 
asymmetry of the particles emitted in the hyperon 
decay. Formulas for the energy distribution, 
asymmetry of emission, and polarization of the 
emitted nucleons (or secondary hyperons), and 
also the total probability of the decay, are written 
out in Sec. 4. The indicated quantities where cal- 
culated previously by one of the authors® only for 
the Cy and Ca form factors. Reference 5 con- 
tains, however, many inaccuracies which are cor- 
rected in the present paper. In section 5, some 
features of the decays £2 —A+e+ vp are con- 
sidered. 


2. FORM FACTORS 


Leptonic decays of hyperons can be written in 
a unique manner 


Y>N+14+y, (1) 


where Y is the decaying hyperon, N the nucleon 
or hyperon in the final state (processes of the type 
= —-A+I°>+ypy are meant), I is the electron or 
muon, and yp is the antineutrino. We shall hence- 
forth omit bar over v in the indices. 

In calculating the decay probability in first-order 
perturbation theory, the matrix element of the S 
matrix is given (in the case of the VA theory) by 
the expression® 


i (2n)*8 (py — pw — pi— p) <N | vie u Y» 
x (ary, 1 + Ys) uy), (2) 


where for each particle B, |B> is its real state, 
up is the free spinor, pp the four-momentum, 
and G=1.4 x 107* erg-cm is the Feynman-Gell- 
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Mann constant.’ The current Iu (xX) = on (x) 

+ brie (x) isa superposition of the cunents 

(YN (X) YuPy (<)) + (YN (X) YuYsby (X)), where 

Y and N are different baryons (p(x) is the 
operator of the particle B in the Heisenberg rep- 
resentation), and also of the currents that can be 
made up of the boson (i.e., K and 7 meson) op- 
erators. 

The existence of strong interactions makes a 
direct calculation of 2-1/2 <n| GJ, (0) |Y> im- 
possible. The most common form “of this matrix 
element follows from the relativistic invariance 


<N | Jy (0) | YS = (uw &tu(Cy— Cate) 
+ Suv (Py — pu) (By — Bats) 
+ t (py — pn) (Dy — Dars)} uy). (3) 


In Eq. (3), Cy, Ca, By, BA, Dy, and Da are 
real (because of the CP invariance) functions of 
the invariant 


oS 


(the last equation is true in the rest system of Y). 
From the conservation laws we have 


pry = my Zn mn — 2myEn 


(py 


(my + my — mi) | 2my. 
(4) 

Unlike ordinary B decay,® in the decay of hy- 

_ perons there are no grounds for assuming BA 

and Dy equal to zero, so that the expression for 

the decay probability should include, generally 

speaking, the interferences of all six form factors. 

In the case when I is an electron, only four form 

factors remain, Cy, Ca, By, and Bag, since 

Dy and Da make a contribution proportional to 

the square of the electron mass, which is negligibly 


mij ES Ua (my — mn)*, My SEn<S 


small compared with the other quantities ofthe theory. 


The dependence of the form factors on Q’ is 
not known beforehand. If we write the power- 
series expansion 


Cv (Q) = Cv (0) [1 — Fa? (Cy) +--+] (5) 


with analogous expressions for Ca, By, Ba, Dy, 
and Da, this dependence will be determined by the 
quantity a, the £-decay “radius” of the hyperon, 
analogous to the corresponding electromagnetic 
radius, which characterizes the distribution of 

the charge or magnetic moment in the nucleon. It 
follows from the experimental data’ that in electro- 
magnetic interactions a ~ 0.8 x107-% cm ~ 1/2m,. 
We have no grounds for assuming the f -decay ra- 
dius to be much greater than this. But if this is so, 
then in (5), for example, Q’a”/6 <0.09 for the de- 


393 


cay A—p+Il+D and Q’a*/6 <0.18 for 2~ —n 
+1>+ yp. Since these quantities are relatively small, 
the series (5) will apparently converge rapidly, and 
the high powers of Q? can be neglected in it. It is 
natural also to expect that in order of magnitude 


B (0) ~ D(0) ~ aC (0) (6) 


with a~ 0.8 x 107% cm; Eqs. (5) and (6) will be 
used later on for various estimates. 


8. ENERGY CORRELATIONS AND EXPERIMENTAL 
DETERMINATION OF THE FORM FACTORS 


The largest amount of information for the ex- 
perimental determination of the form factors enter- 
ing in (3) can be obtained by investigating the energy 
correlation of the particles produced in hyperon de- 
cays. It is convenient here to introduce the dimen- 
sionless variables. (all the energies are taken in 
the Y rest system ) 
ae 


mi, — ms, [JJ 


J = Q?/(my — my)*, 1 = mi / (my — my)’, (7) 
analogous to the corresponding variables for the 
K7z3 and Ke; decays, considered by Dalitz® and 
Kobzarev.’ The conservation laws limit the range 
of permissible variation of X and J to the line 
J =n (n=0 in the case of electronic decays ) 
and the hyperbola 


X? = X},(J)=(1—J)(1— &), (8) 


xX = 


where the small parameter & is determined by 
the equation 


& = (my — my) / (my + my). (9) 


The values of € and n (for /=,) for different 
decays are listed in the table. The range of varia- 
tion of X and J is shown in the figure. The 
focus of the hyperbola is located at the point X = 0, 
J =(&%+1)/2. When & «1, the hyperbola is 
almost identical with the parabola 


enre ek 


(10) 


Energy correlation on the XJ plane. Curve a: X’ = F(1-J) 
x (1- &?J), curve b: X? = (1-J)(1-€7J), line parallel to the 
abscissa axis: J =7 = m'/(my- m.,)' 
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According to (7), Ey, |Pwl, Ez and E, are 
expressed in terms of X and J by the equations 


En = [nn as E(1— J), 
ree — G0) a Vi—/) dB), 
as game 
gee DLE 
sy Te q 
E,= Fae [| +—x](1—4). (11) 


It is seen from (11) that for electronic decays 
(n=0) andfor «1, Eg is expressed only in 
terms of X. To obtain the dependence of the decay 
probability on Ee it is sufficient in this case to 
integrate with respect to J from 0 to 1—X?. The 
integration is always elementary, for the depend- 
ence on J is that of a power law. 

The leptonic decay probability calculated accord- 
ing to (2) and (3) with given X and J, and also 
with given angle between the vector of polarization 
of the decaying hyperon, ¢y, and the unit vector 
ny in the direction of motion of N, has the form 


dXdJ AIQy (my — my)® 
dW (X, Ji Gy, on) = See ae ge (IF) 


x [S(X, J) + Rw (X, J) (Gyny)]. (12) 
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Formulas for S(X, J) and Rn(X, J) are given 
in Appendix A. 

If each decay event is now represented by the 
points X and J on the figure, then an analysis 
of the distribution of these points leads to certain 
conclusions regarding the magnitudes of the form 
factors, all of which are functions of J, but not of 
X. In such an analysis, in particular, one can de- 
termine independently the six coefficients of eA 
x!, and X? in S(X, J) and Ry(X, J). Actually, 
if the hyperbola X? =3xX?,(J) =4(1—-J)(1—&7J) 
is drawn, the region of variation of X and J is 
broken up in four parts, as shown in the figure, 
and an integration performed with respect to X 
in each of the sections, one can obtain the energy 
distribution sh) z ) and the asymmetry of emission 
of the nucleons ROI ) in the i-th section: 


dW; (J; Sy, mw) 


NN (fily — my)? 
=e “(hE He 


x [S (J) + RY (J) (Gynw)].- 


sean iyee (lJ)? 
(13) 


For electronic decays (7 =0), the only ones con- 
sidered in this section, it follows from (A.1) and 
(A.2) that 


26S) 4 


J)(1 4 


(my — my)2J [B4 (2 + J) (1 — BJ) 


CyCa + ByBa (my — my)+ (my — my) CyBa — (my + my) C By], 


S® +89 4 59 4 Ss = 4 (Ch (1+2J) (1— BV) +C} (1 

By (1 — J) (2 + #J)] — 6 (my — my) J [CaBa (1 — PJ) — CyBvé (1 — JI}, 
[s® + S®]—[S® + 8%] = |Xm(J)[— (Cy + Ca) + (my — my)" (By + Ba), 
ps? + S$] — [s© 4 S| = 48Xm (J) I— 


RY + RP + RY + RY =F Xm (J) (CvCa (1 — 26J) 


+ (my — my)*JByBa (2 — tJ) <= (my — my) J ICVBa (1 == 26) ae CaBy(2—&)]} 


[RV + = — [RY + RY] = Xm (J) {[—CvCa + (my — my)*JByBa} (1 + 8) + (my — my) J (1 +) (CyBa— CaBy)}, 
[RY + RYI—[RW + RV]=27 ([Ca — (my — my) Bal (1 — J) + [Cy + (my — my) By (1 —J)}. (14) 
Further analysis, generally speaking, requires that aw(t (my — my)> a) i) 

the expressions obtained upon substitution of (5) in (14) CO =e 308 (4 ae me (Sb rN’ Grays (15) 


be compared with the experimental dependence of 
s@) and R®) on J. Such a comparison, however, 
requires the accumulation of much statistical ma- 
terial. If, however, we neglect in first approxima- 
tion quantities of order (my —my)?a?/3, i.e., 
leave only the statistical values of the form fac- 
tors, then (14) can be integrated with respect to 

J, after which comparison with experiment means 
simply the counting of the number of points enter- 
ing into each of the four regions on the diagram. 
The total probability of decay with entry into the 
i-th region and the integral asymmetry in the 
same region are given by 


if we neglect quantities of order (my -my)? a?/3 
and &, then, See (6) into account: 


gs) 5) 5) s@ 


36 Ce — 4 (my — my) GABA 


( 
[s 1) + sj 


—[s® +s) = — 2 (C2 + C4), 
[s® a 3? fea. [s® ae s] ae 


-- (my — my) ByBal, 


=E[CyCa + (my + my) CaBy 


QL : 
AP + AP 4 4 of 


ase [CvCa — (my — my) (CyBa +2C4By)|, 
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[th + | —[r? +P] = 
— qe l8CvCa + (my — my) (CaBy — CyBa)), 
[ee + rN] — (rh? + 1] =C4—2 (my —my)CaBa. (16) 


It is interesting to note that if estimate (6) is cor- 
rect then, both in (16) and in (14), the decisive role 
is played in the third expression by the product 
CaBy; the effect itself is in this case of order 
(my —my)a, i.e., it is not too small. 

Expressions (16) make it possible in principle 
to determine Cy, Ca, By, and Ba in such an 
approximation, that their dependence on J can be 
disregarded. If expansion (5) is substituted in (14) 
for the form factors, then additional terms appear 
in (16). An experimental determination of s“) and 
ry would then yield six relations between the eight 
unknowns 


Cy (0),C4 (0), By (0),Ba(9), a(Cy), a(Ca), a(By), a(Ba). 
(17) 


The additional relations between these quantities, 
and consequently also the possibility of their deter- 
mination, can be obtained by investigating the emis- 
sion asymmetry not of the nucleon alone, but of the 
electron and neutrino, too. If Re(X, J) is defined 
in analogy with (12), its expression is 
Re(X, J) = SSE (Cy — Ca)? (1+. X— 8) 

= (my == my)? x (By—B,)? J (1 —xX— EJ) 


+ 2 (my — my) J (1—&) (Cy — Ca) (By — Ba)} 

+ (Cy + Ca) 2EXS + (Cy — C4) (1 — ) J 

ee Xt I-1 (tein) {— (By.+ BY) 
Meee (B; Be (1 ys =2 Bp Ba(l 4X? = 27) 
+2 (my — my) J {(CyBy + CaBa) (1 —&) X 

Bn Cy Bp id) (1a ©) 4 (C a vr— CyB) 

x(1 +6 X+ (CyBa+CaBy)(1—(1+8)} (18) 


with R,,(X, J) obtainable from (18) by substituting 
—X for X, -—Ca for Ca, and —Ba, for Ba, 
and reversing the sign of the entire expression. In- 
tegrating Re and R, wit respect to X and 
[after substituting (5)] with respect to J within 
the limits of each of the four regions in the dia- 
gram, and comparing the resultant expressions with 
the experimental data on the asymmetry of emis- 
sion of the electron and the neutrino, new relations 
are obtained between the parameters (17). 

To determine the remaining form factors, i.e., 
Dy(0), DA(0), and a(Dy), it is necessary to 
investigate analogously the p-mesic decays of 
hyperons, starting with the equations of Appendix A. 


4. ENERGY DISTRIBUTION, EMISSION ASYM- 
METRY, AND POLARIZATION OF THE 
EMITTED NUCLEONS OR HYPERONS 


The energy distribution and the emission asym- 
metry of N in the case of electronic decays are 
given by the first and fourth equations of (14). 
Analogous expressions for ,i-mesic decays are 
obtained by integrating Eqs. (A.1) and (A.2) with 
respect to X. The result is 

: dj (m — My)? 2dQ 
OVE eet) are aes (1 a i 
* Sw (J) [1 + ay VJ) (Cy ny)], (19) 
Sw (J) = (Cv + C4) (2 + J + PT (1-4) 
Pyle — J a a 2) oy 
+ 3 (C4 — Cy) (1 — &) J + 2 (my — my)? J (1 + y/2J) 
x [BY (1 — J) (2 + VY) + BA(2+J) IB] 
+ 3y (my — my)? J [DP (1 — 8) + DAB (1 — J)] 
— 12 (my — my) J (1 + 9/2) [CaBy (1 — BV) 
= CyBy & (1 = J) a 6y (my — mn) [(CyDy (1 a ged) 
— Cab, =(l—J)I; (20) 


an (J) =4SN* (J) Xm (J) (CvCa ll — 26 + 4 (2— B) /J] 
+ (my — my)?J (1 + 4/ 2J) (2 — J) ByBa 
7 $ n (my — my)*JEDyD 4 — >y (my — my) 
x (CaDy — CyDab) 
— (my — my) J (1 + 4/2J) [CyBa (1 — 28) 
+ C4By (2 —&)]}. (21) 


The polarization vector of the emitted nucleon 
(or hyperon) is determined by 


Py = P, (VJ) ny + Ps (J) nw (Gy Dw) + Ps VY) [nw [Sy aw], 
(22) 
with (the method of calculating Pj; was described 
earlier’ ) 
P, (J) Sn(J) [1+ an) Gyn] = 4 Xm (V) (CvCa [1 + 26 
+(y/J) (2 + &)]— (my — my)? J (1 + 9/2J) 
x(2 + &J) ByBa — a (my — my)? JEDyDa 
— +4 (my — my) (CaDy — CyDab) + (my — my) 
xJ (1 + y/2J) (CaBy (2 + &) —CyBa (1 + 28)]}; 
PJ)Sw (J) [1+ ew J) Gy my) ] = (CZ + C4) {2-3 BS 
x(8—4J) + y [4—3) — PY (8—2/)/J} 4 (Cp — (6) 
x(1— 8?) J (1 +29/ J) —2 (my— my)? J (1 + 9/2) 
IB ed) (2) Bae (ee a) 
+ 34 (my—my)? J [Dy (1— BJ) + D4 B (1—J)] 
+ 4 (my — my) J (1 + 9/2J)[CaBa (1 — J) 
— CyByé(1 — J)] — 6y (my — mw) [CvDy (1 — 8) 
—CyDaé (1 — J); 
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P (J) Sw (J) [1 + en VY) Gy nw)] = 
— (C2 +- C%)(1— &°) J (1 — a/V) 
+ (C2,—Ca)(1 + 2y/J) (2 — J 8) 


9 (my — my)* J? (1 + 9/2J) [Bs (1 — BM) — BYE (1 — J) 


4. 3 (itty — my)* JD} (1 — 2) — DAB (1 — JI 
(eri) Ant IV IC AB ile 
+ CyByé (1 — J)] — 6y (my — my) [CyDy (1 — PJ) 


+ CaDaé(1 — J). (23) 


We see that (20) — (23) do not contain interfer - 
ences between the form factors B and D. In 
addition, Sy, P,, and P 3 have no “cross prod- 
ucts” CyCa, CyBa, CyDa, CaBy, CaDy, 
ByBa, or DyDa, which enter only in ay and 
P,. This is the consequence of certain formal 
properties of the invariance of the matrix element 
(2) — (3), discussed in reference 10. 

To obtain the energy distribution and the emis- 
sion asymmetry for J (or v), it is necessary to 
integrate over variable N and vp (or 7). It is 
possible to obtain in this manner also the polari- 
zation of the emitted muons (the electrons should 
be almost totally polarized). The foregoing inte- 
gration can be performed, however, only by spe- 
cifying a concrete dependence of the form factors 
on Q?, such as the expansion (5). The results 
are too cumbersome and will not be written out 
here. 

Similarly, to obtain the total decay probability 
and emission asymmetry of N, it is necessary to 
integrate over J in (19) — (21) and substitute (5) 
therein. If quantities of order é, (my —my)?a’, 
and (my—my)‘a‘ are neglected and the estimate 
(6) is used, the integration is easy. In this approxi- 
mation, the total decay probability is 


(my — my)? 
(1 + &)8 


+ + (my — mw)? (By? (0) (— 492 — (4 — 24) 01 + 20) 
+ Ba? (0) (262 + (4 + 9) 01 + 2790)] 

+ 4 (my — my)* Dy (0) 

— 24 (my — my) [Cy (0) Dy (0) &> 

+ C4 (0) Da (0) (e1 — %)] my) {Ca (0) Ba (0) 
X (291 + So) — Cy (0) By (0) § (20, — (2— 4) oy 
— + (my — my)® {Cy (0) a? (Cy) + C4 (0) a? (Ca)) 


ieee 


saa (Ce (0) + 3C2 O))o 


2 (my 


%20)] 


X [92 + (2 — 4) 01 + 4199] — > (my — my)? [C3 (0) a (Ca) 
-—C}, (0) a? (Cy)] 62 + a® (Ba) (20 + 01) 

4. £ (my — my)® Ca (0) Ba (0) a? (Ca) 

+ + 4 (my — my)? Cy (0) Dy (0) 


X[a? (Cy) + a? (Dy)] 93}. (24) 
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The quantities 


aq! 


op = 7 \dJ YT (1 — nfs Je 
qn 


have values 


5 15 1+Vi-%7 
oy == (24 134) Vi—n— gu 4 +) In jeapiaaale 
ts 9 \ ype 4 Oye yy Et VE 4 


0, = (1 — 9) VI=79. (25) 
To estimate the probabilities of leptonic hyperon 
decays, one can put in (24) By = Ba =Dy =D, = 0, 
a(Cy) =a(Ca) =0, and Cy=—-Ca =G/V2. We 
give below a table of the probabilities thus calcu- 
lated. Also given are the values of ~,7 (for l 
=), T (the experimental lifetime of the hyperon), 
and W)T (ratio of the number of events of corre- 
sponding lepton decay to the total number of hy- 
peron decay). The last two columns list the ex- 
perimental values’ of W 7. In the case of 27 
decays, W7T is assumed to be less than 0.7, 
since up to now 14 = —A+7 events have been 
observed,!"*!1 but not a single leptonic decay. For 
the sake of completeness, the table includes the 
decays 2* —n+1*+ py for a reduction of 1 in the 
baryon charge and = —n+J~+ vp for a change 
of 2 in strangeness. 


5. THE DECAYS 2 —A+e+v 


The table includes also the decays 2* —n+ et 
+ v(v), in which both baryons have the same 
strangeness, as in ordinary B decay. According 
to reference 3, the divergence of the current re- 
sponsible for these processes is equal to zero. 
This means!?>!3 that in (3) we have for the same 
spatial parity of Z and A 


Cy = Dy Q?/ (mz —= my), (26) 
and for different parity 
Ca = — DaQ?/ (mz + ma). (27) 


It is seen from (26) and (27) that as Q* — 0, 
Cy (Ca) also vanishes. This is the consequence 
of the absence of a direct interaction, responsible 
for the decay 2 ~A+e+p, if the divergence of 
the vector portion of the baryon current is zero.!4 
It is therefore natural to turn again to the analogy 
with electrodynamics and, assuming as in Sec. 2 
that Cy (Ca) ~ GQ’a*/6v2, put a~ 0.8 x 10713 
em. In this case Cy(Ca) S$ 0.014G/V2, ice., it 
is sufficiently small. Inasmuch as the form factor 
Ca (Cy) should not vanish as Q? — 0, there are 
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Type of decay ra tal vat es. 
n eas _ Wet %|W ts % veces 
sec sec | Wot, %|W yr. % 
‘ 
Aspt+l4y 0.086)0.355} 2.8}5.8-107|9.4-108] 1.7 | 0.26 |~0.131<0.12 
L-son+l-+y 0.12 0.47 | 4.7/3.4-108 | 1,5-108| 5.7 | 2.5 |<0.5 |<0.5 
Ba A ei aay 0.084/0.265)~2 | 4.2-108|3.2-107] 2.4 | 0.641<7 [<7 
E-> 24+ l-+4 9 0.05210.66 |~2 |1.4-107/}2.1-105| 0.3 | 0.0047 {<7 
ton+l++y 0.42 0.18 | 0.8/3.0-108 |4.3-408| 2.4 | 4.0 |<41.1 |<1.3 
Bronte ty 0.47 |0.077/~2 [2.1-109/41.5-109|40 80 |<7 |<7 
Z->A+e-+y 0.035 1.7|1.4-108 0.024 
Lt>Atetty 0.032 0.8] 8.6-105 0.007 


no grounds for assuming it to be as small. There- 
fore one can expect in the decays © ~A+e+p 
that Ca > Cy (Cy >Ca,). There are less 
grounds for assuming that Ca > By (my -my,) 
[Cy > BA (my —-m,)], but if it assumed in anal- 
ogy with (6) that B ~ Ga/V2, then when a~ 0.8 
x 1073 cm we have (my -m,j)a~ ve i.e., an 
additional small factor arises. If the foregoing 
inequalities are correct, then according to (19) — 
(23) the asymmetry of emission of A(q@) and 

the polarization of A(P,) will be small in the 
decay of unpolarized 2. It would be interesting 

to verify this fact experimentally. 

Unfortunately, the 2 —-+>A+e+v decays can 
hardly be observed in the near future; the lack of 
a direct decay current [YAYp (1+ ¥5)%> ] can re- 
duce the decay probability by an additional several 
times. 


APPENDIX 


A. Energy Correlation and Asymmetry of 
Hyperon Decay 


The formulas for S(X, J) and Ryn (X, J), 
determined in accordance with (12), are 


S(X, J) = (Cy + Ch) (1 — X* — Bu?) + og [(l — X)? — BY /J} 


(Cx — Cy) (1 — 8) J — 4Cy Ca EXI 

+ (my — my)? J {(By + Ba) {(1 + X? — J?) 
+ nfl — X?— J (14+ &)/2)/JI+ (Ba — By) (1 + 7/2/) 
x(1 —€) J + 4ByBaX) + (my — my)? J (Dy? (1 — #49) 
+ D7? (1 —J)} + 4 (my — my) J {—CaBa[(1 —¥) 
+ 4(1 —X—€J)/2J] + CyByé [1 —J 

Me (ed == 2S) 4 By X. 

+ CyBirtx} 

— 2y (my — my) {CyDy (1 — PJ — X) 
Bae (hd 

+ 2 (my — my)? (ByDy + BaDa)EXJ. 


(A.1) 


Rw (X, J) = 2Xm (J) {ICA (1 — PS) + Cpe (1 — J) XI | Xin 


+ CyCal(l = 8) — X21 + BD Xn? + ntl — bd) 
+X? (1 4 &J)/Xim— X[2—J (1 + &)/Xm}/J) 
(yin)? XJ [By (1 =). Ba (1 —— cee 
++ (my —my)? JByBa \(l — EJ): X2 (1 + Bs) /X2 

+ {1 — X2X72 (1 + &/)} / J] — 4 (my—my)? JEDyD a 
— 2(my — my) JXXin?(CaBa (1—EV) 

Cy Bylaw) (myst) SCABe (pn) 

+ X?(1 + &) /Xmt+ (n/ J) (1—X? (148) / Xi, + EX 
(1 — J)/Xin}I 

— (my— my) JCyBa [(1 —§) — X2(1+8)/Xh 

— J x (E— X?7(1 +8) /Xn+ X (1-2) /Xm}] 
— 1 (my — my) [CaDy {1 — X (1 — B)/Xin} 

Cy Dae the eal 

— (my — my)? XIX? 


x[BaDy (1 — &2/) + ByDae? (1 —J)]}. (A.2) 


B. Variants of Decay Interaction 


The universal V-A interaction scheme®* is at 


present in splendid agreement with all experimen. 
tal data on B decay, K capture, induced antineu- 
trino absorption, and pion and muon decay. An ex 
tension of this scheme to include the decays of 
strange particles is at the same time a hypothesis 
the likelihood of which is based essentially on the 
agreement between the orders of magnitude of the 
decay constants of strange and ordinary particle. 
Contemporary experimental data” indicate, in par 
ticular, that the A —p+e' + vp decay is approxi- 
mately one-tenth as frequent as in the universal 
V-A scheme without renormalization. This agree 
both with the relatively low probability of Kye, 
Ky3, and Ke; decays,’*? and with the fact that i 
the V-A scheme one must have a renormalizatior 
of the decay constants!*»*4 which can fully lead to 
their reduction by a factor of several times. At 
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the same time, the rule AT =+'4, which holds 
with good accuracy for leptonless decays of strange 
particles,!”»!8 ig accidental in the Feynman-Gell- 
Mann theory, if one excludes from it the neutral 
baryon and meson currents. In the latter case, 
the universality of the scheme would necessitate 
also the introduction of neutral lepton currents, 
which would lead to the presence of the decays 

K® —yt+ py, Kt —~nt+et+e”, Kt —rt+v+y, 
and K*t —7*+ y*+ 7, which have not been ob- 
served experimentally. Therefore, the extent to 
which the V-A scheme describes the decay of 
strange particles remains, strictly speaking, 
moot. 

The fullest answer to this question could be ob- 
tained by an experimental study of leptonic hyperon 
decays. The determination of the variations of de- 
cay interaction, to be sure, is made difficult here 
by the presence of many (12) energy-dependent 
form factors, the determination of which calls for 
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an accuracy and completeness of experimental 
data hardly attainable now. The problem becomes 
much simpler if the contribution from the form 
factors is assumed small. Under this assumption 
one can start the calculations with the form of the 
Lee-Yang matrix element of the S matrix 


5 
i (2n)43 (py — pw — Pi— Pv) Y} (un Ojtty) (uO; (C7 +- C's) Uy), 
j= (A.3) 


where 
Oj = i Yo» gee Sap, Yps 1X n%s5 


and Cj and Cj are assumed constant. 

If the energy correlation and the decay asym- 
metry are investigated on the basis of the matrix 
element (A.3), the following expressions will hold 
for S(X, J), and Ry(X, J), determined accord- 
ing to (12), 


S(5)= (Gv 4 aaa) (= PP Xd [0 — XY? — 3771} Gan — ayy) (at aay ed 
+ J [ass (1 — 82J) + app? (1 —J) — 2 (@sr + apr) §X]4 arr {[2—2X? — J — J] + 2yJ [1 — X)? — 8s7]} 


+ Qxyi2[(asy + 38aar) (1 — X — BJ) + § (apa + 8ayr) (1 — X — J)]; 


(A.4) 


Rw (X, J) = 2Xm (J) {[baa (1 — 8°) + byv8? (1 — J] XJ/X3, + bya [(L — 8) — X9 (1 + 8)/X2, + J (L — 8) 


eK (hee yx, — Ate 
bene Xe aE XA (Le Dai X? (1S 


J (14 &)/X%}] + J lbsp§ — XX? {bsr (1— J) + bpr&? (1 — J)}] 
EJ) /Xim — X [2—J (1 + &)\/Xm}] + bas [1 — X (1 — BS)/X3] 


+ 4 bbyp [1 — X (1 —J)/Xim] — fh bar (2 —§—XXn" {2 —& (1 — J) — 26°J}) 


+ ye byr [1 — 2E— XX7," (1 — 26 (1 — J) — 8} ]}, 


where 
air = (CiCz = CC;) / 2, 


An analysis fully analogous to the one of Sec. 3, 
allows separation of the coefficients of the different 
powers of X in (A.4) and (A.5). In the case of 
electronic decays (7 =0) and neglecting terms of 
order £, one can obtain, as in (16), 


s® + s@) + si) + s = ass + ayy +3(aaa + arr), 


3 
[s®) + s] — [s®@ +- s@] = — = (ayy + aaa + 2arz), 


[s@ + s(2)| 


5 ' 
[s() + s()] = — ~ §(asr + apr + 2aya), 


(1) (2 (3) , (4 5 
ty tre +N + ry = ak 


bya brr), 


(1) 
— 3 (bva—brr), 


4 2 3 
[TN ary jar re] = 


(1) | fa 


(3) (4), _. 
lay etn [rn +1n]) = baa —bsr. 


(A.7) 


For the asymmetry of emission of 1, in the 
case of electronic decays, the following expression 
holds 


(A.5) 


b= (Gee CCN (A.6) 


R(xX,J)=—JU+§rl4+x—8)(i+x + vy 
x [(ovv + baa — brs — brp) — 2 (bya — br7)] 
+ (6vv + baa — brs — brp) 
Xx 2EXJ — (baa — byy + brp — brs) (1 — 8) J 


— 2 (bya — brr) (1 — X? — & J?) 
— 2 (bsp — brr) J (1 + 8 —J(1 + 61 + X + €y)). 
(A.8) 


As in (A.7), we neglect terms of order & and 
obtain 


re $rP tr +O a2 (64a — brs) + (bva — br7)], 


(1) (4) (2) 3 3 
[re re J— [re + 72°) = 2 by a— br), 


eae eeu er) et 
— brp) + 2 (2bya — brr — bsp)}. (A.9) 


R(X, J) is obtained from (A.8) by reversing the 
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sign of X and of the constants Cp, Ch, Cy, and 
GC A: followed by reversal of the sign of the entire 
expression. It is easily seen that knowledge of 
(A.7) and (A.9) alone is not enough for the deter- 
mination of the variants of the decay interactions, 
since these formulas yield only the combinations 
of constants 


ayy + @aat 2arr, bya — br, 


aaa —Ayy — arr +tass, bag — dsr (A.10) 


(the combinations of constants which are further 
multiplied by & cannot be determined with any 
degree of accuracy, since the unaccounted form 
factors should make a large contribution to the 
corresponding terms). 

Such a result was obvious from the very outset, 
since the transition from the V-A to the S+P-T 
variant for C’ =C leads in the case of hyperon 
decay, as shown in the Appendix of reference 5, 
only to a reversal of the polarization of N and J, 
and this cannot affect in any manner the energy 
distribution and asymmetry of emission of N, J, 
and v. To determine the decay interaction it is 
therefore necessary to study the polarization of 
N or l. In particular, in the case of electronic 
decays the polarization of N can be determined 
from the formulas of reference 19, where the 
muon decay is calculated, by making the substitu- 
‘tions u—Y, e—N. In our notation, these for- 
mulas are [SN, @N, and Pj are determined from 
(19) ‘and (22)]: 


Ey a(t) ayy (= J) es) 

—- 8assJ (1 — 8) — 8app3J (1 — J) 
+ Ger (4—J 8 (1 + 24)), 

ay (J) = 28x" (J) Xm (J) (26va (1 — 26d) 

+ 3bspsJ — brr(2 — EJ)}, | 

P, (J) = 2Sy (J) [1 + av VY) Gym)? Xm (V) (26va (1 + 26) 
+ 3bsp&J + brr(2 + &)}, 

P3 (J) = Sy’ (VJ) [1 4 an) Gyn) {2ayy (1 — J) (1 — 257J) 
Pope 7) (ee eased (l= 22) 
ReaD) ar la BF es (3 = 2N))), 

P3 (J) = Sy’ (V/)ULF an) Gyan)? (2avv (1 — J) 

— 2aga(1 — $2J) + 3assJ (1 — FY) 


— 3app8J (1 — J) — arr (1 — ©) J}. (A.11) 


When £ «1, we obtain in (A.11) @NSN 
=4(bya—bpr), Py ~ (bya t+ brT), ie., a study 
of the asymmetry of emission as well as the po- 
larization of N make it possible to determine the 


variant of the decay interaction. The situation here 

is fully analogous with the case of muon decay." 
The formulas for the polarization of 1 when 

€-< 1 coincide with the known expression for elec- 

tron polarization in the decay of the free neutron. 
To find the polarization of A in the decay 

= —+A+I1°>+9D one can use the known asymmetry 

of the decay A—p+7 . Analogously, in the de- 

cays Y—N+4yz+p the polarization of » leads 

to asymmetry of the decay u—~et+vtv. 
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The possibility of determining the scattering amplitudes of unstable particles by analyzing 
the energy and angular distributions of reactions in which they are produced is considered. 
Reactions are discussed involving the formation of two particles (1+ N—A+K, 2+ K) 
and three particles (N+ N—N+A+K), two of which interact by resonance at low energy. 


1. INTRODUCTION 


Or the elementary particles known at the present 
time, the majority are unstable. This circumstance 
greatly complicates the study of their interaction, 
inasmuch as it is impossible to carry out direct 
experiments on the scattering of unstable particles 
by each other. Therefore, it is- important to find 
indirect means for the measurement of quantities 
characterizing the interaction of unstable particles. 

In the recent papers of Chew,! Chew and Low,’ 
and Pomeranchuk and Okun’? the possibility was 
considered of measuring the scattering amplitudes 
of unstable particles by each other by means of an 
analytic continuation of the cross sections of proc- 
esses taking place with stable particles or by 
measurement of the phases of the scattering cor- 
responding to large orbital momentum. This mode 
of measurement is extremely attractive inasmuch 
as it can give information on the interaction of un- 
stable particles over a wide range of energies and 
transferred momenta. However, practical appli- 
cation of this method is at present complicated be- 
cause of the non-uniqueness of the analytic continu- 
ation of cross sections and the difficulties of meas- 
urement of phases with large momenta. 

Another method of measurement of quantities 
characterizing the interaction of unstable particles 
is based on a study of reactions with production of 
these particles close to threshold or at the limit of 
the spectrum.‘~* This method is more limited by 
reason of the fact that it affords a possibility of 
determining the scattering amplitudes of unstable 
particles only for zero energy of their relative 
motion. However, it is entirely unambiguous and 
much simpler than the method of Chew et al. Up 
to recent times, this method has been used only 
in the case of reactions with production of three 


particles, two of which interact by resonance at 
low energy (Migdal and Watson! ). 

In references 5 and 6, reactions were consid- 
ered with the production of three particles of low 
energy which interact in nonresonant fashion. 

For the determination of the scattering amplitudes 
of the generated particles in certain reactions, for 
example, m™+p—nt+m+7, n+ m+n, pHa 
+ n°, it was shown to be sufficient to measure their 
energy distribution, and in the others (K*— 27° 
+7, 209+ nm) it was necessary to measure the 
correlation between directions of their emission. 

The possibility of determining amplitudes in 
these cases is brought about for different physical 
reasons, as will be made clear in what follows. 

In the first case, the possibility of determining 
the amplitudes is based on the fact that if we con- 
sider the matrix element of a reaction (taking 
place in a certain volume of radius ry) as a func- 
tion of the momenta of the produced particle pj, 
then the terms linear in pjryg are completely de- 
termined by the amplitudes of pair scattering. In 
turn this is explained by the fact that the wave func- 
tion of the three particles at pj ~ 0, in the region 
of distances of the order of ry between particles, 
differs from the function for zero energy (pj = 0), 
with accuracy up to terms linear in pjro, only by 
a factor that is determined by the behavior of the 
wave function at large distances between the par- 
ticles. 

However, in a number of cases (for example in 
the reactions K*-+ 2n*+ m7, 209+ 7*) in squaring 
the matrix element terms linear in Pit) drop out 
from the expression for the cross section. In 
these cases, measurement of the energy distribu- 
tion does not allow us to determine the amplitudes . 
of pair scattering. None the less, as was shown in 
detail in reference 5, thanks to the effect of the 
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centrifugal barrier, correlations between the di- 
rections of flight of the particles are fundamentally 
determined by pair interactions. 

In the present work, the possibilities are dis- 
cussed (Sec. 2) of the determination of scattering 
amplitudes of unstable particles (A, K; 2, K) 
from a study of reactions with the formation of 
two particles (1+N—A+K, r+N—2Z+K). 
The basic idea used in the study of reactions with 
the formation of three particles also becomes 
clear from this section. 

In Secs. 3 and4 we study in detail reactions with 
formation of three particles (of the type N+ N 
—N+A+K) under the assumption that the inter- 
action of two of the particles (N, A) has a reso- 
nance character for low energies. 

In contrast to Migdal,* we consider not only the 
resonance interaction but also the interaction of a 
third particle (for example, K) with two resonant 
interacting particles (N, A). Account of these in- 
teractions leads to corrections to the energy dis- 
tribution of the produced particles [see, for ex- 
ample, Eq. (52)]. These corrections are of the 
order pjry and are expressed only by amplitudes 
of pair interactions and the effective radius of the 
resonant interaction. 

Study of the energy distribution of the particles 
produced allows us in this case to measure the 
scattering amplitudes of all three formed particles 
on each other and also the effective radius of reso- 
nance interaction. 


2. REACTIONS WITH FORMATION OF TWO 
LOW-ENERGY PARTICLES 


Let us consider a reaction of the type 
Be aA AaB s, (1) 


where mA + mp < mA’+ mp’ (m = mass Of the 
corresponding particle). The matrix element of 
such a reaction 


M = (FE) (A’, BY) | VE (A, B)>s (2) 


depends on the energy E in the center of mass sys- 


tem (c.m.s.) as an explicit function of the initial 
and also the final state. 

However, as was noted in reference 6, one can 
show that the matrix element 


C¥E) (A’, BY VE? (A, B)>, 


where Ep, the threshold energy of the reaction (1), 
is an analytic function of E near E= Ep, with the 
exception of special cases. It can therefdére, with 
accuracy up to terms of order KY 9, be replaced 
by the matrix element Mp = <UE GAL Bi). 

WE 9 (A> B)>, where ro is the effective interac - 


tion radius, k* = 2u(E-—E,) and yp is the reduced 
mass of the particles A’ and B’. Therefore, ac- 
curate to terms linear in kry, the dependence of 
the matrix element M on the energy is determined 
as a function of the final state. This dependence is 
usually easily found because of the fact that the 
Schrodinger equation for the function Wf (A’, B’) 
contains only k* and, consequently, the aes 
ence on k appears only as a result of the bound- 
ary condition at infinity. Since only the S-state 
gives a contribution to (2) at low energy, then (for 
distances between particles r > ry), 

WE) (A’, B’) =e- 


ig Sin (kr + 3) 
k 


’ 


6 is the phase of S-scattering of the particles A’ 
and B’. For rp «r«< 1/k, 


WE (AB) =e 81 [1 +eeotd +0 (kr?) 


sage js Sin 7 i+++0 (kr)], (3) 


where a = 6/k|k=) is the scattering amplitude, 
whence it follows that, with accuracy up to terms 
of order kro, the function W{;) differs from the 
function VE by the factor 


Fae 0 y yore? (a’, BY YEA, BY 
= F CPs) | ve. (4) 
However, if a~ ry (nonresonant case), then 
we may expand e7!4 sin 6 ina series with the ac- 
curacy considered thus far. Then F =1-ika and, 
consequently, the cross section of reaction (1) is 


s(A+B>A’+ B’)) =k(1+ 2kIma)|M, |. (5) 


Thus, by measuring the cross section of the re- 
action (1), one can determine Im a = (k/417) 0’; 
o’ is the total interaction cross section of particles 
A’ and B’, which, because of the possibility of the 
reaction A’ + B’ ~A+B, is proportional to 1/k. 
If other channels than A’ + B’ —A+B are pos- 
sible in the interaction of A’ and B’, then o” is 
not expressed directly in terms of o. 

Evidently the most interesting reactions of this 
type are 


pep ke; (6) 
coo p> KR (6’) 
Since the reactions 
“NO Ko=SN +r, N-- or, 
NOE Sue Ne ar (7) 


are possible at zero energies of and K°, then 
o’ is not expressed directly in terms of o. Fur- 
thermore, from the unitarity property of the S- 
matrix, considering that the contribution of the 
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last two reactions of (7) is small because of the 
smallness of the phase volume, we find that 
Ima = (k/ 4) {2 (A°, K°N, =) 


sa (ht,, Ke —> Niger; m)}, (8) 


Thus, by measuring the dependence of the cross 
section of reaction (5) on energy, we measure the 
cross section of the reaction A’) + K7—+N+a+7 
at low energy of A° and K°. 

The reaction (6’) can be considered in an analo- 
gous manner. One deficiency of this method is that 
only the imaginary part of the scattering amplitude 
is determined. As will be seen below, the real part 
of a can be determined from a study of the reac- 
tions 

Dea Pia Neo 1K a Pa PK an, 


prpoltt+Ke+p, pp +k +p. (9) 


Other interesting possibilities of measurement 
of scattering amplitudes of unstable particles are 
uncovered if several channels with neighboring 
thresholds are possible in a reaction of type (1). 
As an example, let us consider a reaction with the 
formation of = and K particles: 


por KG, (10a) 
z + p—> Lo - K°. (10b) 


In this case it is immediately advantageous to 
make use of isotopic invariance. The state (7, p) 
is the superposition of states with isotopic spin T 
=¥% and T=%. For matrix elements with the 
definite isotopic spins Mj. and M3/2, one can 
write down relations that are analogous to (4): 


My, = (1 + ikas),) M!,, Ms, = (1 + ika®,) M?,, (11) 


aj/g and a3/. are the scattering amplitudes of 2 
and K in the states with isotopic spin % and %. 

From this it is easy to obtain the following ex- 
pression for the cross section of the reactions 
(10a) and (10b): 


o, = qh MY,P (1 + 2V 2x cose +2x%) 
r (az, =e V 2a;,,€'*) (4+ V 22e—**) 
- u me 4+ 2) 2x cos o + 222 -| : m2) 
‘ ~~ 2 
Soo = sk} MY? (1 —V2xcose+ >) 
ade? / V2) (1 — ze | YD) 
x (1 gga i (13) 
4— V2eecso+ «2/2 


where x, g are the modulus and phase relation 
of the matrix elements M{/./M}/.. The values of 
x and @ can be determined, for example, from 
the ratio of the cross section of reactions (10a) 
and (10b) to the cross section of the reaction (6’) 
(in which the same M3, and a3/. enter). Then, 


by measuring the energy dependence of the cross 
section one can, by means of (12) and (13), find 
two relations between ayy and a32. Inasmuch 
as Im a3/. is determined independently from the 
cross section of the reaction (6’), then three un- 
known quantities enter into these two relations. 
For a unique determination of all the quantities, 
it is necessary to study simultaneously reactions 
with the production of three particles. 


3. REACTIONS WITH THE FORMATION OF 
THREE LOW-ENERGY PARTICLES, TWO 
OF WHICH UNDERGO RESONANCE INTER- 
ACTION 


a) Nonresonant interaction 


To establish the energy distribution in a reac- 
tion of the type 


A+B3A'+ B'+C (14) 


at energies close to threshold, one can proceed in 
a fashion similar to what was done for binary reac- 
tions. The wave function W{) of the S-state of 
the three particles, A’, B’, C’ in the center-of- 
mass system (in what follows we shall enumerate 
these with the indices 1, 2, 3) has the form 

sys (ry, To, ie) =O) (tr To, rs) aie an OP (— thy 012) Sree 


ae ie exp (— IR 213) ae = = exp (— ikys-3) arate 

(15) 
at large distances between all particles. The spin 
variables are omitted everywhere in what follows 
for simplicity; pj, is the distance between par- 
ticles “i” and “k’, pj is the distance from the 
particle 2 to the center of mass of the two other 
particles, 


kj, = (mp; — mp.) / (m: + m), (15a) 


pj are the momenta of the particles in the c.m.s., 
ajjy are the amplitudes of scattering of pairs of 
particles at zero energy, mj are the masses of 
the particles, and ®(r, ro, r3) is the wave func- 
tion of three free particles with a total orbital mo- 
mentum equal to zero and with a fixed energy for 
each particle. The function (rj, ro, r3) is the 
mean value of the function 

EXP (pyr, + ipers — iPsts3) = Xp ({Ky2P12 + (paps) =... 
(15b) 
over all orientations of the plane in which the vec- 
tors Pj, P, and ps lie. If the state of the three 
particles is to be characterized not by the mo- 
menta Pj, P). and p3, but by their magnitudes p,, 
Pz, Pg, and the Euler angles 6; of the coordinate 
system that has two axes in the plane of these 
vectors, then 
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® (ry, Fo, Ts) = ®,,, ps, ps (Pres P13, P23) 


1 4 : ; 
= ai \exP (pity —- ipere + ipsrs) d9;. (16) 
Equation (16) is almost self-evident, and can easily 
be obtained from equations which will be presented 


below. We note only that it is valid under the con- 
ditions 


Pil >To, Pre > Ay. (17) 


We assume as in the case of two particles that the 
distances pjj are such that 
1 [Rit > Pil > ail, lo. (18) 


Then, expanding in a series and limiting ourselves 
to terms that are linear in a/p, ka, we obtain 


we? = 1+ ayo/ pie 13/13 + Ass | P23 —- iRy2A42 
— tRy3Q13 — 1R 93093 = (1 — ikyoQ42 — ikj3a,3 — 1R 533) 
x (1 + Gy2/ pie + G13 / P13 + Aes / 093) (19) 


in place of (15). Inasmuch as terms linear in kry 
cannot appear from the interaction at small dis- 
tances, as has already been noted, then even at 
small distances between the particles, the function 
vi differs from the function VE only in the fac- 
tor 1 —ikj a4. —ik,3a43 —iky3a93. This result was 
used in references 5 and 6. 

However, as is well known, in the interaction 
of nucleons, the scattering amplitude at zero en- 
ergy a>>ry andthe condition ka <1 are ob- 
served only in a very narrow range of energies. 
Therefore it is necessary to obtain a result which 
is free from the restriction ka «1 (the restric- 
tion kr) « 1, naturally, remains). 

In the case in which all the amplitudes aj] > Tro, 
the problem becomes very complicated’ and there- 
fore we shall limit ourselves to the case in which 
only 2a single amplitude a4. >1rp, while the ampli- 
tudes a43, 293 ~ ry. This case takes place for re- 
actions of the type N+ N-—N+N+z@, and in the 
reactions 


N+N—>N+A+K, NN 


~N+U-4+K, -(20) 


if we assume that all the baryons interact in reso- 
nant fashion at low energies. Since the simple for- 
mula (15) is no longer useful in this case, more 
detailed analysis of the wave function of the three- 
particle system is necessary to obtain results. 


b) The System of Equations for the Wave 
Function of Three Particles 


For the investigation of the wave function of 
three particles, it is convenient to introduce the 
Jacobi coordinates Pj2, P3, OF Piz, Pe, OF P23> P1- 
In the variables pj, and p3, the Schrodinger 
equation has the form 


1 9 4 
| 219 Vor 213 


> Vos (023) = Vies| rT LEe= EW, (21) 


Vee Vie (012) + Vis (013) 


I ies = 1 /m, + 1 / mg, sh fg Titty -— ! / (m, — my). 


We note that the assumption as to the existence of 
interaction potentials is introduced only for sim- 
plicity and final results are not dependent on it. 

In order to take the asymptotic conditions into 
account explicitly (since we are interested in func- 
tions of the final state, Wp at infinity must have 
the form of an incident plus an outgoing wave), it 
is convenient to write down the equation in inte- 
gral form: 


Ve (P12, #3) =P (f19, gs) 
—\G (ez — Bias ¢s— 0s) Vie (pie) Ve (Fes $5)4 pedo). 
— \ G (1s— Piss 22 — P2) Vis (Ors) Fe (Piss P2) 045 d%%0 
— (12) —|G (eis — pie. #2 — Bs) Vins (12, 29) 
x We (p12, Ps) Bois dps. (22) 
(Py, P3) is a function defined by (16), 


G (012, Ps) = G (O13, P2) = G (p22, 01) 


of 


( d?pd®k exp {i (pag + kei2)} (23) 
= \ (2m)® p® / 2y3 + kh? / Zy12 — E + ie” 


The following expressions will also be convenient: 


—ik pe. 


ae as ; 
G (019, Q3) — = \ oe eiPPs é 


P12 


i Tisai 
= > Be (412 [43) : 


Rp =V eo (E — p?/ 2us), 
x = V2 (usoes)E, to = 1/13 = (Hae / Pa)”, (24) 


H{) are the Hankel functions. All the quadratic 
roots of the type kp entering into what follows 
are determined for p*/2u;>E as —iV Dies 
In the matrix element of production of three par- 
ticles in which we are interested, the wave function 
Wr enters in the region pj, ~ p3 ~ fy. We want to 
prove that in this region, with accuracy up to terms 
linear in kro, We differs from W% only by an en- 
ergy dependent factor; we want to find an expres- 
sion for this factor in terms of the amplitude of 
the pair interaction (E) = 0). 
In order to accomplish this, it suffices to show 
that W, differs from W by a factor in region 


1/2 Se, +2 >r. (25) 
In this region one can always neglect the contribu- 
tion of the three particle interaction [the last term 
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in (22)]. Actually, by making use of the explicit ex- 
pression of the Green’s function (24), we obtain the 
result that the last term is equal to 


fa 


\ Vies (pio, a) ae (ou. es) Bor dp, 


¥ 1/, 
_—# (tats) * 


(y12P 2 + ‘T9P3)? 


4 
ro 


~~ (ap?, 15 rary aad or Yo)» 
if avinats (i493) */? ~ 1. If the interactions of par- 
ticles 1, 3; 2, 3 and 1, 2, 3 are nonresonant,, then 
W(x, 9) ~ ay2/%p- Consequently, it is of the order 
Ayord /(V120%2 + Y30%)*, which, as will be seen, is 
much smaller than the contribution from the two 
particle interactions. Omitting this term, we con- 
sider in more detail the remaining terms in Eq. 
(22). In this case, it is easy to make note of the 
following important circumstance: if the variables 
on the left hand side are changed in the region (25) 
or even simply in the region p%, + p% >> r?, then 
the function appears in one of the three regions 
P12 ~ To, P3 >>To; P1is3™~ To, P2 > To P23 ~ To, 
P4 >> Yo, on the right hand side under the integral. 
Therefore, if we were to know W in all these re- 
gions, then we would find © inthe region pi, + p3 
> r2 and, consequently, in the region (25). 

We shall show that in each of these regions, 
respectively, the function Yr has the form 
P12 (Piz) ¥3(P3), 913 (P13) Y2(P2), P23 (Pas) Y1 (p1) 
with accuracy up to terms linear in xrp, where 
Yi] is the wave function of the particles “i” and 
“1” at zero energy, while the functions Wj (pj) 
satisfy some set of equations in which as unknown 
parameters there appear only the amplitudes of 
pair interactions. For solution of these equations 
it is shown that if pj « 1/x, then all the functions 
W; (pi) differ from their values for E=0 by one 
and the same factor. The latter also leads to the 
result that the entire function W(pj., p3) differs 
from its value at E=0 by the same factor. Si- 
multaneously, the functions Wj(pj) are found; 
these can be used in a number of other problems. 

In order to prove these assertions, we consider 
as an example the region pj2~ Yo, P3 > Yo. 

In this regjon we want to expand the right hand 
side of (22) in powers of xr) and ry/p3. For this 
purpose, it is convenient to represent the function 


G (Pi2 — P42, P3—P%) in the form 
eattuer a Mah Ga (D) ganar ents 
(P12 —Piz, Ps — Ps) (2s — @s) 2n | p12 — Pio 
d3p ip(es—es) exp {ik, | p12— 15 |} — 1 
Be 12 \ a p pail 26 
2x } (2x)? | P12 — yo | cod 


We can now carry out the indicated expansion in 
all terms except that containing 6 (p3— 3). 
first approximation, we obtain (py. ~ rp, p3 > Yo): 


Vi. INA AGRE PB OW | 


Viz (Pio) ; ae 
W (prs, Ps) = Va 0s) — aa Y (p12, Ps) 2? Pre, (27) 


Ys (03) = Stn Pape —kn \ Gre (Ps — Ps) (Cre Ps) Vie (p42): 


Paps ald 
3 , 2 , zn ¥13 - , V , y Ss c a3 , d3 , 
X 02 d°p3— \ G\ Ps, m, 3 02) 13 (P13) F'(P 1s, P2)d*prs 2"p2 


—\c G (05, moe Ls 


where 


s—P1) Vos (02 3) F (P23;P1) a? Po as 2p, 
(28 


Ge (p. Pig (Os—Ps) V 240 (E ee p/ De) 


, 3p 

3— 3) = — i\ or 
and the relations among p43, Po, P23, P1 and py, | 
p3, and the smallness of py, are taken into account | 
in the latter terms of (28). But it follows immedi- | 
ately from (27) that (pie, P3) = P12 (Piz) Y3 (p3) | 
for py. ~ Yo, P3 >>To, Where 1. (pi2) satisfies 

the equation 


(29) 


9 V (p, ) tg , 
ee \ — P12 (Piz) G7 or2, 


=1—* : 
ee (P12) an | [ops Prof 
i.e., it is the wave function of particles 1 and 2 for 
zero energy. 
Repeating these discussions for two other re- 
gions, we obtain ~ 
Y (P13, G2) = Fis (P13) Hs (92) for pisa~o, P2> To, 


Tei ep = P23 (P23) ‘Es (01) for P23 ~ To, Pi >To (30) 


with the expressions for %,(p;,) and W.(p,) ob- 
tained from (28) by substitution of indices. 
However, if we now take it into account that 
the wave function enters the right hand side of (28) 
in precisely the regions under consideration, then 
we can substitute (29) and (30) in (28). In this case 


we obtain the following relation among the functions 
WY, Wo, and Ws: 


Ws (es) = ae + Qe \ G2 (@s — Ps) Y's CO) do; 


2 
i 


2 , , i 
= - 43 \ G (5,28 fis Coie 2) Y. (02) dp, 


2n 
+ (6 (6, —" ps— pi) Fi (6) a, 


ayy = == ay il (p:2) Pit (12) Boi, (31a) 


where ajj is the scattering amplitude of the par- 
ticles “i” and “1” at zero energy. 


Substituting (29) — (30) in the expressions for 


Wo (p2) and %,(p;,) (which we have not written 
out), we obtain 


Ye (02) = a Tae + az \ Gis (P2 — po) Ve (03) d*o, 


, on ae) 
"Bre bole ng P2— 


+ 6 (PH — Bes 


e;) Fs (es) ap, 


— pi) Fs (0) Boi, (31b) 
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Fr (Pn) = EP + dos | Ges (exes) Fs (61) Ae 


—_—_ — Me : ‘ : 
"pe \< (1, oe ae Ps) Ys (03) dps 


ee ‘ ‘i ‘ 
at ae \G(a, — oe CaS e:) Ys (02) dpe. 


(31c) 


Equations (31a), (31b), and (31c) represent a 
system of three integral equations with functions 
W1(p), Y.(p), and %3(p). This system of equa- 
tions is identical with the system of equations ob- 
tained by Skornyakov and Ter-Martirosyan’ with 
the help of boundary conditions for the wave func- 
tions in the case in which ali three interactions 
have a resonance character. As is seen from the 
foregoing, these equations follow naturally from 
the initial Schrodinger equation without any as- 
sumptions on the resonance of all interactions. 

In order to estimate the order of magnitude of 
the individual terms in each of these equations, 
and also the order of magnitude of the terms neg- 
lected in their derivation, we consider their solu- 
tion by the method of successive approximations. 
For this purpose, we substitute, on the right hand 
side of (31a) for example, 


yp) __ SiN PPro), _ SIM Popa =o) _ SIN Paps (32) 
: Pipa” 3 Pope” i Paps 
By making use of (24), we obtain 
__ SID PsPs (y __ _ _413__,/R1ss Sin (Popattrs / 171) 
Ys (05) "Paps (! iy 2012) ee Ps : PoPst1s / M1 
G23 Liksses Sin (P1Pst23 / M2) 
as Ps ‘ P1Pst28 / Mle (33) 
from which it follows that if all the interactions 
are nonresonant (ajj ~Yr,), then the correction 
terms ~ KYp, ry /p3 K 1 and the application of 
successive approximations is valid. The neg- 
lected terms in this case are of the order (xro)’, 
roKro/p3, 65 /p3- 
If ry K p3 K 1/k, then 
Y's (p3)= (I— iRyoQ12 — ikysQ13 — tRe3d23)1 + A413 / ps 4+ Qos / Ps) 
(34) 


in agreement with (20). 

When all three interactions are resonant (aj] 
>> 19, Kaj] ~ 1), none of the correction terms is 
small, and it is necessary to find a method of ex- 
act solution of Eqs. (31). The neglected terms in 
this case are of the order of kro and ry/p3. 

In our present work, we are interested in the 
case in which only one of the interactions has a 
resonance character (aj. > 1, a13 ~ 493 ~ Yo). 
In this case, we can neglect the last two terms in 
Eq. (31a) in the zeroth approximation. This equa- 
tion is then easily solved. If we set YY 
= A (sin p3p3)/p33, then it follows from Eq. (31a) 
that 


A = (1 + iky2Q)0)™. (35a) 


To find %(p,.), %(p,) in this same approxima- 
tion, it suffices to substitute w{(p,) in the third 
term on the right in (31b) and (31c), and to neglect 
the second and fourth terms. We then have 


(yy Sinpipr | aie et sin (propepr / m2) (95 
1 (A) Pipi '  4+tRi2d12 P1 P12Psp1 / Me ( ) 


and, similarly, 


YO (p,) = sin Popp, Ay e822 sin (uyopspe / my 


) 
Pope ' 1+ ikiedig pe Yi2PsP2/ im, ~ (35¢) 


If we assume in (35b) and (35c) that ry K py K 1/k 
and ry «K pz K 1/k, respectively, then we obtain 


(0) oe 4 2 
oi (01) a reed =) 


(0) id (,  &2 
a (62) ~ 1+iky2019 . ' pe ) 2 (36) 


i.e., in these regions the functions differ from their 
values for zero energy by the same factor. 

In order to find the form of W°)(p4), p3) in this 
region, where the distance between an arbitrary 
pair of paricles is much larger than rp, but much 
smaller than the wavelength, Eqs. (35a) — (35c) can 
be substituted in the initial equation (22). Direct 
calculation gives 


4 a 
Ba (bd aac guaran « <n) ; (37) 
i.e., it differs from ww) at E=0 by the same 
factor. 

Thus, in all the regions (25), the functions 
We (p12, p3) and W§(py2, p3) differ only by the 
factor (1 + ikja4o)¢ Consequently, such a situa- 
tion also prevails in the region pi, + p% ~ r2. 
Therefore the matrix element of the reaction (15) 
for the presence of resonance has the form 
COE (ALB ACS ae (A,B) 

=e ee eC (A, Bo. CO (AB) ae) 

4— tk120,5 
in zeroth approximation in kro; this is the well- 
known result of reference 4. 

The purpose of the present work is to obtain 
corrections to (38) of the order of krg which con- 
tain the amplitude a,3; and 4g3. 

a) Corrections to the Matrix Element ot Order 


KY 


To find corrections of order kro, it is first 
necessary in the solution of Eqs. (31a) — (31c) to 
take into consideration terms containing a,3; and 
ay3, and in the second place to consider correc- 
tions of order kr) from the interaction of par- 
ticles 1 and 2, which were not treated in the devel- 
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opment of these equations (in the derivation of 
(31a) — (31c), terms of order xrp relative to those 
considered were discarded). However, since the 
interaction of particles 1 and 2 is a resonant one 
(Kay. ~ 1), corrections to it are of the order of 
the contribution from the other interactions. 
Corrections of the second type are easily taken 
into account since in their computation the interac- 
tion with a third particle is unimportant (consider- 
ation of this interaction would give a correction to 
a correction), the interaction of the particles 1 and 
2 changes only the factor in the wave function, with 
accuracy up to terms linear in krg [see Eq. (3)]. 
Therefore, account of corrections of this type re- 
duces to replacing the factor (1+ik,,a;.)~! in (35a) 
by the quantity 


— i845 sin S12 = ay =a { on Bai aie 
é 5 = (1 a iRy>5 49) | 2(A+iki.2 a2) f (39) 


12 212 


Yq is the effective radius of interaction of particles 
1 and 72. 

To find corrections of the first type we shall 
solve (31a) — (31c) by successive approximations 
relative to ay3 and ao3. In Eq. (31a) we set 


Ws (es) = (1 + thsadss) SEP + WS (65). 
Then the following equation holds for 3 (p3): 


(40) 


Ws (65) = are | G (es — #3) Fs (Ps) Ps + Prs (es) + Pas (6s), 

(41) 
where 13(p3) and #23(p3) are the results of 
substitution in the last two terms of (31a) of the 
functions ¥{"(p,) and wW§(p,) from (35b) and 
(35c) ; 


15 (03) = Pis (Ps) + is (Ps), 


where 43(p3) and {3(p3) are the result of sub- 
stitution of the first and second terms, respectively, 
from (35b) in Eq. (31a): 


(41’) 


: y kirtP, 
; : Sin p,Ps3 — izes 
D,5 (03) — 13 ethos ——- — as \ -dz é : ’ (42) 
Ps Pops 2?» j Ps 
Ris—Py 
Ry Ps t 
0 ( ayes n s . dq XP) | —ides=— ik | 
So NPS) CE ihaare 2p. \ is \ (27)8 bg Gz 
Ryz—Pg 
P2=413P2/M, P3= Ya2Ps/M, 
Re Ou (Eb 9?) lak ze = SSeS 0 (43) 


The function $)3(p3) differs from 43(p3) bya 
permutation of indices. 

Equation (41) is easily solved if we proceed to 
the momentum representation. If 
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‘Hs (65) = 4x | “72 ws (p) pap, (44) 
then 
Ws (p) = [Py3 (p) + Pos (p)] / (1 + tkpaie), 
Ree V 2uy2 (E — p?/2p3) (45) 
RistPy 
” ” , a 
®:5(p) = P90) + Pis(0), Pile) = Gar | eae 
- k gPo 
OS eae ‘. 
kitPg 
4 i d°q 4 
; d = 
x 2p, \ z\ 4rt (q2 — 22) [(p — vasa/ms)? — bk’, + te] 
Ru—Po (46) 


and similarly for #93(p). 

As in the previous cases, we are interested in 
W5(p3) for rp <K p3<K 1/x. In this region, the ex- 
pression for $(p3) is greatly simplified. We 
shall first consider the contribution from {3 (p). 
It can be written in a form that is suitable for fur- 
ther work by separating out the component that 
does not vanish at E = 0: 

btn 


5 sin 
Se Nd PRED 
- kis—Py o 


1 4 
- [ (p? —22)(1 + ik,ay2) = (1 + ‘Ya2012p) | 
co 
, a3 =a sin ppsdp 
446 2 


“pa. T : p(4+ 1202p)" (47) 


The first integral vanishes at E =0 while the sec- 
ond does not depend on E. Moreover the first con- 
verges at pj =0. Therefore, in the region rp KX p3 
<«K 1/k one can set p3=0, neglecting terms of 
order KY, ry/aj. In this case the contribution 
from {3(p) takes the form 


sin xdx 


LoS) 
2 PaAG 
Qy3F 1 (va 5B, | tte Oe \ 48 
13° 13\ “012 ml l ps te X (1+ xyY12019/ps) ’ ( ) 
) 
where 
Fis (a1. =) 
Ris+Po 
Pek. \ az\ d yep" (Y12p — ik) + 27 (1 + ik,ai2) 
=P 9, 9 8 (pa) (LF ips) (+P riatia) 
13a—Po 


The contribution from /3;(p) can be similarly 
transformed, but by a somewhat more awkward 
method. As shown in the appendix, it has the form 

12013 Ps 

Tikit, Gis (var, => 
. Co 
ee (R104 = a3 2 \ sin xdx 
1+ ikyoQi2 pp mw ) x (1+ xy12012 / ps3) 
0 
co 


Qy2043C 2 \ sin xax 
mils 


(1+ thiaaia)ps * ) 1+ xy iemia/ pa” 


my ee Protas 
C=—tan|/ — 
ae args 


(49) 
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where 


RitPs 69 


\ oe \| p*dp eae 


ky 2—Pg cal b 


Gi; (xa12,22-) = —— 
Ze arp, 


—1z2 Zz 
vis pp? (1 + pyisdie) 


Biz ' 
x (22 + 2pzx py, + 22 p?— 2B) 
\ P13 


V2 
p? Hie Spots 
2u18 ae es x 


+2 | Qu.o(E— 


1 2 
xe af 
| (V/ 222 (E — p? | 2y33) pd, p2x?/m? + Pi2px / m,)*— —2 


x 4 ——————— 
1+ tR Ay2 sper aR Bis Jee tate . % 
ay, 


Taking (48) and (49) into account, we ele the 
result that for ry «K p3 « 1/k, 


, 4 a Qo 2 
YW; (ps3) = Riki [ arsdieGrs + Gx3012Go3 +- SEs 


Ps wv 
foe) F ie) 
A sin xdx Gig + dos cui 
Pa) : 


sin dx | 
x(1 + x712@i2/p3) © D3 
0 


1 + XY 12012/p3 
+ ay3F 33 + Ae3F 23. (50) 

Also, considering the correction (39), we con- 
clude that, with the initial accuracy, W(pj., p3) 
can be written for py2~ 1p, p3 >To, and pz 


< 1/x in the form 
sin xdx 


M3 + As 2 C 
Y (Pie, Ps) = Loe (P12) [1 Se Sk ( Ga yamaaies) 
0 


Ps 


CO 
1 C (a3 + G23) Gig 2 \ ee _ 
Vesa a eee ee XY12012 | ps J” (51) 
P3 6 
where 
k2 eS 
1 ir 4 qo! ote , ies | 
F: ifist + thy2Q12 | feed a 4+ (Ry20y2 rally 42013G13 T Ay2Ar3Gos | 


++ Qy3F 13 + Ash 03. (52) 

Thus we have found the correction of order kr 
to the factor (1+ ikypa%y in the wave function and 
the correction to the wave function in the region 
fis ~ To. P3>>Xo Of order ryo/p3, which can be of 
interest in a number of problems. 

To find the corrections to the function , (p2), 
we set 


Yo (2) = Ws” (bo) + Pe (6). 

To determine W(p2), it is necessary to sub- 
stitute W(p3) from (44) in the third term on the 
right-hand side of (31b), with account of the cor- 
rection (39), and in the second and fourth terms, 

¥(p.) and ¥{(p,) from (35b) and (35c), re- 


spectively. 
The expression for W,(p,) resulting from such 


substitutions has the form 


WIR ye \) coe Loi] Pe de a3. (2) 4 x3 (=) 
» (>) + 4 He 7, (a) 4 Oey, (20, 


Qy2 UO) oo A — a7 *% 4 Ca m. 
fi(S2) = Z = sin xe (= 2 ae, j= i 
Tw 
0 


? 


12 4 ne V pres 
P2 (53) 
for ro K py K 1/k, i.e., it contains the same con- 
stant factor. 
Similar results are obtained for po3~ ro, ro 
“K py K 1/k and rp K pjo, p43, Po3, K 1/k. 
Therefore, as in the previous cases, it can be 
proved that the matrix element of the reaction (14) 
has the form 
KVE (AB, CO) Y EO (APB) 


SLU (A) BUCH | AaB), (54) 


with accuracy up to terms linear relative to kro. 
The quantities G3, Go3, F43, F,3 entering into 
the expression for L depend both on the energy 
distribution among the particles and on the reso- 
nance amplitude of scattering aj. If we introduce 
the variables 
u = pi/24E, (55) 


(oe P2/2usE, Oh p3/2usE, 


which determine the fraction of the entire kinetic 
energy which is associated with the relative motion 
of one of the particles (1, 2, and 3 respectively ) 
and the center of mass of the other two, then it 

is easy to show that 


Gis = %19%3G (81, W, A), Gog = %19%3G (Bo, W, Q), 
Fi3 = %3F (By, 0, a), Fog = %3F (Bo, u, a), (56) 


where 


oo) == V wpE, LA 
Bs = Hos / Us = Pre / tr, 


V 2u3E, Pi = Pas / Ps = Ye / Pe, 


a = %j2Qj96 


The functions F and G, after computation of 
the part of the intervals entering into (48) and (49), 
can be written in the form 


22 


1 i zdz ae eee 
1Oal (os PeKe ee =Vir—5) ence [2aV'1 z arc cosz 
ke 4az ; ajo 2 
‘ Vista (sinh” pas ey raV 1+? 
r ee 
x Int+VItaj—F(Vae+ri—y] 67) 
here Z12= V(1-u)p Be ry ce (B)\ 2 
22 (¢ 
{ r — ily 
f d oe 
OE elie 2nV 8 (1 — 8) (ze — 21) ree t ? eV | 


(WVi—8 + VEC) — 23), on 

yd SSS 
pe (yVI—8—V50—#))?— 25 | \: ar 
-12V3(— 8) YU — 9?) 1 -12V8(1—8) | 
tan az — (1 28) — 8 Ta ay tan 24 | 


co 


suet: 1 "1, B2?-+ 22V1 = 8 + y? = 8 
£3 eae 
é\ udy Peer "32 —2yVI—B +? — 8 
pres 1 
ie ed - 6 (1 — 3 — 2%) 2\ sey \,68) 


y (1 + ay) , (CoV eae 


408 

where 

21.2 =V8(I—w) $V w(1 — 8), 
vo =VE0— 28) + 2VEC—9, 


Aes Ber. 
Or <<) 


0 <tan-!y <x. 


In spite of the crudeness of the expressions for 
F and G, these functions can be tabulated without 
great difficulty. 

The differential cross section of the reaction 
(14), as a function of the energy of the third par- 
ticle (which interacts in nonresonant fashion) for 
example, and of its angle of emission, which is de- 
termined by the angle between the direction of the 
momentum of the incident particles and the plane 
in which the momenta of the particles produced lie, 
has the form 


HPo(E, wr 0089) _ | My P| LP Vw (I —@) (E — Ey)’, 


dwd cos > (59) 


L=(1 + tRy2Q19) + {1 ag Ristodin 2 (1 + thy2Q42) 


+ xy9Qz0[%3013G (Bi, W, @) + %3Qo3G (Bo, w, a)]} 


+ %3Qi3F (B1, ¥, @) + %3Qe3F (Be, uw, a), 


where ¥# is the angle between p3 and kj. 
For given w and #, 


v=w(1—,)+ 8 (1 —w) + 2V w(1 — @) 8, (1 —B,) cos 9, 


u = w(1 — Be) + B. (1 —w) — 2V w (1 — w) Be (1 —B.) cos 9. 


(60) 
Thus the terms in the variables w and ¥ in the 
square brackets of (59) are responsible only for 
the energy distribution, while the terms containing 
F(f,,v,a) and F(f,, u, a) also involve the cor- 
relation between the momenta p3 and Kj. 


4. ENERGY DISTRIBUTION p+p—p+ A’+ K’*, 
pt+p—-N+2z+K 


Let us consider the energy distribution in the 
following reactions: 


p+p—p+A°-+ K*, (I) 
Pep pa a. (IIa) 
[ea ena es APP SHA Ce (IIb) 
Pp te ea (IIc) 


and assume that the interactions (A, N) and 
(2, N) are resonant. 

In order that this be done, it is necessary to 
take into account the spin and isotopic variables of 
the particles generated. In the case of reaction (I), 
in view of the impossibility of charge exchange, the 
presence of the isotopic spin is not important. Ac- 
count of the usual spin leads only to the result that 
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p and can be produced both in the singlet and 
in the triplet states. In this case a system of three 
particles of small energy (p, A’, K*) can depend 
on the internal parity of the system (M, Kt) rela- 
tive to the proton, either in the state (0*, 1"), or 
in the states. (0°, 1°). 

However, inasmuch as two protons, as fermions, 
cannot be found in the state 1*, then, depending on 
the parity of (A, K*) in the final state, either only 
the singlet state (p, A’) or the singlet plus the 
triplet states are possible. In the first case, the 
expression (59) is completely applicable for the 
reaction (I) if by a4. one means the amplitude of 
scattering of p on A in the singlet state — ap. 

In the second case, since the states 0° and 1” do 
not interfere, after averaging over the directions 
of the momenta of the incident particles, the reac- 
tion cross section has the form 


CRUE COS) rea ee 
dwd cos 9 =Vw(l—») (E — Eo)” 


ft 

xt E 
where |M,|? and |M,|* are the squares of the 
moduli of the matrix elements of creation in the 
singlet and triplet states for zero energy. The 
quantities |L)|* and | L,|* are expressions en- 
tering into (59), in which, in place of aj), there 
are substituted respectively aj) and a, — the 
scattering amplitudes of (p, NX) in the singlet 
and triplet states. 

In the case of the reactions (Ila, b, c) the situ- 
ation is entirely similar in the behavior of the spin 
variables; however consideration of the isotopic 
spin materially changes the final result. In this 
case, the equations (3la, b, c) are more compli- 
cated, inasmuch as for pjj ~ rp the wave function 
~il (pil) of the particles i and 7 is a superpo- 
sition of functions with different isotopic spin Tj] 
(%, % for N, =; 0,1 for N and K; %4, % for = 
and K). We shall not repeat the calculations but _ 
merely write down the final result which is almost 
self-evident. 

In place of the matrix element of the reactions 
(Ila, b, c), which we denote by M494, Miso, Moss, 
we introduce the matrix elements Mij2, M32 of 
transitions into states with a total isotopic spin 
T =1 and isotopic spin of N and Z, Ty = Ve 
and ¥: 


Mor = (1/V3) My,— (1/V6) My, Myo =(V3/2) My,, 


2 


My 


taf Em 


i ie 


ae (61) 


Mo+4.= — V 2/sMy, —(1 /2V 3) My,,. (62) 
We can now write 
Mr =>).< Ting labeling (63) 
t 12 


Ti. 
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in place of Eq. (54). 
To obtain <Ty,|L|Ti.> from (52), it suffices 
to note the following. The term 


(1 == ikyeQy) [1 — Rishethys /2(1 -+ ikysQ4e)) 


depends only on the interaction of N, 2, for which 
Tiy2 coes not change. Therefore, it gives a contri- 
bution to <T,.|L|Tj, > of the form 


(1 + ikyear,,) 1 [1 — Rioro"ar,, / 2 (1 + iktear,,)] 


x LO — OT OT Tyo 


(64) 


AT 15> rd 12 are the scattering amplitude and the 
effective radius in the state with isotopic spin Ti. 
The term «3443F (By, Vv, 2) + K3a3F (Bo, u, a), as 
is easily seen from the derivation, is a contribution 
from processes in which the interaction of particles 
1 and 2 enter, and then the interaction of particles 
1 and 3 or 2 and 3. The interaction of particles 1 
and 3 or 2 and 3 changes the isotopic spin of the 
particles 1 and 2 (Ty). Therefore a4; and a3 
are replaced by 

<Trz216| Tr2> = 2) S (T12, T12) Ory S (Tag, Tia); 


T12 


<T12|¢|Ti2) = ) S (Ta2, Tos) Cr S (Tas, T 12), (65) 
Ts 

where by, and CT,, are the scattering ampli- 

tudes of (K, N) and (K, 2), respectively, in 

states with a definite isotopic spin. 

The coefficients S(Ti, Ty3) and S(T, T23) 
are determined by the rules of addition of moments 
and are simply connected with the Racah coeffi- 
eients, for example 


= (T 1.2, T 13) = Ver. ate 1) (2745 i Ww 
Simultaneously, 


eB (Bi, v,a)— F (By, 2, UNE ). 
12 


The remaining terms correspond to the successive 
interactions of particles 1 and 2, 1 and 3, or 2 and 
3, and then again 1 and 2. Therefore, they are re- 
placed by 

Auer, 


T+ ikya, <T12|6|Ti2> G (81, &, ate) 


1 3<Ti2 [Cc] Te G (Bo, w, aaa) | 


By making use of all of the above, it is easy to 
obtain the following relations between Miy2 or 
Ms/2 and their values at zero energy, M}/2 or 


M32» 


ey "Te; T 32, T 43). 


Ea h(S. =) 
+5 5 (80, +0) fa(S> y)f MM, 
pie al 


202 ee oe 
+g (Cy, — O,) fs & ; ip Mi,,, 


+0 (bs — 
(66) 
My, = fa, +% F (Or + 2H )h(Z> F) 

+ x5 | (Cn + Bey.) fa(S, SV mg, 
b)h (z+) 
Ly a 


1207, 
T, sens 4+ tRy2Ar, 


fo (Tis, T 12) =F (Bo, U, 120,” \+ 
\ 12 


“> X3 ee Cr 


eva 


qe = (cs, <a C1,) fe (+ ie © 


where 


hi(Ti, t= = F (Bi, U, 4120,” G(B., w, 124, ), 


fuer Q 
1+ Tata (Be, W, X19, a, \. 
(67) 


Equations (62) and (66) allow us to find the cross 
section of the three reactions (II) depending on the 
ratio M{/./M$/. and the amplitudes of pair inter- 
actions. 

In conclusion I wish to express my gratitude to 
Academician L. D. Landau, K. A. Ter-Martirosyan, © 
I. T. Dyatlov, and A. A. Ansel’m for valuable dis- 
cussions. 


APPENDIX 


Calculation of the contribution from $43 
(49)]. 
grate over the modulus q in (46). 
we obtain 


[ Eq. 
To obtain (49) it is convenient first to inte- 
In this case 


kutPy 


¢ d. 

x 

\ dz ee 
ali 


ky are 


Q424339 — sab 


Dis (p) = 1 ikyedye 2p, 


Zz 
xf 27urg / pre + 2pzxXpi9/ m, + p? — 2p4gE + fe 


, 12 1 


ve f 2 ee 
M18 Y Quire (E — p*/ Qyas) + pipp?x? / my 


eee \ 
p? } 2pa3) + pepe / mi + pi2px / my)? — Zz 


(a) 


z ea 
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where the relation py U3 /mi + 1 = U3 /u43 = be /M42 


is employed. 


The contribution from $/3;(p) in W3(p3) has 


the form 


ae \ sin pps ®, (p) 


pps 1+ ik jaia 


For p/kK—~~, 


®,, (p) = Q12013 { 1 . 
1+ ikpm2 1+ tky2d12 | p (1 + pyi2di2) 


== T 
Pig ( dx 4 
“ V2 \ 


VERO PRET ee 
as e V 1 — pyop13x? / m? 


tRy2Q19 4 
Sapa ae 
2x2 p? (1 + pyi2d12) re p* 
Therefore, if we write down 
®,, (p ) 12013 { 


1+ ik,dis ~ 4+ tky2d12 


7 tRy2Q12 } Ca 
2n?p? (1 + pyi2dis)° ’ eg? 


2 


Cc 


Gy3(p) + “2n2p (1 + pyiedia) 


an“ty/ 
m 


then Gy3(p) ~ 1/p* for p/x—~ and, consequently, 


(b) 


(c) 


Aerie A(E)) 


one can set p3=0 in the term containing Gy3, in 
the integral (b) for p3 <«K 1/x. Substituting (a) in 


(b) and taking into account this observation, we ob- 
tain the result given in the text [Eq. (49)]. 
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The probabilities of quantum transitions in the discrete spectrum have been found in the adia- 
batic approximation assuming a very simple time dependence of the Hamiltonian. The time 
behavior of the adiabatic invariants has been examined on the example of the classical linear 


oscillator. 
1. ACCURACY OF THE ADIABATIC INVARIANTS 


ihe certain physical problems we encounter quan- 
tities which change very little for slow variations 
of the external conditions. Such quantities are called 
adiabatic invariants. Examples of adiabatic invari- 
ants are the ratio ofthe energy over the frequency of 
the harmonic oscillator orthe magnetic moment of a 
particle in a space or time dependent magnetic field. 
The adiabatic invariants of quantum mechanics are 
the quantum numbers, as wasfirst noted by Einstein.! 
It isclear that the adiabatic invariants are not exact 
integrals of motion. The problem of the accuracy 
with which the adiabatic invariants are conserved 
has been discussed in a number of papers.2~> 

Let a@ bea small parameter which character- 
izes the “slowness” of the change in the external 
conditions as compared to the characteristic pe- 
riod of the motion of the system. For example, 
in the case of a particle moving in a magnetic 
field which varies slowly in space or time, we 
have the parameters r_LH 'VH and wy H*dH/dt, 
respectively, where H is the magnetic field, and 
rj, and wy, are the Larmour radius and frequency. 
In the case of the oscillator this parameter is the 
ratio w *dw/dt. 

Alfvén? has shown that the magnetic moment of 
a particle in a magnetic field is conserved with an 
accuracy up to first order in the small parameter. 
It was then found by Helwig’ that the invariants are 
conserved with an accuracy up to the next order of 
smallness. Later it was shown by Kruskal for the 
motion of a particle in a magnetic field, and by 
Kulsrud! for the classical harmonic oscillator, 
that the adiabatic invariants are conserved with 
an accuracy including all powers of the small pa- 
rameter. Finally, Lenard? proved the same for 
the nonlinear one-dimensional oscillator 
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The following derivation refers to the case in 

which the variation of the external conditions can 
be described by an analytic function of the time. 
It will be shown that in this case the variation of 
the adiabatic invariant of the classical oscillator 
is exponentially small. The calculation of this 
variation will be carried out.* Let us assume that 
the oscillator frequency w(t) takes the constant 
values wz aS t—>+%. The asymptotic values of 
the action J=E/w for t—+®® are equal to Ji. 
We seek the variation AJ = J, —J_. 

The real solution of the oscillator equation 


x +? (t)x=0 (1.1) 
has the asymptotic form 
ee 5 (Cxefoat fy Lees): (1.2) 


It is known, on the other hand, that there exists a 
complex solution of the equation of the type (1.1) 
which has the asymptotic form 


= efo-t |. Re—o-t i De?@+* , (1.3) 


where R and D are the amplitudes of the re- 
flected and transmitted waves. Taking the real 
part of (1.3) and comparing with (1.2), we find 


Guise Regs. (1.4) 


From the conservation law for the number of 
particles we obtain the following relation between 
R -and _D: 


o_(1—|RP) =o,|DI?. (1.5) 


For the action of the oscillator we find from (1.2) 


Je O.080' 5 (1.6) 


a5 


Using (1.4) and (1.5) we can write the equation (1.6) 
in the form 
*The idea of this derivation is due to L. P. Pitaevskii. 
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J =+_|14RP, J,=+o_(1—|R/). (1.7) 


We have thus 


J_—J,=0_({|R|?+ReR). (1.8) 


We emphasize that this expression is exact. 

In order to go over to the adiabatic approxima- 
tion, we must substitute in (1.8) the reflection am- 
plitude R as calculated in the quasi-classical ap- 
proximation. This calculation was done by Pokrov- 
skii et al.® If w*(t) is an analytic function without 
zeroes on the real axis and a simple root at the 
point t) of the complex plane, we have thus 


R= — iexp {2i w(t) dt} 


(1.9) 
Substituting (1.9) in (1.8), we obtain 
dd ae (Cee SI pea), 
te (1.10) 


p+ is =| w(t) dt, 
where p and o are real numbers. 

We see that the variation of the adiabatic in- 
variant is an exponentially small quantity. Besides 
this, the variation depends on the “initial” phase, 
owing to the presence of the term Re R in (1.8). 

It is easily shown that, if the k-th derivative of 
the function w(t) has a finite discontinuity on 
the real axis, the variation of the adiabatic invari- 
ant is proportional to the k-th power of the small 
parameter. 


2. QUANTUM TRANSITIONS IN THE DISCRETE 
SPECTRUM 


As is known,’ the adiabatic invariants of quan- 
tum mechanics are the quantum numbers and the 
distribution over the stationary states of the sys- 
tem. The problem of the variation of the adiabatic 
invariants with time is, therefore, essentially the 
problem of calculating the transition probabilities 
between the stationary states. This problem of 
quantum mechanics can be solved only by a few 
methods, in particular, that of perturbation theory. 
Below we shall develop a method which permits 
the computation of transition probabilities in a 
special case in which perturbation theory is not 
applicable. 

Let us assume that the Hamiltonian of the sys- 
tem with a discrete spectrum depends on some 
parameter A(t) which is a slowly varying func- 
tion of time. The parameter A(t) goes asym- 
ptotically to Ax for t—+%°. For t—+®© the 
system then has stationary states. We emphasize 
that the difference between the asymptotic values 
of the energy at t-—>+~ is not assumed to be 
small, but can have any arbitrary value. The 
small parameter used in the solution is the ratio 
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wt dInk/dt =a, (271) 


where Wn is the transition frequency of the 
Hamiltonian H(A). 

Our procedure is the following: let us assume 
that for t—--—™ the system was in the n-th 
stationary state of the Hamiltonian H (the value 
of the Hamiltonian H for A(t) =A_). The wave 
function of the system was then %,_. For t—~+® 
the wave function can be expanded in terms of the 
eigenfunctions of the Hamiltonian H, (A =A,): 


b = yankees (2.2) 
k 


The problem consists in finding the transition am- 
plitudes an. We note that it is meaningless to 
ask for the transition amplitudes at intermediate 
times, since the Hamiltonian depends on the time 
and stationary states can be defined only with an 
accuracy given by wytndH/9t. 

The solution of the proposed problem will be 
discussed first on the example of the harmonic 
oscillator. 


3. THE QUANTUM OSCILLATOR IN THE ADIA- 
BATIC APPROXIMATION 


The problem consists in solving the Schrédinger 
equation 


idh /ot = Hp (3.1) 
with the Hamiltonian 
H = —+0? /0x? + +0? (t) x? (3.2) 


Here and in the following we set »=h=1. Letus 
assume that for t=ty)-—--— there exists a solu- 
tion of the stationary equation 


HT (£5) } (£0) = E (to) $ (to). (3.3) 


As is well known (see, for example, reference 8), 
the solution of (3.1), ~(t), can then be expressed 
through 7 (to), 


Y (t) = S (fo, t) $ (4), (3.4) 


with the help of the S matrix, which satisfies the 
equation 


idS /Ot = HS. (3.5) 


Using (3.4), we can rewrite (3.3) in the form of 
an equation for ~(t): 


H (fy, t) b(t) = E (ty) $ (2), (3.6) 


where 
H (fo, t) = S™ (5, t) H (£,) S (ty, t) 
is the usual oscillator Hamiltonian made up of the _ 


operators p(t,t) and &(to, t). These latter can 
be determined from the equation of motion 
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x + 0? (t)% =0 (3.7) 


By virtue of its linearity we can solve this equation 

assuming that X isa c number. The solution for 
t—+0 is asymptotically 

Kanes Cre Ee te 

ps = ios (0,2) tote fe (tte)y, 


—to 4 (tt) 
> 

(3.8) - 

From the definition ofthe operators inthe Heisen- 


berg representation we have for- tp =t 


A A 


Ae; tt, p(t) = Ps (3.9) 
From this we find easily 
c¢, = + @— iwzp). (3.10) 


The connection between ¢, and ¢G_ is readily ob- 
tained by a method analogous to that described in 
Sec. 1 for the classical oscillator. The result is 


C2 = (1 (RAD (ce —Re*): (3.11) 


Here R and D are the reflection and transmis- 
sion amplitudes in the corresponding scattering 
problem. 

Using (3.8), we find 


. ve JD 
Ria =e") 


fa—Re+ A+R]. (2.12) 


Substituting (3.8) in the Hamiltonian 


ia Hoven coc:) 

and using the law of conservation of the number 
of particles, we et 

Hl ,, €) = 


a 
=k ate 

4 * AA ax 
Sy eee 
As can be readily verified, the normalized solu- 


tion of equation (3.6) with the Hamiltonian (3:13) 
has now the form 


A. “2 
pu Rix aC P | 4 aie R|? 
O4 


(3.13) 


5 R\'/s N\\— 2 Our = 
Gn (t) = ee ee 5 Ce Se si 7 
"ls 
+H, |(o, Reta) *}; (3.14) 
where the H, are Hermite polynomials. For the 


computation of the transition amplitudes we must 
expand this function in terms of the eigenfunctions 
~,+ of the Hamiltonian H,, 


det = (w, / 7)" (2*k!) 2 exp {— 0,27 / 2} He (witx). (3.15) 


The amplitudes are equal to 


co 


Onk = Ae bn (t) Of, de. (3.16) 


If we assume that er <1, the main part of the 
transition amplitude can be calculated from the 
leading term in the integral defining an: 
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= \ exp (— &”) exp (R&) H, [(1 — Re R) &] Hz (6) dé 
eeay our (3.17) 


The integral (3.17) is calculated in the Appendix. 
The result is 


anp = (HY "yee (=) ie Rieme 
ni ° 


a O (Reape Ry for k >n,; 


an=() 2" (CS\IT(—R 


+0(R°-?*). for k <n, 


3) (n—k)/2 


(3.18) 


in particular 
Gon = 1+ O(R). 


We see in this way that the main part of the transi- 
tion amplitude is a universal matrix multiplied by 
some power of the reflection amplitude. 

Since w(t) is assumed to be a slowly varying 
function of time, we must find the reflection am- 
plitude R in the quasi-classical approximation. 
We quote here the corresponding results from the 
paper of Pokrovskii, Savvinykh, and Ulinich,® where 
this computation was carried out. 

If w*(t) is an analytic function without zeroes 
on the real axis and a simple root at the point ty 
of the complex plane, the reflection amplitude is 
equal to 


(3.19) 


R=f (e/a) exp {2i | oath, 


2ni exp {ix In (x / 2e) — ma / 2} | 


(3.20) 
T (iz / 2)T (4 + iz / 2) 


FQ) a> 


Here yw is a parameter of the order of the quantity 
(w, —w_)/(w,+ w_) (not necessarily small), and 
@ is a small parameter of the order of the quantity 
w’/w* (for the exact definition of these parameters 
see reference 6). 

If x =p/a—0, | F(x)| © 7x, which corre- 
sponds to the case where perturbation theory is 
valid. “For x —0,/ F (x) =i. Then 


to 
eeie g(a laa {ike = n)\o (‘)ad} (k>n) 


nti 
ank = 
Pease . 
a /: ten (nh =i exp {i(n aS h)\o (ae} (R< n). 
(3.21) 

We see that the transition amplitude is exponen- 
tially small and the transition probability does not 
depend on the “initial” phase. 

By taking the classical limit of (3.18) we readily 
obtain the variation of the adiabatic invariant for 
the classical oscillator. We shall present here the 
corresponding calculation with an accuracy up to 


* 


‘9 
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the first order in the reflection coefficient R. To 
obtain the quasi-classical wave function, we must 
take a wide selection of states in the region of 
large quantum numbers. 

Let this wave function be 


O. = >) £94 for t>+oo. (3.22) 


We note here that the yf must satisfy the follow- 
ing condition in order that the function 6, de- 
scribe a classical particle on a trajectory: 


(1/y#) dyz/dn <1. 


The average value of the action J, is deter- 
mined by 


(3.23) 


Js = Sel (2 +4). (3.24) 


We have the following relation between yp and yp 
with an accuracy up to order R: 
Vt = Vp nn + YqgQn—2, 2 + Yap glnte, n+ (3.25) 


The transition amplitudes ayn for large m and 
n can be written asymptotically 


nn =1+ilmR(n +4), Gngon =+(n—2)R, 
(3.26) 


Substituting (3.26) in (3.25) and using (3.23), we 
readily obtain 


Inf P=(y, PU —2 Re). 
As can be seen from (3.24), we have then 
(V,—J)/J,= — 2ReR. 


(3.27) 


This result agrees with an accuracy up to order R 
with the variation of the action of the classical os- 
cillator as found in Sec. 1 [cf. Eq. (1.8)]. 


4. TRANSITION PROBABILITIES FOR POTEN- 
TIALS OF THE FORM X(t) V(x) 


Let us now consider the problem of calculating 
the transition amplitudes for a potential of the type 
A(t) V(x) with a discrete spectrum. We deter- 
mine the eigenfunctions and the eigenvalues of the 
time dependent Hamiltonian from the equation 


H (x\t) bn (%|t) = En (t) bn (|) 


and expand the wave function in terms of these 
functions. For the expansion coefficients we ob- 
tain a system of equations which is usually taken 
as the basis of adiabatic perturbation theory (see, 
for example, reference 8): 


(4.1) 


d, = ¥\ ozlay (OH / dt), exp {i ne (L) at} 


ken 


(4.2) 


If ak —6km for t—->-”, we conclude from 
(4.2) ; 


dy (t) = Sinn + > \ =! ay (t’) (OH / Ot’) ng 
k¢n —oo 
“ 

exp {i\ nn (t”) dt” } dt". (4.3) 
We apply the iteration method to equation (4.3), 
taking wnrindH/at as a small quantity. Assuming 
that wy ~ 0 on the real axis, we can close the 
contour of integration either in the upper or in the 
lower half plane. Therefore only the poles of the 
expression under the integral (4.3) will play a role 
in the iteration series. It is natural to assume 
that the poles of the expression under the integral 
(4.3) will coincide with the zeroes and poles of the 
function A(t). 

Let us consider the behavior of the integrand 
near a zero of the function A(t). (The analytic 
continuation of the solutions of the stationary equa- 
tion (4.1) into the complex plane will be taken along 
the line ImA=0.) Let us assume that the asym- 
ptotes of V(x) follow a power law, which for sim- 
plicity we take to be the same in both cases: 


Viele al (/>0) for x >+0., (4.4) 


We write V(x) in the form 


V (x) = Alx[? + U(x). (4.5) 


Let us introduce the new variable 
ee ata sly. 


In this case equation (4.1) takes the form 
apn de® EEO EAE 


4 NMED (EAU) bh, = 0. (4.4) 


It is seen from (4.4) that the inequality 


AE) S40 U (EXT “AE ED) (4.7) 


is valid everywhere except in a small region of 
order i1/2(/+1) near £=0. For the solution of 
equation (4.1) near a zero of A(t) we can there- 
fore replace the potential in (4.1) by its.asym-. 
ptotic value. It is then readily verified that (4.3) 
can be rewritten in the form 
t t’ 
Gn (i) =6F >} \ Cnk Ah’ exp {i( Wnb au} diss 
~ kn —oo (4.8) 


where Cnk is a matrix which depends only on the 
asymptotic form of V(x) and not on the form of 
the function A(t). 

From (4.8) we obtain for the transition ampli- 
tude in first approximation 
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To 
Onm = Brm Xp f J onnat] (4.9) 
Here Bhm is a matrix which is completely deter- 
mined by the first term in the asymptotic expansion 
of the potential. Since the same zero or pole which 
determines the first term in the iteration series 
used for the calculation of the integrals will play 
an analogous role in all succeeding terms, it is 
clear that all terms of this series will be propor- 


é t 
tional to the same exponential exp {i f Pecan dey 


and therefore have the same order of smallness. 
It is easily shown that the convergence of this 
series is guaranteed by the fast decrease of the 
factors multiplying the exponentials. By summing 
up the whole series we obtain the expression 
ty 

dum = Ban ex (i) omnath. (4.10) 
Since the matrix Bym is a universal quantity, it 
can be obtained from the solution of the Schréd- 
inger equation with an arbitrary potential possess- 
ing the given asymptotic values. For example, if 
the potential has the asymptotic behavior Ax’, we 
find for the transition amplitude, using the results 
of Sec. 3, 


if _ bo 
tact (me m)/2 (A oie te at} (m > n) 

[2m all self onal] ne 
(4.11) 


I take this opportunity to express my sincere 
gratitude to Yu. B. Rumer and V. L. Pokrovskii for 
suggesting this problem and for many valuable com- 
ments concerning this work. 


APPENDIX 


We present here the approximate evaluation of 
the integral (3.17). We expand the function under 
the integral into a series in powers of R and 
Re R. The general term of this series is evidently 
equal to 


foe) 


\ exp (— & 


—c 


R?(— Re R)? 


ai (A.1) 


Nee AT OG) He (ids: 


This matrix element is different from zero only if 


2p+q>|n—k— ql. (A.2) 
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It is seen from (A.1) that for given n and k the 
term with the lowest value of p+q_ has the largest 
value. We must therefore look for the minimum 
of the expression p+q under the subsidiary con- 
dition (A.2). 

We discuss the cases n<k and n>k sepa- 
rately. In the first case formula (A.2) becomes 
2p =k~—n. The minimum of p+q occurs at 
q=0, p=(k-—n)/2. We therefore have 


bi\t/o 


Ing = Ban = RO ESE AY 


—nj/2+1 


x 2n—H2 + O(R“ ). (A.3) 
Ifn >k, (A.2) gives 
Pag (tk): (A.4) 


In this case we must sum over all terms of the 
series which satisfy the condition p+q = (n-k)/2. 
As can be readily seen, this sum is equal to 


5 RESR ERIS ehh e Ral eee 


p! gq! 
“1 (nl 
(a) "2 


Formulas (A.3) and (A.5) lead to (3.18). 


Pq 


oi — n)/2 (n — k)/2+ ) 


+ 0(R (A.5) 


x te = =\IP 
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It is found that in the region near the threshold it is possible to make a direct comparison of 
data on the photoproduction of 7 mesons with the dispersion relations. This new method of 


analysis is applied to the available experimental data on the photoproduction of 7, 


0 ot, and 


m mesons. An investigation is made of the reasons for the significant discrepancy found 
earlier’ between conclusions based on the dispersion relations and experimental data. Ex- 
periments are suggested which should ascertain whether this discrepancy is due to a large 
contribution to the dispersion integrals from the domain of very high energies. The solu- 
tion of this problem may greatly affect the efforts to construct a theory of pion photoproduc- 


tion on the basis of dispersion relations. 
1. INTRODUCTION 


Unt very recently the analysis of the photo- 
production of a mesons founded on dispersion re- 
lations was based on the well known paper by Chew 
et al.,! in which an attempt was made to obtain the 
amplitudes for the photoproduction of 7 mesons 
from dispersion relations. 

In a number of papers!’ it was noted that these 
amplitudes, generally speaking, agree with experi- 
mental data. In a paper by Govorkov and Baldin‘ 
an analysis of new experimental data> was made, 
and it was shown that the photoproduction ampli- 
tudes given in reference 1 contradict these data. 
In discussing this contradiction one must bear in 
mind the fact that the amplitudes in reference 1 
were obtained on the basis of a number of assump- 
tions of special nature. In this connection, a 
method of analysis of photoproduction data which 
would enable us to compare directly the dispersion 
relations with experiment would be of considerable 
interest. Until now the dispersion relations have 
been investigated in this way only for the case of 
the scattering of + mesons by nucleons. In the 
case of photoproduction such a comparison, gen- 
erally speaking, presents great difficulties. The 
object of the present article is the application of 
the dispersion relations to the photoproduction of 
m™ mesons in the near-threshold region, where, as 
it turns out, a number of difficulties disappears 
and the comparison mentioned previously turns 
out to be possible. 

We have made partial use of this method in 


reference 4. It was shown there that the contra- 
diction between the experimental data and the con- 
clusions reached on the basis of the dispersion re- 
lations, persists to a great extent also in the case 
of this method of analysis. Thus, the contradiction 
becomes much more acute since the new approach 
does not depend on the assumptions made by Chew 
et al.! 

Earlier* we have investigated only the forward 
part of the photoproduction amplitude. Without any 
doubt a complete analysis of the available experi- 
mental data on the photoproduction of mesons 
in the near-threshold region, an analysis of the 
possible reasons for the observed contradiction, 
and also a complete exposition of the method men- 
tioned previously and a proposal of further experi- 
ments are topics of definite interest. 

The present article is devoted to all these prob- 
lems. 


2. THE METHOD OF ANALYSIS 


The dispersion relations for the photoproduction 
of m mesons have been given in references 1 and 3. 
In the center-of-mass system they have the follow- 
ing structure: 


ReF; (w, v,) = F2 
+2 | dw ImyF,@’, 1) QW w', w v). (1) 
M+1 i 
Here the quantities F; are proportional to the in- 
dividual amplitudes which make up the total am- 
plitude for the process 
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=i (oe) Fy + eavielie |) jie woes (RVG) pj j oan Fy, 
; (2) 
o is the Pauli matrix, € is the photon polarization 


vector, q and k are respectively the meson and 
the photon momenta. 


In this case the cross section has the following 
form 


= (q/k) {| F, |? + | F. |? — 2 Re F; F, cos 8 
+ Lsin?6[| Fs |? -+ | Fa|? + 2Re F3Fs 


+ 2Re FiF, + 2 Re F3F, cos §]}, (3) 
1+q M?+q? is the total energy,* 
Qi (w, w’, vy) are certain real functions. The ex- 


plicit expressions for EP and Qij are given in 
references 1 and 3. 

An attempt to make a direct comparison of re- 
lations (1) with experiment encounters great diffi- 
culties. These difficulties are first of all associ- 
ated with the fact that the-experimental data on the 
amplitudes Fj are very meager. Moreover, the 
integral in (1) contains a non-physical region 
(cos 6 >1) which also introduces some indefinite- 
ness into the comparison of (1) with experiment. 
Further, the range of integration in (1) over w’ 
extends to infinity, and since the experimental 
data always refer to a limited range of energies, 
this reduces the value of the conclusions with re- 
spect to the verification of the dispersion rela- 
tions themselves. 

Another difficulty in making a comparison of 
(1) with experiment involves the numerical evalu- 
ation of the principal value of the integrals of func- 
tions obtained experimentally with very limited 
accuracy. 

The method utilized by us enables us to a large 
extent to avoid these difficulties. 

We undertake the investigation of the near- 
threshold region, by which we mean the region of 
energies such that q <1. In this region the prob- 
lem of comparing (1) with experiment is simpli- 
fied. 

If we expand the amplitude [and correspondingly 
Eq. (1)] into a power series in q, we shall be 
dealing with the amplitude and with its derivatives 
at q=0. In this case the non-physical region re- 
duces to a point. The difficulty associated with 
the evaluation of the principal value of integrals 
is also eliminated since at q=0 the poles of the 
functions Qjj are cancelled by the zeros of the 
functions Fj. 

Moreover, in virtue of the well known connec- 
tion between scattering and photoproduction and 


*We utilize the system of units such that h=p=c=1. 
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of the fact that the scattering phases vanish as 
q-— 0, we may obtain the left hand side of (1) 
from the experimental data without making use 
of polarization experiments. We have already 
discussed this point in reference 4. 

One might think that the principal difficulty 
associated with estimating the role played by the 
region of high values of w’ will also be consider- 
ably reduced in our case since the integrand falls 
off quite rapidly as w’ increases. 

We represent the experimental data on the pho- 
toproduction of + mesons in the following form: 


FE = S18mng (cos 6)"; (4) 
mn 
the parameters bmn may be evaluated from the 
dispersion relations and compared with the experi- 
mental values, as we shall demonstrate later. 

We begin with a few general remarks on the 
coefficients bmp. In the photoproduction of 7° 
mesons, the predominant role is played by the 
(%4, %) resonance amplitude, for which the co- 
efficients bm») and by, differ from zero. More- 
over, in accordance with the resonance model the 
amplitude depends on q through the factor 


sin a33 ds33 


Rese & const Ona. 


ee a et 
wo [1— o/o,] ’ 
from which it follows that in the expansion of this 
amplitude the terms of the second, third and fourth 
degree in q are absent. 

Thus, one might expect that the experimental 
data on the photoproduction of a mesons are de- 
scribed by a small number of coefficients bmn 
over quite a large interval (as was demonstrated 
in reference 2). 

In the case of charged mesons an essential com- 
plication arises because of the “retarded term” 


gq? sin 0/2k? [1 — (q/w) cos 8]?, 


which in the region q £1 considerably exceeds 
the contribution of the p-waves. Therefore, the 
lowest terms in the expansion will describe do/dQ 
over a considerably smaller range of q, than in 
the case of neutral mesons.* 

In such a case it is apparently useful to make 
an expansion into a series of type (4) not of the 
differential cross section do/dQ, but of the quantity 


[1 — (g/w) cos 6]? de/dQ, 
which, nevertheless, will lead to the necessity of 
*However, it should be noted that in the neighborhood of 
6=0 and §=7 the contribution of this term becomes small, 
and possibly these ranges of angles (particularly the angles 


close to 7) are the most suitable ones for analysis by our 
method. 
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analyzing a considerably greater number of oe 
cients than in the case of photoproduction of n° 
mesons. 

In order to obtain the theoretical values of the 
different quantities we shall need expansions of 
the amplitudes* F in powers of q: 


Fre + fq + fPqcosd-+ fig +.. 
eG pathy hy. Coen sala — fq? , (5) 


() is expressed in the form of two terms, one of 
which is the expansion coefficient of the Born part 
of the amplitude FB in expression (1) evaluated 
exactly, while the other term is determined by the 
dispersion integral. In the case of charged mesons, 
in order to reduce the necessary number of param- 
eters bmn, it is advantageous to retain the “re- 
tarded term” without expanding it. This means 
that the amplitudes F, and Fy, will contain the 
following terms 


Cee ee qk (Gea Reh WE Pa GN, 
f f 
4 1+ 0/Mwk—qkcos® 


Se Uta pi pak coro? 
(6) 
Here f is the renormalized coupling constant, and 
e is the charge. 


3. NEUTRAL MESONS 


The photoproduction of nm’ mesons was partially 


investigated by the method just outlined in refer- 
ence 4. It was shown there that if the forward part 
of the photoproduction amplitude is calculated on 
the assumption that the principal contribution to 
the dispersion integrals is made by the (%, *%) 
resonance amplitude, then a significant disagree- 
ment with experiment exists (approximately three 
standard deviations ). However, this result depends 
on the uncertainties associated with the calibration 
of the beam. Moreover, if the errors in the meas- 
urement of the renormalized coupling constant and 
of the total photoproduction cross section for 1° 
mesons are taken into account, this may further 
reduce the disagreement to some extent. In this 
connection we have carried out a complete analy- 
sis of the photoproduction of 7’ mesons (not only 
for the forward photoproduction amplitude). In the 
evaluation of errors we have also taken into account 
some small errors of the type just indicated. It is 
also necessary to keep in mind that, strictly speak- 
ing, the data of reference 5 are insufficient for the 
determination of the coefficients byyn. 

In reference 4, in order to determine the first 
few coefficients in expansion (4), we have utilized 
data for q>1, after correcting them for the 


*For the sake of simplicity we have omitted everywhere 
the isotopic indices. 
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(3 yf) resonance. Thesecorrections strongly de- 


pend on the value of the “resonance” frequency* wry. | 


In order to be able to draw more definite conclu- 
sions with respect to the coefficients bmp» we re- 
quire additional measurements of cross sections in 
the region q <1. A more rigorous approach to the 
available experimental data consists of collecting 
all the available data on the reaction Y +p ~—pt te 
choosing an appropriate wy and then extrapolating 
to q=0. The diagram shows the experimental re- 
sults of references 2 and 5 on the determination of 
A and C presented in the form of 


(A/qw) [@339°/ Sin a33]? 


and 
(C/qw) [a3397/ Sin a5)”. 
20/- | 
15 - 
fo) , ji 
oh a 
10 ; ; 


~. 
S> 
So 
” 


I 
— 


The experimental data of reference 2 (triangles) and of 
reference 5 (circles) presented in the following form: I— 
(A/qw)[a,,q7/sin @,,]?, I —(C/qw)[a,,q7/sin ,,]?. 


The resonance frequency satisfying all these 
data has turned out to be equal to wr =1.95. The 
values of the coefficients byyn obtained as a re- 
sult are given in the second line of the table. They 
differ considerably from those obtained by us ear- 
lier* with. wy, = 2.1. 


by | ba : bso | O19 
—0.78 +0.10 -2. 38 +0.04) 1.23 0.03 | 0.10 +0.03 
+0.32 +0.03 |—0.74 40.07 04 +0.1 OrA2a= OOF 


In order to determine byy from the disper- 
sion relations we must obtain (2), A numerical 
evaluation of the dispersion integrals on the basis 
of the same assumptions as in reference 4 yields; 


*In reference 4 we assumed wo, = 2.1. 
tHere £*) are amplitudes corresponding to the process 


y+p>pt 7, and not partial amplitudes referring to a state ~ 
of definite isotopic spin. 
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i = —0,79 + 0:46 = —0,33,- fj = 0.85 4.0.77 = 1.62, 


0.06] = 0.61.0 4) = — 0198 —0.77.= — eyaey 


¢ = 0,35 + 0.0 = 0,35. (7) 


Here £() is expressed in units of 10*h/ye = 1.4 
x 107 om. ! 

The first figures indicate the contribution of the 
Born part of the amplitude, while the second ones 
give the contribution of the dispersion integrals.* 
The statistical error in these quantities amounts 
to approximately 5%. 

These values of the amplitudes correspond to 
the values of the coefficients bmn shown in the 
third line of the table. In order to eliminate the 
uncertainties associated with the calibration of 
the beam we compare the quantities b3./b3) and 
bo; /b39.1 Experiment yields for these quantities 
the following values: —0.63 + 0.08 and —0.31 
+ 0.03 respectively, while from the dispersion 
relations we obtain: +0.32 + 0.03 and —0.66 
0707. 

Thus, the discrepancy amounts to several stand- 
ard deviations. The reasons for the discrepancy 
should be sought only in the evaluation of the dis- 
persion integrals, if we disregard the possible in- 
accuracies in the extrapolation of the experimental 
data to q=0. (One should also remember that all 
our conclusions are based on the data of only a 
single experiment and require additional experi- 
mental confirmation.) We note that the data (7) 
correspond to approximately equal absolute values 
and opposite signs of the amplitudes of the magnetic 
dipole transitions M,, and M,_, while in the inte- 
grand we took into account only the imaginary part 
of the amplitude M,;,. We could achieve agreement 
with experiment at q=0 by assuming that the 
integral of the imaginary part of M,_ is close in 
magnitude to the integral of the imaginary part of 
M,, and that these integrals have the same sign. 
However, this is, in turn, in poor agreement with 
experimental data on photoproduction and on scat- 
tering at energies where the integrands are large, 
Gis. 1, 

Indeed, from our analysis it follows that in the 
region of the threshold energies, M,- is equal to 
zero within experimental error. At higher energies 


*As can be seen from these figures, the overwhelmingly 
large contribution of the Born part of the amplitude noted in 
reference 4 is a peculiarity of the forward photoproduction, 
and not of near-threshold photoproduction in general. 

tIt is necessary to emphasize that the uncertainty asso- 
ciated with the value of w, does not affect these quantities 
within experimental error, while changes in the values of bmp 
when w, is changed from 2.1 to 1.95 lie far outside the limits 
of statistical errors. 
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we may utilize the data of McDonald, Peterson and 
Corson? for the evaluation of the amplitude of M,_. 
An estimate of the magnitude of the amplitude 
of M,, may be obtained from the integrated cross 
section from which all interference terms drop 
out. We neglect the squares of the other p-wave 
amplitudes. Then, on taking into account the rela- 
tion between scattering and photoproduction, and 
the fact that the scattering phases a4, a3, and 
M3 do not exceed 10 —15°, it is not difficult to ob- 
tain an estimate for the magnitude of M, from 
the general expression for the angular distribution. 
It turns out to be of the order of magnitude of the 
experimental error, and certainly less than 0.2 M,,. 
From this we see that the integral of the imaginary 
part of M,_ cannot be close in magnitude to the 
integral of the imaginary part of M,,. At the pres- 
ent time, because of the inaccuracy of the experi- 
mental data, it is difficult to make an estimate of 
the total value of the discrepancy under discussion 
taking into account the possible contribution of M,_. 


4. CHARGED MESONS 


The photoproduction amplitudes for charged 
mesons differ by the fact that the Born part f{” 
is much larger than in the case of neutral mesons. 
This is a reflection of the well known fact that in 
the near-threshold region the s -wave meson pho- 
toproduction plays the dominant role in the case of 
charged mesons. Moreover, the Born parts of the 
amplitudes F, and F,, containing the “retarded 
term,” also give acontribution which considerably 
exceeds the contribution of the dispersion integrals. 
The value of f{9) expressed in terms of our units 
amounts to 2.56 for the photoproduction of 7* 
mesons, the contribution of the “retarded term” in 
the region q~ 1 inthe expressions for F, and 
F, amounts to ~ 0.7 £{!), so that it cannot be neg- 
lected. The dispersion integrais, obtained under 
the same assumptions as the dispersion integrals 
for the photoproduction amplitudes for 7* mesons, 
are close to these integrals in magnitude. From 
this it is clear that only in the region of q~1 will 
the contribution of the dispersion integrals to the 
cross section be as high as 20 —25%. As q de- 
creases this contribution is reduced significantly 
and falls outside the limits of the available experi- 
mental accuracy. On the basis of this one should 
expect that the experimental data on the photopro- 
duction of charged mesons in the region of interest 
to us may be described with a sufficient degree of 
accuracy by formulas which agree with the first 
nonvanishing approximation of perturbation theory. 
The contribution of the dispersion integral to f{! 
which does not diminish as q decreases requires 
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a separate comment. This contribution, in spite of 
being small, nevertheless introduces some uncer- 
tainty into the determination of the coupling con- 
stant from the photoproduction cross section for 
charged 7 mesons extrapolated to the threshold. 
A comparison of the bmn, obtained by neglect- 
ing the contribution of the dispersion integrals, 
with the experimental data on the photoproduction 


of m* mesons shows good agreement between them. 


The essential role played by the “retarded term” 
is demonstrated by the recent results of references 
6 and 7 in which an increase in the square of the 
amplitude in the threshold region was discovered. 

Data on the photoproduction of m mesons can 
at present be obtained only by analyzing the data 
on photoproduction in deuterium. It appears to us 
that in the near-threshold region this may be done 
only by analyzing experiments carried out in such 
a way that all the product particles of the reaction 
y+d—-2p+m7 are recorded.’ The squares of 
the amplitudes of the process y+n—-p+m7 were 
obtained by us’ on the basis of the experimental 
data of Adamovich et al.® 

In the paper by Beneventano et a it was noted 
that from these data and from the new data® on 1* 
the near-threshold ratio o /o* <1 is obtained. 
We do not agree with this statement, since on the 
basis of the data given in our paper’ it is quite 
possible to draw the curve corresponding to o7 /o* 
~ 1.35 where o” is taken from the most recent 
publications.®*! Moreover, the small corrections* 
introduced recently by Adamovich, Kharlamov, and 
Larionova!! show that the curve corresponding to 
the value of the square of the ma photoproduction 
amplitude obtained by neglecting the contribution 
of the dispersion integrals agrees very well with 
the improved experimental data. The contribution 
of the “retarded term” to o lies outside the lim- 
its of experimental accuracy. 

In connection with the conclusions reached by 
Beneventano et al.!” we have analyzed the only 
doubtful point in our theory of the y+d— 2p +77 
reaction and have obtained a better founded method 
of dealing with the two-nucleon wave function in the 
region where the nuclear forces are effective, and 
we consider it appropriate to describe it here. 

It is necessary to emphasize at the outset that 
the application of this method does not alter our 
quantitative results, but merely makes them more 
convincing. 

In reference 9, in the evaluation of the cross 
section for the photoproduction on deuterium, it 
turned out to be necessary to make estimates of 


1,10 


*These corrections lie within the 10% accuracy limit pre- 
viously ensured. 
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integrals of the form 
él, => \ djs edad — \ p; se pgdr. 


Here yfg and gg are the true wave function for 
the relative motion of the two nucleons in the final 
s -state, and the true deuteron wave function. (fs 
and gq are model wave functions; these functions 
differ only within the region where the nuclear 
forces are effective. As was noted in reference 9, 
6Ig gives a significant correction only in the re- 
gion of small relative momenta of the nucleons. 
On integrating over the solid angle and on taking 
into account the fact that q < 1/rp, we may easily 
show that 6Ig, may be expressed in terms of the 
integral: 


\ (sug — UsVqa) dr. (8) 


Here ug is the true radial wave function, while 
Vg is the model radial wave function; ug and vg 
coincide outside the range of the forces and are 
normalized in accordance with the condition v (0) 
=1. This also applies to ug and vg. 

We note that the integral (8) coincides with 
—',p, where p is the “mixed effective radius” 
defined by Feshbach and Schwinger.'!* On the 
basis of an investigation of the photomagnetic dis- 
integration of the deuteron, they have obtained 


o = (2.18+0.3) - 107 em. 


If we make use of this value for estimating 6lg, 
then the difference between the value of A(p, q) 
obtained by the present author? and of A (p, q) 
obtained on the basis of such an estimate lies out- 
side the limits of accuracy of the calculations over 
the whole-range of variation of the arguments p, q. 
In summarizing the analysis of data on the photo- 
production of charged mesons near the threshold 
we can say that both o and o* are well described 
by the Born part of the amplitude alone, if we choose 
the renormalized coupling constant equal to f*=0.08. 
Within experimental error this value of the coupling 
constant agrees well with the values estimated on 
the basis of other effects. 


5. DISCUSSION 


The method of analyzing experimental data on 
photoproduction utilized by us has turned out to be 
quite effective even in the present state of the ex- 
perimental data. However, if we set as our aim the 
accumulation of experimental data to which our 
method is applicable, then as the result of a rela- 
tively small effort we can reach quite important 
conclusions on the properties of the = meson 
photoproduction amplitude. 
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The effective use of the long wavelength approxi- 


mation in the near-threshold energy region enables 


us to carry out a generalized phase analysis. Thus, 


in reference 4 we have obtained the amplitudes for 
the s -photoproduction in the case of both protons 
and neutrons, which turned out to be significantly 
different;* an estimate was given of the value of 
the amplitude for the magnetic dipole transition 
M,_. However, the most important results are 
obtained by applying the dispersion relations in 
this region. The application of the dispersion re- 
lation here turns out to be, on the one hand, par- 
ticularly simple (a number of difficulties enumer- 
ated earlier is avoided), and on the other hand, 
most productive of results from the point of view 
of checking the predictions of field theory. The 
latter is due to the fact that the sharpest predic- 
tions of field theory consist of the singularities 

in the energy and in the angular dependences asso- 


ciated with the existence of a known pole in the non- 
physical region. These singularities are expressed 
by the presence of the Born part in (1). The thresh- 


old is that point in the physical region of variation 
of the variable photoproduction amplitudes, which 
lies very close to this pole. Therefore the pole 
exerts a decisive influence on the near-threshold 
region. Thus, for example, in the case of charged 
mesons the Born part of the amplitude describes 
the experimental data satisfactorily, while the con- 
- tribution of the dispersion integral lies outside the 
limits of experimental accuracy. 

Moreover, it is clear from the foregoing that in 
the near-threshold region one may measure the 
“retarded term” sufficiently reliably since its 
contribution turns out to be considerably greater 
than the contribution of the dispersion integrals. 

The application of the method to the photopro- 
duction of neutral mesons has led to essential 
difficulties. From the analysis just carried out 
it is clear that the Born part of the amplitude by 
no means determines the cross section for the 
process. 

The evaluation of the dispersion integrals on 
the assumption that the principal contribution to 
them is made by the (%, %) resonance amplitude 
of the magnetic dipole transition leads to a large 
discrepancy with the experimental results. The 
inclusion of the second resonance in the photopro- 
duction changes the situation very little. We do 


*We note that this is an interesting example of an excep- 
tion to the rule’? on the relationship between the matrix ele- 
ments of the isotopic scalar and isotopic vector parts of the 
S-matrix for processes involving photon absorption: 
<S> ~ (u/M)<V,>, where p and M are respectively the meson 
and nucleon masses. 


not have much basis for suspecting that the dis- 
persion relations are not valid, since, as we have 
seen, in the case of charged mesons, for which the 
contribution of the dispersion integrals is small, 
good agreement with experiment is obtained even 
in such details as the “retarded term.” From this 
it is clear that a solution must be sought in a more 
detailed evaluation of the dispersion integrals. 
First of all, an analysis should be made as to 
whether this contradiction might not be an indica- 
tion of the presence of other partial amplitudes 

— of the magnetic dipole M,_ and the electric 
quadrupole transitions. 

An exact answer to this question could be given 
by an experiment on the measurement of the polar- 
ization of the recoil protons in the reactions y +p 
—p+n° for y-quanta energies lying in the range 
240-270 Mev. Experimental data on the angular 
distribution enable us to obtain only upper limits 
on these amplitudes. A preliminary investigation 
shows that these upper limits give too low values 
of the amplitudes to eliminate the discrepancy. 
The discrepancy is considerably reduced if the 
contribution of the integral of My_ is positive, 
while the quantity M,_ itself is negative in the 
near-threshold region, while the data of Ponte- 
corvo’s group (cf. reference 14) show clearly 
that the scattering phase a4; is positive over a 
wide range. If we assume that M,_ changes sign 
at an energy in the neighborhood of 200 Mev, then 
the contribution of the integral, which is already 
too small, is significantly reduced still further. 

In summarizing we can say that the possibility 
of removing the difficulty should first of all be 
sought in the evaluation of the dispersion integrals. 
In our opinion it is of the greatest interest to ob- 
tain an answer to the question whether this dis- 
crepancy can be removed by considering the con- 
tribution to the dispersion integrals made by the 
small photoproduction amplitudes in the energy 
range in the neighborhood of the (ie a) reso 
nance, or whether in order to remove the discrep- 
ancy it is necessary to invoke the contribution of 
the photoproduction amplitudes in the energy range 
above 1 Bev. 

Additional investigations are required to give 
an answer to this question. First of all, more 
accurate measurements than those made in ref- 
erence 5 are required of the angular distribution 
for the 7°’ -meson photoproduction in the near- 
threshold region. Such measurements would, 
firstly, give more accurate information on the 
magnitude of the above discrepancy, and secondly, 
an estimate could be made of the coefficients bmn 
in (4) for higher values of m. It may be easily 
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shown* that the high-energy region has a consider- 
ably smaller effect on these coefficients. 

In order to determine the magnitude of the small 
amplitudes it is necessary to obtain more precisely 
the angular distributions in the y+p—pt nT re- 
action for energies in the 220 —450 Mev range. 
Experiments on the measurement of the polariza- 
tion of the recoil nucleons could yield much infor- 
mation. 

In order to evaluate the role played by the dis- 
persion integrals in the amplitudes for charged 
mesons it is necessary to increase significantly 
the accuracy of the experimental data in the near- 
threshold region. 
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The experimental data on the y spectra from the thermal neutron (ny) reaction are com- 
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pared with the theoretical spectra calculated for two laws of variation of the level density. 
The effect of the energy gap in the level spectrum of even-even nuclei on the y ray spectrum 
in the 0.8 —4 Mev region is discussed. The presence of an energy gap leads to a large differ- 
ence in the spectra of odd-odd and even-even nuclei. 


In the last few years we have measured the spec- 
tra of gamma rays due to radiation capture of ther- 
mal neutrons for a large number of elements. The 
measurements were conducted with a magnetic 
Compton spectrometer having a resolution of 2%. 
The results obtained have been gathered in an atlas 
published in 1958,' and in several subsequent ar- 
ticles. 

In the present paper we consider several laws 
for the gamma spectra of heavy elements (A = 100 
— 200), located not too near the magic nuclei. At 
a resolution of 2%, the principal fraction of the 
gamma transitions in the spectra of such elements 
lies in the unresolved part, the form of which is 
essentially of interest to us. To analyze the gen- 
eral form of the spectrum, measurements with a 
magnetic Compton spectrometer are quite conven- 
ient, since this instrument makes it possible to 
measure, under identical conditions, almost the 
entire gamma-ray spectrum from the (ny) reac- 
tion, namely in the energy interval from 0.3 to 12 
Mev. 

The question of the form of the unresolved por- 
tion of the gamma spectrum for heavy elements 
was considered by us earlier in a paper delivered 
to the Second Geneva Conference on Peaceful Uses 
of Atomic Energy.® In this paper we compared the 
unresolved portions of the spectrum for heavy nu- 
clei with different parities of the numbers of pro- 
tons and neutrons and established, in particular, 
the manifestation of the nucleon pairing effect on 
the form of the gamma spectrum in its upper por- 
tion. The nucleon pairing effect manifests itself in 
the fact that the upper boundary of the unresolved 
portion of the spectrum in even-even nuclei lies 
approximately 1.5 Mev below the binding energy 
of the neutron in the particular nucleus, whereas 
in odd-odd nuclei these two quantities practically 
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coincide. This fact illustrates quite clearly the 
presence of an energy gap near the ground state 
of even-even nuclei. In this article we consider 
again the problem of the general form of the spec- 
trum and its dependence on the energy level dis- 
tribution in heavy nuclei. This is made necessary, 
on the one hand, by the completion of calculations 
on the shape of the spectrum, made with the aid of 
a computer,’ and on the other hand by the appear- 
ance of additional conclusions with respect to the 
shape of the spectrum of different nuclei at low 
energies. 

To exhibit the singularities of interest to us in 
the low energy region, it is more convenient to plot 
the spectrum with the ordinates representing the 
values of v(E) — the number of photons per neu- 
tron capture and per unit energy interval in Mev 
(E — energy of gamma quantum), instead of 
v(E)Hp, as was done in preceding investigations. 
The absolute values of v(E) were usually ob- 
tained by normalizing the energy radiated by the 
nucleus to the neutron binding energy. 

Figure 1 shows by way of an example the gamma 
spectra of the even-even nucleus Gd!5® and of the 
odd-odd nucleus Ho!**, As can be seen from the 
diagram, in the case of Gal? separate peaks are 
separated in the upper and lower regions against 
the background of the unresolved portion. These 
peaks correspond to monochromatic lines. An 
analogous picture is characteristic also of other 
even-even nuclei. For odd-odd nuclei such peaks 
are observed only in the upper portion of the spec- 
trum. 

In this article we confine ourselves to an exam- 
ination of gamma spectra only for even-even and 
odd-odd nuclei with 100 < A < 200. All the spectra, 
with the exception of that of gadolinium, are ob- 
tained with natural mixtures of isotopes. In the 
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FIG. 1. Gamma ray spectra Gd*** and Ho’®. 


notation given, we shall indicate the isotope (or 
isotopes ) which makes the principal contribution 
to the investigated spectrum. The atomic weight 
of the isotope is referred in all cases to the radi- 
ating nuclei, produced after neutron capture. 

In the case of odd-odd nuclei we have spectra 
for Rh!" Aas, Agi: In?!8 Sb!22, Sb124, La!40 | 
Eu!®2, Ho!66 Tm!" . Tal8 Re!86 | Re!88 | Ir! 


Ir!*, and Au, Figure 2a shows spectra for Rh, 
Ag, In, and Sb, while Fig. 2b shows the spectra 
for Ho, Tm, Ta, and Ra. The nuclei of the first 
group have an atomic weight A ~ 110 and are 
spherical. Those of the second group have A 

~ 175 and are all prolate. 

In the case of even-even nuclei we have the 
spectra of Mo%, cd!!4, sn1!8, sn1!8, sn12, Nal, 
sm!59 gqt5é, Gq!58, py 168 Hft7®, ptt96 and Hg20?, 
Figure 2c shows the spectra for the four prolate 
nucleizGd (Gd. Er!® | and Hf!"8, These spec- 
tra have been obtained from those experimentally 
measured by cutting off the peaks with energies 
less than 2 Mev. For Gd'®® (see Fig. 12) such a 
cut-off is shown dotted. We discarded the lines 
in the low-energy regions for convenience in com- 
parison of the spectra of different nuclei. 

In the curve for Ho!® in Fig. 1, and also later 
in Figs. 7 and 8b, the dotted lines indicate the ex- 
perimental errors in the measurement of the spec- 
trum. Since the errors increase with decreasing 
photon energy, all the experimental spectra were 
plotted for energies = 0.8 Mev. 

It is seen from Fig. 2 that, within the limits of 
each of three groups, the spectra can be repre- 
sented by an average curve. The average spectra 
obtained in this manner are shown separately in 
Fig. 3. It is seen from this diagram that the spec- 
tra for the two groups of odd-odd nuclei (curves 
I and II) do not differ greatly from each other. 
One should therefore take an average spectrum 
for all eight odd-odd isotopes, as we have done in 
the beginning. However, a more detailed analysis 
shows the presence of one singularity, which re- 
peats in all spectra with A ~ 175, and which is 
missing in nuclei with A ~ 110. We have in mind 
here the presence of a small convexity in curve II 
in the energy region 2 —3 Mev. Such a difference 
in the spectra appears also in the theoretical cal- 
culations (for more details see reference 4). 

Another logical reason for breaking up the spec- 
tra of the odd-odd nuclei into two groups is that the 
binding energy of the neutron, Bn, for nuclei with 
A ~ 110, is on the average somewhat higher than 
that for nuclei with A ~ 175, as can be seen from 
the table. 


Nucleus | Bn | Nucleus | Ze 
Rhiot 6.8 | Hots 6.2 
Agi?) (BOS IS “ISOM ree 6.6 
Nar (MOY%) | 5G Tals2 6.06 
Inté 6.6 Rel86 (48%) | 6.2 
Sb??? (66%) | 6.8 Relss (52%) | 5,94 
Sb!24 (34%) | 6.3 
Average Gaui Average 622 


The parentheses contain the contribu- 
tion of the given isotope to the absorption 
cross section for thermal neutrons. 
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For the even-even isotopes indicated in Fig. 2c, 
the binding energy of the neutron is 8.46, 7.87, 7.76,. 
and 7.55 Mev respectively. From the figures given 
it is seen that as a rule, within the limits of each 
group of nuclei, the neutron binding energies do not 
differ greatly. For this reason we have not re- 
duced the spectra to one and the same value of the 
binding energy. 

The average experimental spectra shown in 
Fig. 3 can be compared with the theoretical calcu- 
lated spectra (see reference 4). These calculations 
have been made for a neutron binding energy of 6.4 
Mev in odd-odd nuclei and 7.6 Mev in even-even nu- 
clei. The calculations were made for two types of 
variations of the level density with excitation energy. 


p (u) =p, exp V au, (1) 
p (u) = py exp (u/ 2) (2) 


At constant a and 7, and in the case of even-even 
nuclei, it was assumed that these variations hold 
starting with a certain energy A, the width of the 
energy gap at the ground state. 
0 For even-even nuclei the principal calculations 
f ? d j : bee were made for A =1.2 Mev, which is equal to the 

FIG. 3. Average experimental curves: I — for odd-odd difference between the neutron binding energy as- 
nuclei with A ~ 110, Il—odd-odd nuclei with A ~ 175, sumed for even-even and odd-odd nuclei. For this 
Il —even-even non-spherical nuclei. reason, the effective excitation energy for even- 
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FIG. 4. Comparison of the average experi- 
mental spectra for odd-odd nuclei with A ~ 110 
(a and d), odd-odd nuclei with A ~ 175 (b and e), 
and even-even non-spherical nuclei (c and f) 
with the spectra calculated theoretically for 
two variations of the level densities: a, b, c— 
following Eq. (1), and d, e, f — following Eq. (2) 


5 6EMev (Thas been designated T on the diagram). The 
theoretical spectra are shown by dash-dot lines. 
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even nuclei (the energy is measured from the 
upper ridge of the gap) is 6.4 Mev, and conse- 
quently the calculations are carried out in the 
same energy interval for both categories of nuclei. 

For assumed variation (1), the theoretical cal- 
culations have been made for values of a in the 
interval from 5 to 60 Mev", and for assumed vari- 
ation (2) — for values of Tt varying in steps of 0.1 
Mev from 0.4 to 1 Mev and for T=1.2 Mev. In 
the case of even-even nuclei, the parameter a 
=p)'M&/M4 was also varied, where Mp and 
Ma, are the matrix elements of parallel transi- 
tions from the given excited state, going respec- 
tively through the gap into the ground state or into 
states located above a gap (for more details see 
reference 4). 

A comparison of the average experimental spec- 
tra with the theoretically calculated curves makes 
it possible to choose the values of the parameter 
a, if variation (1) is used, or of the parameter 1, 
if (2) is used. Such a comparison is shown in Fig. 
4. It contains, along with the average experimental 
spectra for nuclei of different categories, three 
theoretical curves each, calculated for variation 
(1) (the upper part of Fig. 4) and for variation (2) 


(lower part of Fig. 4). The theoretical curves have 
been plotted in all cases for three different values 
of t or a, chosen such that at intermediate val- 
ues of Tt and a these curves approach the closest 
to the experimental spectra (an exception is Fig. 
4c). 

It is seen from Fig. 4c that in the case of odd- 
odd nuclei, for either variation of the density, the 
curves calculated with suitably chosen parameters 
are sufficiently close to the experimental spectra. 
However, a more detailed comparison of the curves 
of Fig. 4 shows (see Figs. 4a and 4d) that in the 
case of spherical nuclei with A ~ 100, using vari- 
ation (1) and a = 15 Mev"!, the agreement between 
the experimental and theoretical spectra is some- 
what better than for the other type of variation in 
p. This agreement can be improved even further 
by changing the value of a somewhat. 

The situation is reversed for the prolate nuclei 
with A ~ 175. 

Here the experimental spectrum is in best agree- 
ment with the theoretical curve, calculated for vari- 
ation (2) at 7 =0.8 Mev. The presence of a small _ 
difference in the spectra of odd-odd nuclei with 
A~110 and A~ 175 may be due (see reference 
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4) to the difference in the variation of the level 
densities in spherical and prolate nuclei. It must 
be recalled again that the difference in the spectra 
for these two categories of odd-odd nuclei is not 
particularly essential and appears only in the de- 
tails of the curves. 

In the case of even-even nuclei, the agreement 
between the experimental and theoretical spectra 
is not as good (see Figs. 4c and 4f) as for the 
odd-odd nuclei. However, if (2) is used, the small- 
est discrepancy between the various curves is ob- 
tained for the same value tT = 0.8 Mev, as for the 
prolate odd-odd nuclei with A ~ 175. When using 
variation (1) and a = 0.5, the theoretical curves 
are in much poorer agreement with the experimen- 
tal spectra. Ata value of a=15 Mev}, obtained 
from a comparison of the spectra for odd-odd nu- 
clei, the theoretical curve differs greatly from the 
experimental spectrum. For smaller values of a, 
the discrepancy is somewhat reduced, but never- 
theless remains considerably greater than in the 
case of curve 2 of Fig. 4f. 

We note still another important fact, that in the 
foregoing comparison of the experimental and theo- 
retical spectra, we compare not only the overall 
course of the curves, but also the absolute values 
of v(E). 

Let us proceed now to a comparison of the aver- 
age experimental spectra of odd-odd and even-even 
nuclei, shown in Fig. 3. It is seen from this figure 
that there is a substantial difference in the lower 
portions of these spectra. Due to the fact that in 
going from odd-odd nuclei to even-even ones, the 
number of photons of low energy, with E < 1.5 Mev, 
decreases considerably in the unresolved portion 
of the spectrum, while the number of photons with 
energies 2 — 4 Mev increases. 

This change in the spectrum of the even-even 
nucleus is readily explained by the presence of an 
energy gap in the level spectrum of the nucleus, 
due to evaporation of nucleons. Qualitatively this 
reduces to the following. When the excited states 
of an even-even nucleus are de-excited, the pres- 
ence of the gap results not only in y transitions, 
which gradually bring the nucleus to the upper 
boundary of the gap (type A transitions), but also 
in parallel transitions (type B), which carry the 
nucleus through the gap into the ground state or 
states close to it, corresponding to collective ex- 
citations. In the case of an odd-odd nucleus only 
type A transitions take place. The photons emitted 
in type B transitions have considerably greater 
energy than those of type A transitions and result 
from the exclusion of the latter. Such an outflow 
of type B photons will play a considerably smaller 
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and smaller role as the nuclear excitation energy 
increases. On the other hand, as the excitation 
energy is decreased to 1.5 —2.0 Mev, although the 
de-excitation into the ground state is energetically 
more convenient, such transitions may neverthe- 
less be forbidden. In the case of spherical nuclei, 
the usual spin forbiddenness will be effective here, 
and in the case of prolate nuclei K -forbiddenness 
enters into the picture. These forbiddennesses 
lead to an increase in the population of levels lo- 
cated in the region ~ 1 Mev, a fact that manifests 
itself most strongly in non-spherical nuclei. In 
the spectra of such nuclei, as shown earlier,® a 
group of intense lines of similar energy arises 
(see, for example, Fig. 1). It follows from the 
experimental data that the de-excitation of the 
non-spherical even-even nuclei goes in approxi- 
mately 50% of the cases through levels which are 
located directly above the gap and in approximately 
the same number of cases via type B transitions, 
which go into the more highly excited levels. 
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FIG. 5. Comparison of the spectrum of Cd*** with the aver- 
age experimental spectrum for odd-odd nuclei with A ~ 110 
(curve 1). 

Let us consider the y spectra of other nuclei. 
Figure 5 shows along with the average spectrum 
for spherical odd-odd nuclei also the experimental 
spectrum for Cd!!4 (as in all other even-even nu- 
clei, lines of energy less than 2 Mev have been cut 
off here). In this case there is approximately the 
same qualitative difference in the spectra of even- 
even and odd-odd nuclei, as above. The spectrum 
of Cd!!4 was not included in the averaging over the 
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even-even nuclei, since this isotope has a consider- 
ably greater neutron binding energy, 9 Mev. 

Figure 6 shows the spectra of the following even- 
even nuclei: Mo”, snl16 | Sn118 Sn!20, and Nd!44, 
The unresolved portion of these spectra have a 
form close enough to that of odd-odd nuclei. This 
result can be understood by examining in greater 
detail the type B transitions, i.e., the transitions 
that cause an outflow into the ground state. The 
point is that this outflow may go not only to the 
ground state, but also to the lower excited states. 
Whereas in the non-spherical even-even nuclei the 
excited levels, to which the effective outflow is pos- 
sible, are located at low excitations (100 — 300 kev), 
in spherical nuclei, particularly in Mo*®®, Sn'!®, and 
Na!44, even the first excited level is located at 0.78, 
1.2, and 0.7 Mev respectively. With this, the first 
level gathers in up to 90% of all the cascades. In- 
asmuch as the evaporation energy of the nucleons 
in these nuclei is 1.5 —2 Mev, a noticeable outflow 
not into the ground state, but to lower excited levels 
decreases noticeably the effective width of the en- 
ergy gap in these nuclei. Thus, in these nuclei the 
energy of type B transitions differs from that of 
type A transitions not by 1.5 —2 Mev, but by a 
smaller quantity, equal to the effective width of the 
energy gap, which indeed leads to a considerable 
smoothing of the difference in the y spectra of the 
indicated even-even and odd-odd nuclei. 
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For the Cd!!4 nucleus we also have a greater 
population of the first level, which has an energy 
0.56 Mev. However, apparently, the effective en- 
ergy gap in this case is still large, enough to in- 
fluence substantially the form of the spectrum of 
cati4. 

Let us dwell now on the two neighboring nuclei, 
Eu!®2 and Sm‘59_ The spectra of these nuclei differ 
noticeably from the average spectra given above. 
For Sm!° this difference lies in the greater height 
of the maximum, and for Eu! by the fact that in 
the region of lower energies its spectrum lies 
higher than the spectra of other odd-odd nuclei. 

It is interesting to note, however, that in compar- 
ing the spectra of Sm? and Eu!” (see Fig. 7) we 
observe qualitatively the same picture, which was 
established above in comparing the spectra of even- 
even and odd-odd nuclei (see Fig. 3). 

v(E) 
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FIG. 7. Comparison 


of y-ray spectra of Sm**° 
and Eu'’?, 
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As already noted earlier*** for elements located 
near the twice-magic nucleus Pb?" the y -ray 
spectra differ considerably in shape from the fore- 
going spectra of heavy elements which are far from 
magic. Figure 8a shows as an example the spectrum 
of Au!8. The same figure shows the theoretical 
spectrum, calculated under the assumption that the 
level densities are given by Eq. (1) at a =5 Mev". 
Both curves are quite close to each other. We have 
already noted, however,? that such a great reduction 
in the value of a for Au'® is not verified by other 
experiments, and another reason was indicated in 
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28 
FIG. 8. Gamma-ray spectra of nuclei close 


to Z = 82 and N = 126: a—comparison of the 
experimental spectrum of Au’®* with the theo- 
retical one, calculated for Eq. (1) and at a=5 2 
Mev (dash-dot curve), b—comparison of the 
spectra of Ir*°*, Ir"*, ‘and Pt®**. 
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that reference for such a substantial change in the 
form of the Au! spectrum as compared with the 
spectra of nuclei that are not close to magic. 

We note that in this region one sees quite clearly 


the manifestation of an energy gap in the y spectra. 


Figure 8b shows the experimental spectra for the 
neighboring nuclei, the odd-odd Ir!” and Ir! and 
for the even-even Pt!**. It is seen from the figure 
that if we disregard the change in the form in the 
upper portion of the spectrum, due to the approach 
to Z=82 and N=126 (see reference 3), we ob- 
serve qualitatively the same difference in the spec- 
tra of the even-even and odd-odd nuclei, which is 
illustrated in Fig. 3. 
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The spectra of y rays accompanying the capture of thermal neutrons are calculated. The 
calculations are performed for dipole y radiation and two types of dependence of the nuclear 
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from other experiments. 


The capture of a thermal neutron by an atomic 
nucleus leads to the formation of a relatively 
strongly excited nucleus with excitation energy 

6 —8 Mev. In the case of heavy nuclei with atomic 
weight A >100, owing to the great density of the 
levels, the transition from the excited state that 
results from the capture of a thermal neutron may 
proceed via a large number of different paths. 
Accordingly, the overwhelming portion of the y 
transitions in such elements occurs in a portion 
of the spectrum that is still unresolved by modern 
measurement procedures. In the case of light nu- 
clei, and in the case of heavy close-to-magic nuclei, 
the y-ray spectrum is almost a line spectrum ow- 
ing to the small level density.’ In this paper we 
consider only continuous spectra. Experimental 
data have shown that the spectra of y quanta in 
heavy nuclei change relatively little from nucleus 
to nucleus. One can therefore assume that the 
spectrum of the emitted quanta is determined es- 
sentially by the general laws of the distribution of 
the density of the nuclear levels and by the multi- 
polarity of the radiation transition, and depends 
little on the specific properties of the matrix ele- 
ments of the transitions. 

In accordance with the statistical theory, we 
assume that the relative probability of emission 
ofa y quantum with energy E by a nucleus, lo- 
cated in a certain state with energy u, is given 
by the following formula:? 


w(u, E) = E*p(u—E)/n(u), (1) 
where p(u-—E) is the density of the final states 

of the nucleus. It is assumed that the distribution 
of the y quanta is determined only by the energies 
of the initial and final states of the nucleus. One 
can see certain justification for this in the fact that 
the probability w(u, E) has the meaning of a rela- 
tive transition probability, averaged over a suffi- 


430 


[ level density on energy. The results for the level density are compared with data derived | 


ciently large number of initial and final nuclear 
states. The distribution (1) is normalized toa 
total decay probability of unity, from which we 
determine the normalizing factor n(u) 

n (ul) = | Exp (u— Ede. 


0 


(2) 


The average transition matrix element, which we 
consider to be a constant, is not contained in Eq. (1). 
The constant x has avalue 2/+1, where 2! is 
the multipolarity of the radiation. 

To calculate the total y-ray spectrum of the 
nucleus it is necessary to sum the spectra of all 
the stages of the cascade. This problem is solved 
most simply when the energy in the emitted quanta can 
be considered small compared with the excitation 
energy of the nucleus. The spectrum was calculated 
in this approximation by Nosov and one of the au- 
thors of the present paper (V. s.).! This case is 
characterized by the emission of a large number 
of quanta during de-excitation of the nucleus. Con- 
sidering the number of quanta to be a continuous 
quantity, it is possible to obtain the following ex- 
pression for the y-ray spectrum: 

v(E)dE = dE \ w(u, E) 
E 


du 


E(u)’ 


(3) 


where v(E)dE is the number of quanta whose en- 
ergy is in the interval E, E+dE, emitted by the 
nucleus, ug is the initial excitation energy, and 
E(u) is the average energy of the y quanta of 
energy u emitted by the nucleus: 

E (u) = \ Ew (u, E) dE. 


tt) 


(4) 


The total number of quanta V is in this approxi- 
mation 
\ v(E)dE = \ du/E (u). 
0 


tt) 


yes 


(5) 
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Putting in (1) p =p) exp{S(u)}, where S(u) 
is the entropy of the nucleus, we obtain 


E(u) =(«+ IT (u), (6) 
pe du S (uo 
¥ (uo) \ TH eet - 


The mean squared fluctuation of the number of 
quanta is 


Ve — 2 = VS (uo) / («+ 1). (8) 
In formulas (6) and (7), T(u) is the nuclear tem- 
perature, T(u) =du/ds. 


A comparison has been made previously! of the 
experimental data on the spectra of the y rays that 
accompany the capture of thermal neutrons; the 


calculations there were based on formulas (3) — (7). 


These formulas: yield a fairly good qualitative ap- 
proximation, but their accuracy when applied to 
capture of thermal neutrons is insufficient, owing 
to the small number of emitted quanta (~ 3—4 
quanta per capture). The average quantum energy 
is ~1.5—2 Mev, i.e., it is far from small com- 
pared with the nuclear excitation energy. 

A more accurate calculation of the y-ray 
spectrum can be made by foregoing one of the 
premises that underly the derivation of Eqs. (3) 

— (7), namely that the change in nuclear energy 
upon emission of the y quanta is small, and the 
resultant replacement of the summation of indi- 
vidual decay chains by integration over stages, 
each of which is characterized by a certain aver- 
age nuclear excitation energy. Such a calculation 
can be made on the basis of the kinetic equation 
that describes a multistage process of y emis- 
sion from the nucleus.’ In our case, when the 
emission of quanta is the only process, this equa- 
tion has the following form 

Oy, (u, t) | Ot = \ ye_i(uv’, HT (w’) ww’, uw’ — u) du’ 


u 


—TP(u) ye (u, 4), (9) 


where y;(u,t) is the probability of finding k 
quanta and the nucleus in the state with energy u 
at the instant t in the nucleus-plus-photons sys- 
tem. In Eq. (9) I'(u) is the decay probability per 
unit time of a nucleus with energy u, multiplied 
by fh. | 

During the initial instant of time, t=0, we 
have 


Yn (Ug, 0) = 8408 (ue — ty) (10) 


(6gh is the Kronecker symbol and 6 stands for the 


6 function), 
the system, and the nucleus was in the initial state. 


since at t=0 there were no quanta in 


One can obtain, on the basis of (9), a simple equa- 

tion for a certain quantity directly related with the 

y -spectrum of interest to us. To derive this equa- 
tion we introduce the function N(u,t), the proba- 

bility of having at the instant t a nucleus with en- 

ergy u with any number of quanta: 


Nu, t) ies Ye (u, t). (11) 


kR=0 
The function y)(u,t) satisfies the following dif- 
ferential equation [see (9)]: 


—T (4) Yo (u, #). (12) 


Taking this into account, we obtain, summing both 
halves of (9) over k, the following equation for 
the function N (u, t) 

ON (u, t) / dt =) T (w’) w (u’, u’ —u) N (w’, t) du 


u 


Ayo (u, t) /dt = 


== GIN (et) (13) 


Analogously we obtain from (10) the initial condi- 
tion 


N (u, 0) = 6(u— uy). (14) 


We now denote by v(E,t) the number of quanta 
with energy E in the system at the instant t. 
The function v(E,t) satisfies the following equa- 
tion 

dv (E, t) /dt = \ N(w’, )T (w)w(u’, Edu’, (15) 

13; 

a solution of which, satisfying boundary condition 
v(E, 0) =0, is the function 
Uo t 
=) wu’, E) du’ rw Nw, t’) dt’. (16) 
E 0 
The function v(E,t) at t= yields the number 
of quanta of energy E, emitted by the nucleus dur- 
ing the decay process: 


Vilna) 


Uy 


¥(E) =¥(E, ©) = \ w (w’, E) du | T (u’) N (u’, t) dt. (17) 


1M 


Let us now find the equation satisfied by the 
function 
Ti T (u) N (u, t) dt. 
For this we integrate both parts of (13) with re- 
spect to time: 
\ Z (u’)w(u’, u’ —u) du’ —Z(u). 


N (u, 00) — N (u, 0) = 
. \ (18) 


This is precisely the sought integral equation for 
the function Z(u). Actually, using the formula (14) 
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and uoting that N(u, ©) =0 forall u>0, we find 
oe (ih) = ( w(u', wu’ —u) Z(u') du’ + 6 (u— Up). (19) 

The function ey (E) can be written 

$(2) = \ w(u’, E) Z (u’) du’. 


Ee. 


(20) 


The function Z(u) gives the probability of the nu- 
cleus passing through the state with energy u dur- 
ing the process of emission of the y quanta. Ex- 
pressions (3) and (20) for, the y spectrum coincide 
to the same extent that the function Z(u) is equal 
tol / By: 

It will be more convenient to transform (19) and 
(20), introducing a new function ¢(u) = Z[u—76(u) 
—uy]. Then (19) and (20) become 

C(u) = \ w(u’, wu’ —u)C(u') du’ + w (Uo, Uy—u), (21) 


u 
Uo 


v(E) = w(t, E) + \ oe E\G (a9 dus 


z 


(22) 


The first term in (22) corresponds to the y quanta 
emitted from the initial states of the nuclei, while 
the second represents the spectrum of the succeed- 
ing quanta. 

By using the method of successive approximation 
we obtain from integral equation (21) the well known 
expression for the y-ray spectrum 

y= is 
v(E) = w (uo, E) + \ wie, E') Olly — E’, Ede’... 


: (23) 
where each term of the series represents respec- 
tively the probability of emission of a quantum with 
energy E by the first, second, etc term in the 
chain. The effective number of terms in this series 
depends on E. When E2& 1—2 Mey it is found to 
be too large and expression (23) cannot be used in 
practice to calculate the spectrum, owing to the 
need for evaluating integrals of high multiplicity. 

In that important case, when the function 
w(u, E) is given by expression (1), the integral 
equation (21) can be transformed into a differential 
one. For this purpose, after first inserting into (21) 
the expression (1), for the function w(u, E), we 
divide both halves of the equation by p(u) and dif- 
ferentiate x+1 times with respect to u. Asa re- 
sult we obtain a differential equation of order 
K+1 for the function ¢(u): 


dé +f (u) /du*+1 = (— 1)*+1x! f (u)p(u)/n(w), 


where f(u) = ¢(u)/p(u) and the boundary con- 
dition at the point u =Up is: 


(24) 
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0 for }=0,...,*x—l, 
(DF (u) / du =a = \(— 1)*u! /n (up) for K= x. 


(25) 


In certain simple cases (24) makes a direct de- 
termination of £(u) possible. For a qualitative 
determination of the properties of the function ¢ 
we note that the function n(u) has a value 
x!TX*15(u) for large values of u, when u > KT, 
and has a value uXt!/(k+1) as u—0 (weas- 
sume here that the level density is a continuous 
function, starting with u=0). Taking this into 
account, we can find with the aid of (24) that ¢(u) 
behaves like 


W (lig, Ug — U) = (Uy — u)%*p (u) / x! T (Uo) 


at values of u close to uy, which satisfy the in- 
equality 


Uy — E (to) = Uo — (% + 1) T (uo) Su < Uy, 


like c/u (where ec is a constant) as u-—0, and 
like 1/E ~ 1/{(xk+1)T(u)} in the intermediate 
region, where u > T(u). These properties of 
¢(u) are obvious from the point of view of the 
aforementioned physical meaning of the function 
Z(u) [see Eqs. (3) and (6)]. In practice the re- 
gion of energies in which ¢(u) can be represented 
as [(K+1)T (uyje: is small, and this causes (3) to 
be inaccurate. A plot of the function ¢(u) is 
shown in Fig. 6 (curve 1; the variables u and v 
are identical for curve 1). 

The divergence of the function ¢(u) as u—0 
signifies that nuclei with small excitation energies 
accumulate during the process of emission of quanta. 
As a consequence, the spectrum of the y quanta 
emitted by a nucleus will also diverge as 1/E as 
E—0. This circumstance is common to all cases 
in which the energy density can be considered con- 
tinuous, starting with small values of the energy. 
One can expect such a situation to correspond most 
closely to the case of odd-odd heavy nuclei, where 
the presence of two odd unpaired particles causes 
the level density toincrease more or less uniformly, 
starting directly with the ground state of the nu- 
cleus. In even-even nuclei the pairing of the par- 
ticles leads to the occurrence of a gap between the 
ground and the first excited state. For nuclei of 
medium atomic weights this quantity (A) is equal 
to 1.0 or 1.2 Mev. For simplicity we shall assume 
that in an even-even nucleus (pe) there are no 
levels at all below an energy A, and that above 
this energy the level density is determined by the 
same law as in the case of odd-odd nuclei ( Po): 
i.e., we take pe in the form 
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fo tory ui A, 
\fo(u — A) =pop(v) for wu >A, 


where v is the excitation energy of the even nu- 


Pe(u) = (26) 


cleus, measured from the gap: v=u-—A. The func- 


tion p(v) is normalized such that p(0) =1. 

In the presence of a gap in the spectrum of the 
nuclear levels, radiative transitions in even nuclei 
can be divided into two groups, since a high-energy 


transition into the ground state (E =u) is also pos- 


sible from each excited state of the even-even nu- 
cleus, along with transitions to excited states with 
energies u>A (E<u-—A). Transitions of the 
former type will be called type A transitions, while 
those of the latter type will be called type B (see 
Eig. 1); 


FIG. 1. Qualitative transition 
scheme in an even-even nucleus. 


VS 


The function w(u, E) in the case of an even- 
even nucleus can be written in the following form 


Well, L) = wa we, (27) 
wa = E%9(u— E— A)/n'(u), (28) 
wp = ahs (u— E) /n' (u). (29) 


The normalizing factor 


n’ (u) =\ { E% (u— EB — A) + 06 (u—E)} dE 


0 
5] 


=o (Av)? - \ E%o(v — E) dE. (30) 
0 

The constant a = (Mb /M’) pos where Mp and 
Ma are the matrix elements for type B and type A 
transitions. We assume here that both type A and 
type B transitions are dipole transitions. In addi- 
tion, it is assumed, as above, that-the mean square 
of the matrix element for type A transitions is in- 
dependent of the energy. 

If we now introduce instead of the function ¢ (u) 
the function 


c (c) — (C (t1))u=A+es (31) 


it is easy to show that both Eq. (21) and Eqs. (24) 
— (25) remain valid for the function £(v), pro- 
vided the function w(u, E) is replaced by 

wA (u, E), and we put in the latter u =A+v, 
while the function n(u) is replaced by a function 
n*(v), of the form 


n’ (v) =a(A+ v)?+ n(v), (32) 
where n(v) is given by Eq. (2). We obtain 


S(O)ia= \ wav’, v' — v)€(v’) dv’ + wa (%, ¥) —2), 
0 
wae, Ey Sg GL) ene (33) 
The y-quantum spectrum of an even-even nucleus 
is written in the form 


ve(E) = wa (Uy. £) + va (E) + vp (£), (34) 


where w A (Uo E) is the spectrum of y quanta 
emitted by a nucleus in the initial state (in this 
term we can neglect direct transitions from 
the initial state of the nucleus to the ground 
state ); 


vp (LE) = a? [C (v) /n* (v)Jomz—a (35) 


is the y spectrum of type B transitions, and 
va (E) =\ (B%(@— L) Jn" (%)E@) dv (&y = 4, —A) 
E (36) 
is the y spectrum for type A transitions. The 
term vp(E) in (34) is taken into account when 
E =A. Inasmuch as it is assumed that in an even- 
even nucleus at energy u >A the energy-level 
density coincides, accurate to a non-essential con- 
stant factor, with the level density in the odd nu- 
cleus, and the initial energy is greater than that 
of an odd-odd nucleus by exactly the amount A, 
then* the solution of the Eq. (21), the function 
¢(u), and the photon spectrum (22) is obtained 
for the odd-odd nucleus as a particular case of 
Eqs. (34) and (36) with a@=0. Here the variable 
v should be considered only as the excitation en- 
ergy of the odd-odd nucleus, measured from the 
ground state A=0. 

The presence of type B transitions in a nucleus 
with a gap can be readily analyzed qualitatively. 
Actually, the presence of type B transitions leads 
first to a weakening of the accumulation of nuclei 
with energy close to A: the function ¢(v) re- 


*Actually the difference in the neutron binding energies in 
even-even and odd-odd nuclei somewhat exceeds A, which is 
defined as the size of the energy gap in the level spectrum of 
the even-even nucleus. This is not significant, since the y-ray 
spectrum depends relatively little on the initial excitation 
energy. 
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mains finite at a =0 as v—0. Accordingly, 
the function va(E) vanishes as E-—0. This 
reduction in the number of low-energy photons 
is compensated by a corresponding increase in 
the number of transitions with energy E >A (see 
below, Fig. 6). 

The parameter a can be roughly estimated by 
specifying the width of the energy interval 6, 
0 <v< 6, in which type B transitions are most 
probable. This obviously occurs when the first 
term in the expression for n*(v) [formula (32)] 
exceeds the second. By equating the two terms, 
we obtain a relation between the parameters 6 
and a, from which we find 


a =n (8) /(A +8)? (37) 


To obtain tentative values of the parameters we in- 
dicate, that, according to Eq. (37), the value 6 ~ 1 
Mev corresponds to a ~ 1 Mev, while 6 ~ 0.2 
Mev corresponds to a ~ 0.001 Mev. 

The function n(v) is a rapidly increasing func- 
tion of v. Therefore when v 2 6 the first term in 
(32) is negligibly small compared with the second. 
As a consequence, the spectrum of an even-even 
nucleus will differ substantially from that of an 
odd-odd nucleus only in the interval 0< E< 6, 
where the spectrum of the even-even nucleus is 
characterized by a smaller number of quanta, as 
well as in the interval A< ES A+6, where the 
spectrum of the even-even nucleus will contain an 
additional contribution due to type B transitions. 

Let us proceed now to a report of the results 
of the calculations and compare them with the ex- 
perimental data. To calculate the y-ray spectra 
we integrated Eqs. (24) and (33) numerically, using 
the Moscow State University “Strela” electronic 
computer. Two expressions were used for the level 
densities of the nucleus [the function p(v)] 


o(2)= exp (0 =), .<— Const, (38) 


o(v) =expV av, a=const. (39) 


In the first calculations we used (24) and (25) 
to find the function ¢(v). This differential equa- 
tion was solved with automatic interval selection, 
insuring accuracy not less than 0.1%, using a stand- 
ard program based on the Runge-Kutta method. 
After compiling a program for solving integral 
equation (33) by the Euler broken-line method, all 
the calculations were performed with the integral 
equation. An interval 0.2 Mev was chosen, since 
a comparison of the solutions of the integral equa- 
tion with the previously obtained solutions of the 
differential equation had shown that such an inter- 
val insures the stipulated accuracy of 0.1%. Simul- 
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taneously with solving an integral equation, we 
evaluated the integral (36), and the functions 

w(vo, E) and vp (E). These functions, together 
with the function ¢(v) and n*(v), were obtained 
from the computer for points from 0.2 to 6.4 Mev 
every 0.2 Mev. The parameter vo was taken in 
all cases the same, 6.4 Mev, corresponding approx- 
imately to the average neutron binding energy in 
odd-odd nuclei. In most calculations a value of 

1.2 Mev was used for A, corresponding approxi- 
mately to the position of the peak in the experimen- 
tal spectra of even-even nuclei (see below). Values 
in the interval from 0.4 to 2.5 Mev were taken for 

T in (38), and values in the interval from 2 to 30 
Mev were used for the parameter a [Eq. (39)]. 
The constant a was taken to be 0, 1/1000, 1/400, 
1/32, and 1/2 Mev. 


H(E) 
15 7, 
a7 
10+ \\\28 
VW \ ag 
\ 
\ 
\ 
\ / 
tie —\ A 
\ 1b Z 
KK / 
N 25 =~ ~S oS 


f Dike mg 4 5 6 E Mev 
FIG. 2. Spectra of y quanta, calculated for a level density 
as given by (38). The values of the parameter 7 (in Mev) are 
indicated in the diagram (= 0). 


Figure 2 shows several spectra of odd nuclei 
(a =0), calculated by means of (38) for level den- 
sities at certain values of the parameter Tt. Fig- 
ure 3 also shows several theoretical spectra of 
odd nuclei, calculated for a level density as given 
by Eq. (39). 

The dotted curve of Fig. 2 shows the photon 
spectrum for T=~ (or a=0). This spectrum 
was obtained from an analytic solution of the dif- 
ferential equation (24) and from an evaluation of 
the integral va (E), [Eq. (36)], which are possible 
when p=const. As shown in the paper by Groshev 
et al., the best agreement with experiment is ob- 
tained at + = 0.8 Mev in the case of (38) or a 
= 15 Mev~! for the case of (39) [corresponding 
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FIG. 3. Gamma spec- 
tra calculated for a level 
density as given by Eq. 
(39). The curves are la- 
beled with values of the 
parameter a (in Mev’) 


(a = 0). 


to this value of a is an initial nuclear tempera- 
ture Ty = (4u)/a)'/? ~ 1.3 Mev]. Such a ratio be- 
tween the “equivalent” values of the parameters T 
and a is quite natural, if one considers that the 
average nuclear temperatures should be close. 

In exactly the same manner it is possible, for 
other values of 7, to make the curves v(E) ob- 
tained in the cases (38) and (39) close to each other 
by suitable choice of the parameter a. There is, 
however, a slight qualitative difference between 
the spectra shown in Figs. 2 and 3. The spectra 
calculated for an exponential density have a char- 
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FIG. 4. Component parts of the complete y spectrum [see 
(35)]. The solid curves correspond to % = 0 for the level den- 
sity given by (38) (7 = 0.8 Mev); the dotted lines are the same 
for the case of (39) (a = 15 Mev"), while the dash-dot curve 
corresponds to @ = 0.5 Mev and 7 = 0.8 Mev. 


acteristic inflection in the region of E ~ 1 Mev. 
There is no such inflection in curves shown in 
Fig. 3 [where the density is taken from (39)]. The 
inflection is due to the fact that the first term in 
(34) is a bell-shaped curve (see Fig. 4), and the 
second term va (E) is a monotonically decreas- 
ing function. In the case of version (39), owing to 
the greater dependence of the level density on the 
energy at u <1 Mev, the spectrum va(E) is 
greatly enriched by soft quanta, and the presence 
of the maximum in the function w(up, E) does 
not appear explicitly in the form of the summary 
spectrum. 

The presence of an inflection at E ~ 1 Mev in 
the spectra of all the investigated deformed odd- 
odd nuclei‘ is an indication that in these nuclei the 
level density increases at low energy (< 1 Mev) 
more smoothly than expVau . It is interesting to 
note that no such inflection is observed in the spec- 
tra of spherical nuclei. 


v(E) 


FIG. 5. Spectra of even- 
even nuclei, calculated for 
level densities of (38) 

(7 = 0.8 Mev): curve 1 —at 
a=0, 2—a=0.5 Mev, 

3-— d= 1/400 Mev, 4—@ 
taken in the form of a step 
(curve 1 of Fig. 7), @, 

= 1/400 Mev, 4, = 0.5 Mev, 
v* = 0.4 Mev. 
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E Mev 


We see by comparing the curves shown in Fig. 
5 that in the quantum energy region E 2 5 Mev the 
contribution of the function va (E) to the total 
spectrum is quite small (< 10%). Radiative tran- 
sitions from such an energy are almost exclusively 
transitions from the initial state. Their average 
intensity is approximately 


W (Uy, Up) = U8 p (0) / m (Uy) = U2 / 6e4 p (Uy) = 0.5%, (40) 


and differs little from the experimental value 
(~ 0.5 —3%). 

Figure 5 shows the y spectra calculated with 
the aid of (32) — (36) for a #0 (even-even nuciei) 
and T= 0.8 Mev (exponential energy dependence 
of the level density). Curves of ¢ functions for 
these values of the parameters are given in Fig. 6. 


Pty) FIG. 6. Plot of the 
function ¢(v), calcu- 
lated for a level density 
as given by (38) for the 
following values of the 
parameters: 1—a@=0 
[odd-odd nucleus, v =u, 
cf. (31)]; 2—a@ = 1/400 
Mev, 3— 4 = 0.5 Mev; 

4—4 as a function of the 
energy (curve 1 of Fig. 7), 
a, = 1/400 Mev; a, = 0.5 
Mev, v* = 0.4 Mev, T= 0.8 
Mev. 


y Mev 


When compared with the odd-odd nuclei, the ex- 
perimental spectra of deformed even-even nuclei 
are characterized by a large number of quanta of 
relatively large energies (~ 2—4 Mev), while the 
spectra contained relatively fewer soft quanta (E 
< 1.5 Mev) and, in addition, a sharp peak exists 
with a width < 0.5 Mev at E~ 1 Mev.’ These 
first two distinctions suggest the choice of a rela- 
tively large value of a. For an exponential den- 
sity [Eq. (38)] the best agreement from experi- 
ment was obtained at a =0.5 Mev and T=0.8 
Mev,* i.e., for the same value of 7 as for the 
odd nuclei located in the same region. The afore- 
mentioned similarity in the density as given by 
(39) leads in the case of even-even nuclei to a con- 
siderable difference in the spectra calculated by 
means of (38) and (39). In the case of (39) the y 
spectrum is characterized by much greater val- 
ues of v(E) in the region E <1 Mev, and di- 
minishes more rapidly with increasing E than 
the spectrum calculated for an exponential level 
density. Therefore, in order to make the theoret- 
ical spectrum calculated for the density given in 
(39) closer to the experimental spectrum of the 
even-even deformed nucleus, it becomes neces- 
sary to take a=5 Mev~!. So small a value of 
this parameter (Ty) = 2.3 Mev) is very unlikely, 
particularly if it is considered that the value ob- 
tained for a of odd nuclei is 15 Mev ?. It is there- 
fore necessary to conclude that the form of the 
spectrum of the even-even nuclei is evidence of a 
weak dependence of the level density of deformed 
even-even nuclei on the energy above the gap, at 
least compared with (39). 

Let us return now to an examination of the third 
singularity of the spectra of the even-even deformed 
nuclei, namely the presence of a sharp peak at E 
~ 1 Mev. In principle, such a peak is present at a 
small value of a, on the order of 1/400 —1/1000 
(see Fig. 5); however, at such a value of a@ the 
theoretical spectrum does not differ in practice 
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from the spectrum for a=0 (i.e., the spectrum 
of the odd-odd nucleus) and all the remaining re- 
gion, with the exception of the region of the peak 
and, accordingly, inthe region E 2 0.5 Mev (see 
curves 1 and 3 in Fig. 5). On the other hand, at a 
on the order of unity, at which the general form of 
the theoretical spectrum is in good agreement with 
the experimental spectrum of deformed even-even 
nuclei, there is no sharp maximum at all at E ~ A; 
the population of the levels of the nucleus with en- 
ergy u2A is found to be small, owing to the com- 
petition of type B transitions, which in this case is 
substantial even for large nuclear excitation energy. 
It is natural to attempt to resolve this contradic- 
tion by considering the dependence of qa on the ex- 
citation energy of the nucleus. In fact, all three 
singularities of the spectrum of deformed even- 
even nuclei can be explained qualitatively by as- 
suming that the parameter depends on the energy 
as shown in Fig. 7 (curve 1), taking v* = 0.4 Mev. 


aU} 


FIG. 7. Two ver- 
sions of the function 
Q(v) for which the 
spectra were calcu- 
lated. 


7] v* v 


At such a value of a the y spectrum will coin- 
cide with the spectrum calculated for a=0.5 in 
the quantum energy region v*S E<A and E 
>A+v*, while in the region A< ES A+v* the 
spectrum will have a sharp maximum, as in the 
case of small a. This can be readily established 
by considering the dependence of vg(E) on a 
[vp (A) ={£&(v)}y=) is independent of a]. The 
y spectrum was calculated also for variable a, 
in the form of a step (curve 1 of Fig. 7), anda 
ramp function (Fig. 2) for the following values of 
the parameters: a, = a, +0.5 Mev, a; = 1/400 
Mev, v* = 0.4 and 0.8, and 7 =0.7, 0.8, and 
0.9 Mev. The parameter A was taken to be 0.8 
and 1.2 Mev. The density of the levels is speci- 
fied in the form (38). ' 

For illustration, Fig. 5 shows also one of the 
spectra calculated for the function a(v), taken 
in the form of a step. The discontinuities there 
are connected with the presence of a sharp jump 
in q@ and, naturally, will be smooth if the region 
of the sharp variation a(v) is somewhat smeared: 
out. The spectra calculated for the ramp curve 2 
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of Fig. 7 do not differ in practice from the spectra 
at constant @ = a;. The spectrum shown in Fig. 5 
for variable q@ has all the features of the experi- 
mental spectra of even-even nuclei, on the basis 
of which one can conclude that in the region ~ 0.5 
Mev above the gap, the value of the parameter ao 
is very small compared with the entire remaining 
energy region. The specific value of the param- 
eter qa near the gap (a,) is not important here 
for the essential singularities of the form of the 
spectrum. 

At the present time the structure of the levels 
of deformed even-even nuclei in the energy region 
above the gap has not yet been sufficiently inves- 
tigated, and one can only guess at the reasons for 
the forbiddenness of the transitions through the 
gap for not too high a nuclear excitation. Such a 
forbiddenness could occur were the emission of 
the y quanta to result in production of nuclei 
with large spins. This, however, can hardly be 
the cause of the forbiddenness, since near the 
ground state of even-even deformed nuclei there 
are always closely-located rotational levels, with 
sufficiently large spins, to which a radiative tran- 
sition would be possible. A selection of transitions 
based on parity can also not lead to a sharp change 
in a, for the selection of transitions to the ground 
state by parity takes place also for transitions 
from strongly excited states. 

A possible explanation of an energy dependence 
of qa similar to that shown in Fig. 7 may be the 
presence of an additional forbiddenness based on 
the projection of the momentum on the nuclear axis 
in deformed nuclei (the quantum number K). The 
ground state is characterized by K=0. A selection 
rule based on K, AK =0, and 1, would pick out 
in the case of dipole transitions only those excited 
states for which K=0 or 1. If it is assumed that 
states with such K are missing in the vicinity of 
the gap, with the exception possibly of the lowest 
state, the dipole transitions would be impossible, 
and the radiative transitions through the gap would 
be less probable. Such a picture is confirmed by 
the well-studied decay schemes of W!®? (reference 
6) and many other deformed even-even nuclei.’ On 
the other hand, the quantum number K is only an 
approximate adiabatic integral of the motion, and 
one might think that the forbiddenness connected 
with K does not play a substantial role, if one 
speaks of a transition into the ground state from 
strongly excited states of the nucleus: the wave 
function of such states is apparently a superposi- 
tion of states with different values of K, including 
also such for which the transition to K=0 is 
allowed. 
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This allows us to assume that the ratio of the 
matrix elements M4, /My is close to unity. The 


factor p, in front of the exponent in formula (38) 
then coincides with aot. whence, using the values 
of the parameters a and 7, determined from y 
spectra of even nuclei, we can estimate the average 
distance between the nuclear levels at the binding 
energy. This value should coincide in order of 
magnitude with the average distance between the 
neutron resonances (change in the nuclear spin 
upon emission of quanta is small and can be neg- 
lected). One can verify that this actually takes 
place. Reversing this argument, we could conclude, 
on the basis of the resultant value of @ (~ 0.5 
Mev), that the matrix elements are approximately 
equal. We emphasize, however, that we can speak 
only of a rough estimate. 

For certain values of the parameters we also 
calculated the spectrum, for constant a@, under 
the assumption that the radiative transitions through 
the gap (type B) are quadrupole transitions. In all 
cases the form of the computed spectrum differs 
greatly from the experimental one. 

It is of interest to compare the data on the den- 
sity distribution of the nuclear levels with results 
of other methods of determining this quantity. The 
most direct method is a direct calculation of the 
number of levels below a given energy. This method 
was recently used by Erikson® to determine the en- 
ergy dependence of the level density below the neu- 
tron binding energy for certain nuclei with A < 60. 
The level distribution agrees with (38), and the pa- 
rameter 7T is found to be 1.0 —1.2 Mev. This re- 
sult agrees with the determination of the level den- 
sity from the spectrum of secondary particles in 
the (a, a’) reaction in the same region of nuclei.? 
For the (p, p’) reaction, a somewhat better agree- 
ment with formula (39) is indicated.!® All these re- 
sults pertain, unfortunately, to light nuclei, which 
perhaps explains the discrepancy between the value 
of the parameter 7, determined from the y spec- 
tra (0.8 Mev), and that determined directly from 
the level density (1.0 —1.2 Mev). We note inci- 
dentally that the results of the analysis of the y 
spectra indicate the absence of a strong variation 
on the parameters that characterize the energy 
dependence of the level density as A varies from 
100 to 200.4 The absence of a noticeable depend- 
ence of the temperature on the atomic weight has 
been also noted in reference 10. On the other 
hand, the spectra of nuclei close to magic are 
characterized by relatively large values of T (or, 
respectively, by small values of a). Thus, for 
gold the best agreement with the experimental 
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spectrum is obtained when a= 3—5 Mev. We 
note also that the average distribution of the in- 
tensity in the spectra of light odd-odd nuclei® is 
in qualitative agreement with the theoretical val- 
ues, calculated under the assumption p = const 
(Fig. 3), which does not contradict other data on 
the level densities of these nuclei. 

The temperature of the nucleus at an energy 
equal to the binding energy of a neutron can be 
determined also from the density of the neutron 
resonances. The value of the initial temperature 
of nuclei in the rare-earth region is found to be 
0.6 —0.7 Mev, corresponding to a value of the 
parameter a= 40—60 Mev ‘. This value differs 
substantially from the value indicated above, a 
= 15 Mev", obtained from the y spectra. The 
discrepancy is considerably reduced it it is taken 
into account that the expression for the density of 
levels in the given momentum for a Fermi gas con- 
tains a factor in front of the exponent, which di- 
minishes as u~’ with energy. If we attempt, how- 
ever, to approximate the function u~ expV au by 
expressions of the form exp [(a*u)!/? +], choos- 
ing the constants a* and c in such a way as to 
make these expressions coincide at the points, say, 
u=2 and 6.5 Mev, we obtain for the constant a* 

a somewhat smaller value. Thus, at a= 30 or 60 
Mev! the constant a* becomes respectively 20 
and 35 Mev. It is precisely these values of the 
“effective” constant a* that should be compared 
with the value obtained from the y spectra or in 
other similar cases, if the level density is given 
by an expression of form (39). 

If analogously we approximate the function 
u-* expVau by the function exp(u/7t +c), we 
obtain for the constant T a value ~ 0.7 Mev at 
Ty = 0.65 Mev, determined from the neutron reso- 
nances, i.e., a value which does not greatly differ 
from the 0.8 Mev obtained from the y spectra.* 

As regards the choice between the distributions 
(38) and (39), as already noted, both laws lead to 
quite similar results. The singularities in the 
form of spectra of odd-odd deformed nuclei, and 
a comparison of the theoretical spectra with those 
of even-even deformed nuclei, nevertheless make 
it preferable to use for these nuclei the exponential 
law (38), or at least to conclude that the level den- 
sity depends less on energy near the gap than 
called for by Eqs. (26) and (39). 

This result is in agreement with what is ob- 
tained when nucleon pairing is considered. For 
deformed nuclei the presence of pairing between 


*These results were obtained jointly with Yu. V. Adam- 
chuk, 
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particles leads to a difference in the law of disper- 
sion of the elementary excitations from the disper- 
sion of free particles. The excitation energy is 
given by the following expression! 


Ey == V & + (4/2), 


where €, is.the Fermi energy of the free particle, 
measured from the boundary. The level density of 
the elementary excitation dv/dE, diminishes with 
energy. If we speak of an odd-odd nucleus or an 
even-even nucleus with one broken pair, i.e., at 
A<u < 2A, where there are two free quasipar- 
ticles, the level density remains almost constant. 
As the excitation energy is increased, the number 
of broken pairs of particles increases and the level 
density begins to increase rapidly, and on the aver- 
age this increase is closer to exponential. In 
other words, in the presence of the finite energy 

to be spent on “liberating” the particle, the tem- 
perature of the system depends less on the energy 
than for free particles. Finally, at a certain suffi- 
ciently large energy the effect of pairing vanishes, 
and the level density is given by an expression of 
the type (39). 

The results of the analysis of y spectra of de- 
formed nuclei are in full agreement with the pic- 
ture drawn. Unfortunately, in spherical nuclei the 
grouping of levels in shells and subshells makes 
it very difficult to describe even qualitatively the 
dependence of the level density on the energy. The 
fact that the level density of odd-odd spherical nu- 
clei in the energy region <1 Mev increases more 
rapidly than exp(u/T) can be attributed either to 
the smallness of the pairing energy, or in general 
to a particle-dispersion law differing from (41). 
For two free odd particles the level density in- 
creases as u’. 

The authors express their gratitude to Profes- 
sor A. N. Tikhonov and A. V. Luk’yanov for par- 
ticipating in the calculations on the Moscow State 
University electronic computer. 
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The general effect of a uniform magnetic field on the stability of the equilibrium of a conduct- 
ing liquid which is heated from below in a cavity of arbitrary shape is investigated. The time 
variation of the perturbations which arise in the liquid is always monotonic. The critical value 
of the Rayleigh number Ct, above which the equilibrium is unstable, increases monotonically 
with the Hartmann number M, so that the inequality in Eq. (4.16) is satisfied. At small values 
of M the critical value of the Rayleigh number is proportional to M? and the coefficient of pro- 
portionality can be computed. The asymptotic nature of the function C)(M) as M—o depends 
on the shape of the cavity and the direction of the field. 


Lue most interesting phenomena in magnetohydro- 
dynamics occur when energy dissipation is not im- 
portant. These effects have been investigated widely 
in recent years. Cases of motion in small volumes, 
in which case viscosity is important, are generally 
considered less interesting. Under these condi- 
tions, the magnetic field induces a current in the 
liquid and this current tends to retard the motion; 
in principle, no other additional effects arise. 
Cases of this kind have been considered by Hart- 
mann! (plane Poiseuille flow), Chandrasekhar? 
(convection in a plane horizontal layer), Smirnov 
(convection in a vertical tube heated from below), 
Velikhov‘* (Poiseuille flow and flow between rotat- 
ing cylinders) and Regirer® (convection in a plane 
vertical slit). 

Of the problems which have been considered, the 
convection problems are of special interest because 
of their connection with the theory of hydrodynamic 
stability. The initial state is an equilibrium state 
and the analysis of its stability is much simpler 
than the problem of flow stability. At the same 
time the presence of the magnetic field means that 
the equations of motion are not self-adjoint and 
hence more closely related to typical equations in 
the theory of hydrodynamic stability. If there is 
no magnetic field the problem is extremely simple. 
Hence a general investigation of the effect of the 
magnetic field on the stability of equilibrium of a 
conducting liquid heated from below in an external 
uniform magnetic field is of interest. 


1. EQUATIONS OF MOTION | 


3 


6 


We consider “slow” motion in a conducting 
liquid which is originally in equilibrium in a 


gravitational field 


eae Hite eats (1.1) 


and which is heated from below so that there is a 
constant vertical temperature gradient (as long as 
equilibrium prevails ) 


V fo =— AY. 


The liquid fills a cavity of arbitrary shape which 
is cut into an infinite external solid medium. The 
external magnetic field 


H, aa H8, 


(1.2) 


B2 = | (1.3) 


produces a current density j and an additional 
magnetic field h in the liquid. 

To the usual convection equations’ it is now 
necessary to add the Lorentz force; since the 
motion is slow we retain only the linear perturba- 
tion terms. Then the equations of motion and the 
heat conduction equation are 


ya —potvp — veurl curlv— agyT + (H, / cp) [ix Bl, 


T = Ayo + yVT, divv = 0, (1.4) 


In addition we have Maxwell’s equations (in which 
the displacement current is neglected) and Ohm’s 
law: 


curl h = (4ne /c) {E + c41H,[vx8]} = 4nj/c, 
h=—ccurlE, divh=0 (1.5) 


(o is the electrical conductivity, 1 =1, and E is 
the electric field). 

We can eliminate j and E from these equa- 
tions, expressing these quantities in terms of h. 
Then the equations which describe the problem 
become 


440 


STABILITY OF EQUILIBRIUM OF A CONDUCTING LIQUID 


v=—o Vv p—veurl curl v + agyT 
~- (A, / 4x0) [curl hx8}, 

ee yAv—yv°T, 

h = — (c?/4nc) curl curlh + H, [vxé], 


divv=divh=0. 


For the external medium, in these equations we 
set the velocity equal to zero and replace the coef- 
ficients x and go by the corresponding coefficients 


in the medium, Y¥ and @G: 


T=xv°T, h = —(c?/4nc) curl curlh, divh = 0. 
(1.6’) 
At the boundaries of the cavity the velocity, mag- 
netic field, temperature, and normal components of 


the current and heat flow must be continuous: 
h|,=h|;, (ey ae 
neurlh|,;=ncurlh|,, nyZ|,=yny7|, (1.7) 


Wil). 


(7 is the ratio of the heat conductivities of the me- 
dium and the liquid). Both T and h vanish at in- 
finity. 

We now introduce characteristic units: the char- 
acteristic dimension of the cavity 7, Hy, and the 
characteristic velocity and temperature, defined by 


me ea ae 2. (He\* A 

Dae ae) es We a ge ap tS) 
Then Eq. (1.6) assumes the following form: 
v= — Vp— curl curiv + CyT + M[curlhx§], 

PT =Cyv + v7, (1.9) 

Nh = — curl curl h + M curl [vx6], 
civ We=div bo ==.0; 
PT =y*T, Nh=—curlcurlh, divh=0. (1.9’) 


The boundary conditions (1.7) and the conditions at 
infinity remain the samé as before. 

We use the following dimensionless quantities 
in these equations: 

P=v/y=y7P/y (Prandtl number) 

N =42v0/c? = oN jo, 4= x/%, 

C* Sag Alt / vy (Rayleigh number) 

M? = H¢el’/ pvc? 
(The so-called Lundquist number, which deter- 
mines the nature of typical processes in magneto- 
hydrodynamics, is MYN. This quantity does not 
contain the viscosity.) 

The linear equations (1.9) do not contain the time 
explicitly so that all quantities may be assumed to 
be multiplied by a function of the form et; we 
are then concerned with the boundary value prob- 
lem: 


(Hartmann number squared) 


(1.6) 
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KV = Vp-curl curlv — CyT — M [curl hx], 
WPT = —Cyv—V°T, (1.10) 
k}Nh = curl curlh — Mcurl[v §], 
Give Vee Civilian 0: 
WT=—V?T, iNh=curl curlh, (1.10’) 


with the boundary conditions (1.7) and the condition 
T =h=0 at infinity. The sign of the real part of A 
(the eigenvalue of the boundary-value problem) de- 
termines the stability: stability obtains when Re A 
> 0: 

In what follows we will be concerned with inte- 
grals which are taken over all space. These are 
written in the form of sums of integrals over the 
volume of the liquid and the external volume whose 
integrands differ from each other by the obvious 
substitution of P by P and soon. The boundary 
conditions allow us to use Gauss’ theorem over all 
space since the integrals over the surface of the 
interface always cancel. 


2. STABILITY IN THE ABSENCE OF A MAG- 
NETIC FIELD 


This problem has been investigated by one of 
us.° In the absence of a field M=0 and Eq. (1.10) 
can be simplified: 


Av = Vp— curl curl v—CyT, 
PiT = —Cyv— VT, divv =0; (2.1) 
PE = — VT. (212) 
The system of equations in (2.1) and (2.1’) is self- 
adjoint and the eigenvalues A and eigenfunctions v 
and T are real. The equations in (2.1) are the 
Euler equations for the variational problem 


fers = \{(curl v)2 (VT)? — 2CyvT} dV 


(2.2) 


with the earlier conditions (1.7), while the A’s are 
stationary values of the quotient: 


DeeeerO RUT (site (2.3) 


The last situation, which does not appear in 
problems of hydrodynamic stability, makes the 
analysis much easier. For a given C there ex- 


ists an infinite set of solutions 
Tse Vins TB ris ih = 0, lh, Den (2.4) 


which can be designated in order of increasing A. 
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These solutions are orthogonal to each other in 
the following sense: 


y \ {VmVn iE Vaal oe dV +5 7 \P Decl Boh’ = Onin 


te] rm| = 


\ {curlv,,curlv + V Tm: V Ta —CyVmT —CYVnTm} dV 


tal VT -V Tidl = ibm. (2.5) 
It is apparent that J>0 when C=0, that is 
to say, all the Ay > 0, and the liquid is stable. By 

means of a variational technique (2.3) it is shown 
in reference 6 that when C is increased all the 
An are diminished, i.e., the damping of the per- 
turbations becomes weaker and for some value 
C=C, the eigenvalue A, vanishes. When C > Cp, 
the zeroth motion increases in time and the liquid 
becomes unstable. With a further increase in C 
we obtain successive negative values Ay, Ag, etc. 
In order to find the critical number Cq we 
solve Eq. (2.1), setting A =0: 
diwava==10); 
(2.6) 
(2.6’) 


CrP = Vip curl curl v, Cyv =— V*T, 


Vet 0 


with the earlier boundary conditions. Equations 
(2.6) and (2.6’) are also self-adjoint and are equiv- 
alent to the variational problem: 


five T= <\{(curl v)?--(VT)} dV 


Loe y \(v T)?dV =extr, 


Qtv, T1=\ywTav = 1, divv =0. (2.7) 
The eigenvalues for this problem are given by 
C =extr(I/Q). (2.8) 


We shall call the solutions of this problem the 
critical motions, enumerating them by Greek sub- 
scripts in order of increasing C: 


CEA TDI (2.9) 


so that C% is the value of the Rayleigh number at 
which perturbations characterized by n<a in- 
crease, the perturbation characterized by n=a 
is neutral, and perturbations characterized by 
n>qa@ are damped. The critical motions satisfy 
the following orthogonality conditions: 


\ val pV eS. 
\ curlv, curlvgdV = C, 8,2, 


(2.10) 


It is assumed that Eq. (2.9) defines a complete set 
and that this set can be used for expansion of any 
We La andcp: 


\V Ta: V TpdV +7 \ Vel veld) 6 os 
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3. PERTURBATIONS IN A MAGNETIC FIELD 


The system of equations in (1.10) for perturba- 
tions in a magnetic field is not self-adjoint and it 
is not immediately apparent whether or not the 
eigenvalues are real. From Eq. (1.10) it is easy 
to derive the integral relation 


aS: \\ [v'v + PT’T — Nh*h\ dV 


ae \ (uP TT —Nh'h) av} =O) (3.1) 
which, strictly speaking, does not prove that the 

dX are real, although it does suggest that such is 
the case. It is possible, however, to expand the 
eigenvalues and eigenfunctions in powers of M? 
and these expansions are real. 

These expansions are obtained as follows. When 
M=0 Eq. (10) has a set of solutions given by (2.4). 
Physically it is clear that this set must be com- 
plete in the sense that any pair of functions {v, T} 
can be expanded in functions of the set: 


fv, T} = >) an{Va, Tr} (3.2) 
with the same coefficients ap in both expansions. 

We may note that a set of several vy (or Tn) 
is overcomplete for any v; hence any v canbe 
expanded in different ways in the vy, depending 
on the T to which this v is related. The reason 
such expansions are real is clear from the fact 
that any initial (v, T) vary in accordance with 
Eq. (1.9); i.e., the expansions must consist of 
terms which vary exponentially in time. 

In Eq. (1.10) we now write 


ee ae ye ae wie Yea (3.3) 


{v, hs Y= {Vn, Ta, Pn} 
+ >) (Man +... + Ma + ...1{Vm, Ty Dm}, (3.4) 


Mtn 


R= Mh, Na Maa. (3.5) 


Assuming that all terms of these expansions are 
determined to order (kK—1), we now show that it 
is possible to determine terms of order k. If we 
substitute the expansions (3.3) and (3.4) in the third 
equation of (1.10) and consider mek-1 terms we 
have 


Nigh® — curl curlh® = — curl[vax§] (& = 1); 
Nd,h — curl curlh = — curl » ee) [Vm B] 
Mtn 


Siu esremaera Coty) (> 1). (8.6) 


The right sides of these equations are assumed 
to be known and, solving Eq. (3.6) with the imposed 
boundary conditions, we obtain the h(K), We then 
substitute the expansions in (3.3) and (3.4) and the 
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h(k), which are now known, in the remaining equa- 


tions of (1.10) and consider M** terms. In this 
way we obtain 
Veer) [Nee a ha vn 
MtN 
= >) aM [V pm + curl curl vm —CyTm| 
men 
—[eurl hx 8], 
a Se he a ee hae) Tal 
Mtn j 
ee a (Cyn Ve a] (3.7) 
mtn 


and similar equations in the external medium. 
Multiplying Eq. (3.7) by 


{Vn, Tn} 


and integrating, by virtue of the orthogonality con- 
dition (2.5) we obtain 


no = fourth [vx 6] dV, (3.8) 
then, multiplying by 
(Vm; Tm} (m= n) 
and integrating we obtain 
[REM aM +. + raat] = dmal? + \ curl n™ [vmx 6] dV, 


whence 


cai ie 
ORE St 


™m 


a = ee 2 ee ge 


= \curlh® [Vinx 6] dV | ; (3.9) 


By this method it is then possible to compute 
successively all terms of the expansions in Eqs. 
(3.3) to (3.7); it is obvious that when M ~0 the 
solutions are real. We may note that the following 


relation follows from Eqs. (3.3) and (3.8): 
heat M \ curl hiv, x] av, (3.10) 


which can also be derived directly from Eq. (1.10). 
Taking account of the fact that {A,v, T} are 
real, from Eq. (1.10) we find that 


= {\[(curl v)? + (VT)?— (curl h)? 
—2CyvT —2Mcurlh [sxv]|av 
st \ [n (VT)? — (curl h)?] dV } { \ [v2 -+ PT? — Nh] dV 
a \ [,P T? — Nh?) dV ae (3.11) 


and Eq. (1.10) is obtained by the variation of the 
numerator of this expression with the denominator 


held constant. 
We cannot show starting directly from Eq. (3.11) 
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that in a magnetic field there will be a critical Ray- 
leigh number C? at which the motion becomes un- 
stable, although this result is almost obvious phys- 
ically. But if stability is lost at the critical value 
Cy, the smallest A is zero. Hence it is possible 
to investigate Eq. (1.10) directly with > =0, as- 
suming that M is given. Thus we can obtain the 
spectrum of critical Cq(M). 


4. STABILITY IN A MAGNETIC FIELD 


Writing »=0 in Eq. (1.10) we obtain the equa- 
tions for the critical motions. In these equations 
it is convenient to introduce the current 

i=icurkh; (4.1) 
so that the equations assume the form 


CxyT =Vp + curl curlv — M [jxg], Cyv = — V°T, 


curl {j — M[vx$]}=0, divv=divj=0. (4.2) 
In the external medium 
V?T=0, curlj=0, divj=O. (4.2’) 


The boundary conditions remain the same as before 
except that we must take account of the fact that the 
normal component of the current is continuous. 

It is easy to show that Eq. (4.2) is obtained by 
solution of the following variational problem: 


DIN? te =) «(curl v)? + (VT)? — j? — 2 Mj [pxv]} dV 
is =\ {n (VT)? — j*} dV= extr; 


Q{v,T] = \wvTav =1, divv =divj =0 (4.3) 
with the same boundary conditions as before. The 
quantity C(M) can itself be expressed in terms 
of the extreme of the function v, T, j by use of 


any of the following formulas: 
C(M) =I fv, T, jl/QIv, T] 
a {\ (V T)2dV +a\ (Vv Ty dV} / ~vT dV 


= \{(curl v)? + sav /(yvrav, (4.4) 


where the following relations obtain for the critical 
values of v, T and j 


\ av = M\ jtvx6] dV, 
{ (curly)? Hepa — hq TY dV + \ (V T)2dV. (4.5) 


We now compute the derivative of C(M) with 
respect to M from the first relation in Kq. (4.4). 
It is apparent that it is necessary to differentiate 
only with respect to M, which appears explicitly 
in the integral I, since the result of differentiation 
of the functions v, T and j gives zero by virtue 
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of Eq. (4.2). Consequently 
M)/dm =\ i[vx 3] av | \yvTav 


or, from Eqs. (4.5) and (4.6), 


(4.6) 


= dC 


im \rav / {\ (VT)? dV +n (V Ty av}. (4.7) 


It follows from Eq. (4.5) that 
<{irav /{\ (V T)?av + \ (VT)? av} 


= —\(curlv)av/ {\ (V rT)? dv+4\ (V T)aV | aie 


(4.8) 
whence 


O<dinC/dinM <1. (4.9) 


At small values of M the dependence of C(M) 
on M can be determined easily by a perturbation 
method.* We consider the change, under the effect 
of a weak magnetic field, in the critical motion 
(Vo, To, Po» hp = 0) which corresponds to the small- 
est critical Rayleigh number er: (0). We expand 
all quantities in terms of the critical motion (with- 
out the magnetic field) (2.9): 


v=v,+ M yA Pa Viavies 


a+0 


DT pete We) lama tiea 


PD = po + M? >) raPa + oes 


(In the summation for v we neglect the term with 
a@=0, which is equivalent to a change of normali- 
zation.) Substituting in Eq. (4.2) and keeping only 
the lowest power of M we have 


Me| — Zi VrePa— >) 8. curl curl v. + 


a+0 


+ ACT) + MIjxB] = 0, 


(4.10) 


Co (0) D917 a | 


M?C, (0) 7 >) BaVat+ ACV + 


a+0 


M?>) 0, V? Ts = 0, 


j= M[v.x$] —Vo. (4.11) 


The current may be assumed known since in deter- 
mining the potential g from div j=0, we get 


V2 = M div [voxB]. (4.12) 


It is apparent that the current is proportional to M. 
In order to compute AC we multiply Eq. (4.11) 

by Vv) and Ty respectively, integrate over all 

space, and add. By virtue of the orthogonality 


*This calculation has been carried out by S. V. Ust’- 
Kachkintseva at the Perm University. 
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condition (2.10) we have 
AC + MPC, (0) 9) + M\ tio) v,dV =0, 
AG— MG, ©) 9, = 9 
whence 


AC = M\jlvoxP dV. (4.13) 


It follows from the last equation of (4.11) that 


+ \itit Va av =| av — >| ¢aiviay, 


i.e., 


4 BP 
AC = > { irav. (4.14) 


The current in this expression is computed from 
the velocity vj, normalized in accordance with 
Eq. (2.10). Thus, AC ~ M?. 

If we return to the conventional units, in accord- 
ance with Eqs. (1.8) and (2.10) 


4S av /(v(curlvy av, (4.15) 


so that the change in the critical Rayleigh number 
in the magnetic field is determined by the ratio of 
the Joule heat to the viscous dissipation. 

The function Cy(M), which is positive for M 
= 0, first increases as M? and then continues to 
increase monotonically, so that 


dC,(M) /dM <C,(M)/M. 


AC/C, (0) = 


(4.16) 


The inequality given here cannot become an equal- 
ity as this would mean that the curl of the velocity 
vanishes everywhere, (zero velocity everywhere), 
which cannot be the case. Consequently, the curve 
Cy)(M) at each point intersects a line drawn to 
this point from the origin of coordinates and can- 
not touch this line at any other point. When M 
—e« the quantity Cy) cannot increase faster than 
M but may also approach a constant. This follows 
from the simple example of convection between two 
parallel vertical planes.® When the external mag- 
netic field is vertical it has no effect on the zeroth 
critical perturbation, for which the velocity is also 
vertical, and the critical value Cy is independent 
of M. In the case of a horizontal field, however, 


Cy(M) = n* [1 + M?/n*], 
C(M)~xM for M+oo. 
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An estimate is made of the order of magnitude of the circular polarization and the anisotropy 
of the angular distribution of the cascade quanta emitted by a previously polarized compound 
nucleus. From a determination of the sign of the mean circular polarization for the cascade 
it is possible to establish the spin of the original state of the compound nucleus, and a study 

of the spectral distribution of the polarization and the anisotropy of the angular distribution | 
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of the quanta can provide information about the way in which the level density of the compound 


nucleus depends on the spin. 
INTRODUCTION 


Upon capturing a neutron, the nucleus emits a 
number of quanta in the process of transition to 

the ground state. Spectra of the capture y quanta 
have recently been studied intensively by Groshev’s 
group! and the following relationships have been 
established: (1) In the region of atomic number A 

< 100, and in the neighborhood of the magic-number 
nuclei, the capture y spectra possess a line struc- 
ture, each isotope having individual peculiarities 

in the distribution of the lines over the energy in- 
terval; (2) In the region 100 < A < 200, i.e., suffi- 
ciently far away from the magic numbers, the spec- 
trum of the n-capture quanta appears to be con- 
tinuous (or unresolved) with superimposed indi- 
vidual intense lines whose contribution, however, 

is small compared with that of the continuum. 

In the case of the discrete spectra, the problem 
of studying the nuclear level structure reduces to 
an investigation of the characteristic lines of the 
spectrum of each isotope. 

Experience has shown that the continuous spec- 
trum of a heavy nucleus, 100 < A < 200, hasa 
number of properties that are typical of the entire 
interval of A: 

1. The distribution of quanta, wv (fw), where 
v(hw) is the number of quanta with energy hw, 
is bell-shaped with parameters varying little from 
one isotope to its neighbor. The maximum of the 
distribution occurs in the interval hw ~ 1.5 to 2.5 
Mev.! 

2. On the average, N ~4+1 quanta with ener- 
gies hw = 0.3 Mev and approximately one quantum 
with an energy fiw < 0.3 are emitted in a cascade.! 


3. The mean radiation width for n capture in ] 
this region of A varies little over the entire inter- 4 
val from A = 100 to 200.” i 

From the general properties of the n-capture 
process enumerated above, it can be assumed that q 
within the given range of A the spectra of n-cap- 
ture quanta can be described by the simple statis- 
tical model used in a number of papers? to cal- 
culate the mean radiation widths of neutron reso- 
nances. In this model the spectrum v(fiw) is de- 
termined by the density of nuclear levels p(e€) and 
on the dependence Wy,(hw) of the emission proba- | 
bility for a quantum of multipolarity L upon the 
energy of the quantum. It is usually assumed that 
all the quanta have the same multipolarity. 

The shape of the spectrum v(fw) of the n- 
capture quanta for the statistical model was first 
studied by Nosov and Strutinskii, and the results 
of their calculations are recorded in a review 
paper by Groshev.! In that paper the form 


Wz (hw) = const - (hw)24+1 


is used for the emission probability of a quantum 
with momentum L and energy fiw, and the nu- 
clear level density p(e¢€) is found in the usual 
way from the entropy S and the temperature T 
corresponding to the given excitation energy «€ 
of the nucleus: 


p(s) =eS Ae; T = de/dS, 


while for the nuclear specific heat C(T) =de/dT 
a power-law dependence C(T) =aT is assumed. 
It has been shown that the observed shape of 
the spectrum v(fiw) can be explained within the 
framework of the statistical theory of cascades, 
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and according to Groshev! the best agreement with 
experiment is attained when L=1 and AX=1. In 
particular, for the probability of emission of N 
quanta in cascade! we have _ 


W (N) =V (L+41)/2eN exp[—(L + 1) (N — N)2/2N). 


Comparison of the calculated spectrum with the 
experimentally observed spectrum v(hw) permits 
the parameters a and A of the nuclear level den- 
Sity p(€) tobe determined. However, v (fw) 
contains no information on the density pyz(¢) of 
nuclear levels with a particular spin I. Informa- 
tion about pyz(€) can be obtained from data on the 
angular characteristics of the cascade quanta 
emitted from a previously polarized compound 
nucleus, such as: (1) the circular polarization 
e(hw, @) of the cascade y quanta; (2) the angu- 
lar distribution F (fiw, 6) of the cascade y quanta 
with respect to the spin orientation direction of the 
compound nucleus in its initial state, I); (3) the 
residual spin polarization of the compound nucleus 
in one of the final states taken up by the nucleus 
after the emission of a cascade of y quanta; 

(4) the angular correlation Wy,.(6,.) of any pair 
of quanta emitted successively in a cascade se- 
* quence. 

It should be mentioned here that a beam of po- 
larized neutrons and an unpolarized target are 
sufficient for a study of the circular polarization 
el, (fiw, 6) of cascade quanta and the residual spin 
polarization of the compound nucleus, whereas the 
investigation of the angular distribution FI, (hw, @) 
of the quanta requires a polarized target. 

For the study of the angular correlation between 
cascade quanta, neither a polarized beam nor a po- 
larized target are required. However, as a result 
of the averaging of the anisotropy over all the cas- 
cade quanta, the angular correlation turns out to 
be beyond the limits of experiment. To illustrate 
the relationships of the quantities eI, (6), FI, (Oy 
and Wy,.(64.), let us consider the simple case of 
a four-quantum cascade I) — 1, > 1, ~ 1; — ly with 
the fixed values 1 =4 and I,=1. The spins l, 
I,, and I; take on all possible values with equal 
probability. We shall assume that all the quanta 
of the cascade are dipole quanta (L=1). In this 
case there are four distinct cascade chains, 16 
quanta are emitted, and a correlation is possible 
between 24 pairs of quanta. A simple calculation 
leads to the following values for the quantities 
eq, (9), FI,(@), and Wy. (442): 


ez, (8) = 1.34 (Jp) cos 8/(1 + 0,276, (1,) Pe (cos 9)), 
F, (8) = 1 + 0.27 € (/,) Pe (cos 9), 
W 12 (912) = 1 — 0.025 Po (cos 942). 
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Here €, (I) SD Reh rg where fy, is the 
Ho 


distribution of the compound nucleus in its initial 
state according to magnetic quantum number 


(27 fg =1), and Chgey is a Clebsch-Gordan 
Ho 


series coefficient. 

If the polarization I) of the nuclear spin is 
accomplished by the capture of a polarized neutron 
by an unpolarized target nucleus with a spin of 
J=%, then £(Iy) =0, and £,(I)) =3V5 m/32 
(Np being the degree of polarization of the neutron). 
In this case e (6) = 0.457, cos 9. Thus in this ex- 
ample e7,(4) is approximately twenty times larger 
than the anisotropy Wy,,(612); when the average is 
taken over a large number of different chains, the 
ratio will increase even more. 

The quantities el, (hw, @) and oe (hw, 6) 
will henceforth be considered only for odd target 
nuclei, so that the compound nucleus will be even- 
even. The results of the calculation given below 
depend in a fundamental way on the cascade scheme 
which is assumed, and numerical values for ely (6) 
and FI, (6) can be obtained only for specific mod- 
els of the distribution pzt(¢€). Consequently the 
calculation is of the nature of a guess at the scale 
of the quantities ey, and Fy, from a model. 

In what follows we shall make use of the follow- 
ing y-cascade scheme for an even-even compound 
nucleus (Fig. 1). Upon resonance capture of a neu- 
tron by the target nucleus, the compound nucleus 
(by the emission of N quanta) drops into one of 
the levels in an interval of width A lying just above 
the energy gap of the nuclear spectrum (the gap 
width being 2A). 

The subsequent transition from. this interval to 
one of the states close to the ground state occurs 
by the emission of a characteristic quantum which 
appears as an individual intense line in the spec- 
trum v (fiw). 

In the interval A above the gap of 2A, the den- 
sity of nuclear levels is relatively low, and the y 
transitions between levels in this interval depend 
on the structural peculiarities of the given nucleus. 
In this case there may be a violation of the basic 
assumption of a statistical model for the cascade, 
which has been assumed to be valid for all the y 
transitions, in the neighborhood of the spectral 
region indicated above. In order to exclude these 
transitions, it is necessary to limit the continuous 
spectrum to the portion hw >A and to ignore the 
characteristic lines of the spectrum. 

For the cascade scheme chosen above, the final 
state of the nucleus after the emission of N quanta 
is not the ground state, but one of the states in the 


448 


FIG. 1. The cascade scheme 
used in the estimation of the cir- 
cular polarization and angular 
distribution of quanta from (ny) 
capture. 1 is the characteristic 
quantum in the y spectrum of the 
n-capture; 2 represents the col- 
lective excitation of the nucleus. 


interval A above the gap. Similarly, the nuclear 
spin In after the cascade emission may take on 
any value which is permitted in that interval. 

At the present time there is no evidence avail- 
able about the energy dependence py(¢), either 
for the interval A above the gap or for the re- 
maining portion of the nuclear spectrum. There- 
fore a calculation of the magnitudes of ely (fiw, 6) 
and FI, (fw, 8) can be made only for specific 
models of the distribution pt(¢€). We shall assume 
hereafter that the level density for a nucleus with a 
given spin I can be approximated in the factorable 
form pI(€) ~ p(I, w)p(€), where p(I, a) does 
not depend on the nuclear excitation energy. 

Numerical estimates have been made for two 
model distributions: 

a) In the free nucleon Fermi-gas model, accord- 
ing to Bethe’ we have for py (€) 


0; (©) = const-p (e) (2/ + 1) exp[—J (J + 1)/a?]. 


Here a* = 2J)7/fi?; Jo =?4 MAR}? is the moment of 
inertia of the nucleus considered as a solid body; 
and 7 is the nuclear temperature in Mev corre- 
sponding to the nuclear excitation energy €. In 
this model our assumption leads to a value of a? 
which depends weakly on ¢, instead of being a 
constant. If the temperature of the initial nuclear 
state is T=0.5 and A=150, we obtain the value 
@=10, and so the numerical calculation below has 
been made for the interval a =4 to 10. 
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b) As a second example, consider pj (€) in the 


form ; 
o; (8) = const +p (e) (27 + 1) exp {— I (I + 1)/a*}, 


in the interval ¢€ > 3A; 


const for In.) n jae 
or (&) = 

0 for (hi SS 1h; max 
in the interval 3A >¢€>2A. Letus assume inad- | 
dition that the probability of a radiative transition 
between two levels I; —1j44, averaged over the 
group of nuclear levels with moments ]j and [j,4, 
may be expressed in the form 


W i114, o) = Wi (8, S41, Ro) Me Ue Ti+), 


i1 
where the factor Mz, (1jlj,1) does not depend on 
the excitation energy of the nucleus. In calcula- 
tions of the radiation widths of neutron resonances 
(references 2—4and1) itis assumed that Miz, 
=1 and WY], =const- (fiw )2L+! . As in reference 1, 
we consider a pure L-cascade, and numerical es- 
timates of ey,(@) and Fy,(@) have been made y | 
“ 
| 
q 


below only for L=1 (M1 and El cascades) with 
spectra pt(¢€) of types a and b. 


1. RELATIVE PROBABILITY OF AN N-QUANTUM 
CHAIN 4 
1 


Suppose that, as a result of neutron capture by a 
target nucleus with spin J, a compound nucleus has 
been formed in a state with momentum I) and en- 
ergy €). The spin I) is so oriented in space that 
the probability of its projection uy) on some direc- 
tion singled out by the experimental conditions is 
equal to fu; es Th =1. 

bl 


During the emission of N quanta the nucleus 
passes successively through N—-1 intermediate 
states with energies «j and spins Ij and pj (i =1, 
..., N-—1), and appears in one of the states EN? 
Ij, “N in the interval A of the nuclear spectrum 
above the gap. Let us find the relative probability 
of emission of a chain of N quanta, in which the 
nucleus passes through a definite sequence of 
states, lye 1) "i. 21 — tN. eh sralsontis 
the wave vector kj and polarization e; of each 
quantum. For brevity we shall denote the chain 
of nuclear states by I) ~c —Iy. 

For the probability of the nuclear transition 


J of Ree e; 


per» 1 ie eda 


Si—1y Ti-yy Yi-1 


with the emission of a quantum fw; in the direc- 
tion nj = kj /kj we have: 
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Vee (hew,n;e;) = W1,_ 1; ia) Suj— yw; (1%); 


Sy,_, (miei) = 0.5 Cae | Sehate eVA, (a), 
> (40S, (nie,) = 1. 
Bp ep 


Let us now proceed to the relative probability 
of the y transition 


jg les oye (hOi, Mi, Ci) = Y1;_, 141 (hoi) Sy,_,u, (mi, e1), 
where 


Wo1,_, 1; (ho) 


Wi suge (ho,) = 
ej—1 
Dy \ Wer on) pr, 1) Aion; 
Liye 


and for the relative probability of the emission of 
N ae we find, in the cascade (Ip, bo, ky, e1) 
- (ij, ah SMS Rep (IN, LN, KN, eN): 


ne ( H Ups ih cm (Il Sosa (Ms &) )- 


pererimontlly, the Bootie determines the 
quantum energy hw, the direction of travel of the 
quantum n with respect to the direction of the nu- 
clear spin polarization Ij, and the circular polari- 
zation e of the quantum, but not the position of 
the quantum emission in the sequence, or the form 

' of the cascade chain. 

We shall therefore find the relative probability 
of emission of a quantum with energy hw and n 
and e at any position in the cascade chain I) —c 
EIN 

N 

Prety (ho; n,e) = >) {\- : { 8 (hw — ho) 


t=1 N 


x [lacie 1 1y_yit Tier) prs (@2) 8 ) Ena) he) 


t=1 ct 


x | Zhe py See; ie ‘{ 6 (n — nj) I dQ; Sy, yn; (Mis ef, 


where Tote = €)- a is the energy of the nuclear 
transition. Taking pjz(€j) =p (lj, wa) p (ej) and 
WLI_4]; = WLYL (li-1, li), we obtain for 


Piycly (ws n ne) 
D Win (ho) Gjrety (Ne)-R ery 


j=1 
N 
W jn (ho) = \: a) 8 (hw — ho;) 3 (Eon = 2 Tic) 
N 


x |] d(he,)p (&) 12 (Rios, 8-1, &); 


1 


1 (ho;,e— ped=W L(ha:, Cy re) 


Pret, (ho, n, e) = 


ej—j 
y W (ho;, Sj 1»8)0 (e,)d(hwi); 


eo 
N 


[] (®t. dea 1) 9 lo &) TMs Usa 1d) (Ie) 
1; 


é=1 


Ginety (ne) = pa I Ms See; \e 


Pee 


Ricty = 


N 
\ 8 (n—nj) [] dQ:Sp,_s, (tues). 
N ; i=1 
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Here Win (hw) is the probability of emission of 
quanta with energies hw in the j-th position of 
an N-quantum chain, and GjlycIy (ne) is propor- 
tional to the emission probability of quanta in the 
direction n with polarization e after j-—1 quanta 
have already been emitted. These quantities have 
been considered in other specific applications by 
Dolginov.® 

Considering the relationship 
\Cr atti | = 


2% +4 oer ; 
Loret Sp U LT; als LU) Ca ik CEM 


we find for GjIpeIy (ne) = 
S ‘ : i 

Ginery, = (87)? Ds Pr (9) (2 + 1) CEEe0 Se (Fo) (LT Ue 9) U) 
“ f=1 


where P,(@) is the « -th Legendre polynomial 
and @ is the angle between the vector n and the 
direction of polarization I), 


Ops) =U (LG- bec lil), =O Lee eee 
U (abed; gf) = V Gg + 1) OF + DW (ated; gf), 
where W (abcd; gf) 
references 7 and 8). 
For PiycIy (fiw; n, e), using the expression 
already obtained for GjljcIN» we have 


Prety (ho; m, e) = (8r)7 Ps (8) (2x HNC eee) 


is the Racah function (see 


x [Rretn 3 Wn I U; (x)) U; (*)]. 


In order to obtain the probability of emission 
of a quantum (fhw;n,e) ina cascade, we sum 
Phycly Over all the types of chains I) ~c —Iy 
and over all attainable values of In: 


= (8n)" LP (0) (2 S21) CEe eo Ge (l,) tate 


aa 


{x} = y > y D Win (io) Riel y (a 4 ()) U; I. 


N=1 In f=1 ¢ 


P), (ho; n, e) 


Hereafter we shall denote by {x}’ the value 


of {x} for odd x, and {x}” for even x; the 
sum aa is taken over odd x and as over even 
K 


K 
xk. By definition, the polarization of a quantum is 
equal to 


e;, (ho; 9) =[P,,(n, ho, e= + 1) 
—P,,(n, ho; e = — 1))/[P;, (n, ho; e= + 1) 
+ P;,(n, ho, e= —1)], 

and the unnormalized angular distribution is 


F;, (ho, %)~o >) #7,(n, ho; e). 


ée=+1 
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Noting that Uj a aay Lp CO) sea; 27 Rigcly Sa; 
and {0} = > 2) Wjn (fiw), we obtain for 

e], (hw, 0) ocd BI, (tie, 0): 


Dy Px (8) [2% + 11 CE Ge Ta) £209" 


e;, (hw, 8) =—— 

DY" Py. (8) [2+ 1] CH, Ce (Lo) 9" 

x=0 

1 DY Py (8) [2% 11 CEE Ge (I) 20)" 
Py. (ho, 0) => oo rial Sn eaten De ele elie te 


co N 
>) > Win (ho). 


N=1 j=1 


Computations have shown that, as a result of 
the summation over all the cascade chains with all 
attainable values of Ij, the values of {x} are 
found to become smaller as the value of k grows 
larger. In particular, if {0}=1, then {1} ~ 0.1, 
and {2} + 0.01. Therefore in the sums ej, (fiw, 0) 
and a, (fiw, 9) it is sufficient to limit oneself to 
the first values, x =0, 1, and 2: 


fi woo. GN 
e1, (Tio, 8) = Py (6) 3C41,, (Ig) {1} i > Dd Www (he): 
N=1 j=1 


co N 
F, (fo, 8) = 1 + P, (9) 5C4,, Ss (Ig) (2) | > > Win io). 
N=1 j=1 


For the case of a dipole cascade L=1 (an El or 
M1 cascade) this formula is exact. 


2. THE AVERAGES e],(@) AND Fy,(9) TAKEN 
OVER THE CASCADE 


The spectral distributions eI, (Aw, 6) and 
PI, (Aw, 6) depend on the value of Wjn (hw). 
This quantity depends on p(¢€), and even fora 
relatively Seu form of p(¢€) the calculation 


of Wjn and 2 Wjn entails great difficulties. 


We shall mnereiere consider the averages ely (6) 
and uid (6), taken over the spectrum, which are 
simpler for purposes of numerical estimation. In- 
tegrating PIycly (hw, ne) with respect to the quan- 
tum energy hw between the limits Hhwmin =A and 
Rwmax = €) -2A, we obtain 


P ety (Me) = (8x) 2 Px (9) [2x + 1] CLE, Cx (Ip), 


N 
x 5 Ww D Rect | D ait U; (»))U; (],,.- 
N=1 cly j=1 (=1 
Here we have taken 


£o—24 


W jn (Ro) d(ho)~ W y, 
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since for chains with N <5 the probability of | 
emitting a single soft quantum is relatively small, 
and the contribution of chains with N >5 is neg- 
ligible.! 
Taking into account the fact that, for xk =0, 
Nae 


D(I] &% ©) Ui) = 


j=1 Y=1 
and introducing 
Qn (x) = > >) Rv neryRrcly: | 


In ¢ 
N f=1 


Rwpety=N D\(T] Us )U; 09, 


j= 


we find for the polarization and angular distribution 


er, (8) = 3P, (8) Giret:) Swen] D NWy, | 


Fy, (8) 1+ 5P2(8) Crizobe (Io) Dd) NW Qu (2) | >) NWw 
N=1 N=1 
or 
é7,(9) = cos@ AC, (I,), Fr, (8) = 1 + Py (6) BC (Io). 4 


The value of Wy has been estimated ina study ~ 
by Nosov and Strutinskii. In particular, for L=1, 
according to Groshev et al.', Wy, = const 
x exp {—2(N-—N)?/N}. If we make use of the ex- 
perimental value N *3.5, we obtain the following 
values for Wn: 


Nie 1 2 3 “t 5 6 


Wy, /const= 0.05 0.28 0,87 0.87 0.28 0.027 


Although Strutinskii and Nosov obtained Wy with 
a particular model for the level density p(e), it ) 
is evident that the distribution of Wy cannot be 
seriously altered by the use of other models for 

p(€) which approximate the observed spectrum 

of nuclear levels. From the values of Wy given 
above, it can be seen that essentially it is only 
necessary to take into account chains having N = 2, 

3, 4, and 5 quanta. 

In order to get some idea of the order of mag- 
nitude of e[,(6) and FI, (6), and of the sensitiv- 
ity of e],(@) and F])(9) to changes in the pa- 
rameter qa inthe spectrum p(I, a), a calcula- 
tion was made of the mean values e], and FI, 
for a dipolar cascade of quanta ejected from a nu- 
cleus with initial spin I)=4 and I) =3. The cal- 
culations were made for the two models of the dis- 
tribution p(I, a) discussed above — the spectra 
of types a and b. The results are shown in 
Tables I and II, where the values of the coefficients 
A and B for the quantum polarization and the an- 
gular distribution are given. Of particular interest 
is the estimate of the mean polarization of the 
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TABLE I. The coefficients A and B for I, = 4, for spectra 


of types a and b 
a a es 
| 


a | 4 | 6 | 10 | er) py= const* 
aA 0.49 0.23 0.13 | 0.09 0 0.245 
Ay 0.38 0.23 0,15 OWA 0.05 0.215 
Bs 0.046 - 0.014 = Ol 0.033 


*In this column, for comparison, are given the values of the A and B coeffi- 
cients for the case where the nuclear leve] spectrum does not depend on 


I > pC) = p(e). 


ae ee eee 


quanta in a cascade following the capture of a po- 
larized neutron by an unpolarized target nucleus 
with spin J (we denote the degree of polarization 


TABLE I. The A coefficients 
for I) = 3, for spectra of 
types a and b 


0.40 |0.17 |0.115]0.075| 0 
Ay 0,37 |0.195)0.45 {0.12 | 0.07 


. of the neutron by m,). In this case £)(I)) = 1; 
e) (Ip) = 0, and for o (Ip) we have 


2I ho Ea 
She) =m Gy V CFF SOI 1) for ly = J + 5/y 
|B ie 
$1 (Io) = — mm SV OI= NIE N) for 1p =J — 1p. 


For the limiting quantum polarization with the 
given values of the parameter a we find (6 = 0°) 


6), (a) 277, (8 = 0°) /yn 
= 3CH,5 (61 (Lo) tn) 3) NW Qu (1)/ 0 NW. 
Neat N=1 


The results of the calculations for EI) (qa) are 
shown in Fig. 2 for J = %. 

The estimates which have been made of angular 
distribution and circular polarization show that 
these values lie within experimentally attainable 
limits. An investigation of eI, (9, hw) and 
FI, (0, iw) could give information about the rela- 
tionship pz(¢€). It is important to note that the 
sign of the mean polarization ej, makes it possible 
to establish the spin of the initial state of the com- 
pound nucleus I). 

In conclusion, I offer my sincerest thanks to 
L. V. Groshev, V. V. Sklyarevskii, B. A. Obinya- 
kov, and B. T. Geilikman for their interest in the 
work, and to V. G. Nosov and V. M. Strutinskii for 
the opportunity to become acquainted with the re- 
sults of their preliminary calculations. 
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FIG. 2. Dependence of the limiting spectral-mean polari- 
zation of the cascade quanta on the parameter 4, for nuclear 
spectra p(I,@) of the types a and b, for the case of capture 
of polarized neutrons by an unpolarized nucleus with spin 
J = 7/2. The upper curves correspond to an initial spin of 
I, =] +%=4 for the compound nucleus; the lower curves to 


I,=J-%=3. 
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Li the present note we give the results of a calcu- 
lation of the angular distribution of neutrons in the 
reaction C!(d,n)N*, studied experimentally by 
Green, Scanlon, and Willmott! for an incident deu- 
teron energy of 0.86 Mev. They managed to obtain 
four groups of neutrons with respect to energy 
(Zo, 21, 2, and g3). The first group corresponds 
to the final N‘* nucleus in its ground state, and the 
remainder to transitions to the first three excited 
states of the final nucleus. 

As is well known, the differential cross section 
for the reaction, taking exchange effects into ac- 
count, takes the form:? 


& — ¢(E) |i Gy (Ki) ir, (1 Ri) 


— FH 1a Gy (Ka) fe (Ra Ra) 
Here 1, and 7, are the angular momenta of the 
absorbed particles corresponding to normal and 
“heavy particle” stripping; 1 describes the rela- 
tive orbital angular momentum of the odd neutron 
in the target nucleus; R, and R, are character- 
istic interaction radii; A,/A; is the ratio of the 
reduced widths; jz are the spherical Bessel func- 
tions of order J; 

G; = 2Y 2no,/ (a? + K?) (¢ =D,H), 
K2 = 2 +- -~ k? — k,kacos %, 
hk? =k? + (Mis /My,)” k2 — 2 (My2/Mis) Rnka cos 9 

Kz = k2 + (Mn/Mis)? &3 + 2 (Mr/Miz) Rnka Os 9, 

2 + (Ma/My)? R2 + 2 (Ma/Mia) RnRa Cos %. 


In these formulas k is the wave number, M the 
mass, and ¥ the scattering angle in the center- 
of-mass system. 

Besides exchange effects, a significant part is 
played by the process of spin flip of the liberated 
nucleon.’ Taking this effect into account both for 
normal and “heavy particle” stripping leads in our 
case to the formula 
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@qg and %ci3 are the internal functions of the deu- 
teron and the oud neutron in C 13 For normal strip- 
ping J =j¢+ 3, j=sit+ se and for “heavy particle” 
stripping J =jf+ t, j=1+4. The subscripts D 
and H correspond to normal and “heavy particle” 
stripping. 

The calculations show that: (1) the data corre- 
sponding to the transition to the ground state can 
be explained by assuming that the reaction is de- 


scribed by the theory of Butler with exchange ef- 
fects taken into account (see Fig. 1); (2) that the 


an (l,m) = exp (— ikptn) 8 (ta— 


) 


do/dQ, arbitrary units 


FIG. 1 


data corresponding to the transition to the first 
two excited states is understood if we take the 
spin-flip process into account for both kinds of 
stripping without taking account of their interfer- 
ence, since the amplitudes for the two processes 
are in fact not separated (see Figs. 2 and 3); 

(3) in the case of a transition to the third excited 
state, the spin-flip process occurs only for the 
“heavy particle” stripping, with interference not 
taken into account (see Fig. 4). 
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do /dQ, arbitrary units 
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FIG. 3 


do/dQ, arbitrary units 
tot 
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FIG. 4 


The values of the parameters used for the cal- 
culation are given in the table; ap = 0.23 x 108 


em tye =04'7.x.10 cm, 
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C LarIFIcATION of the relation between the an- 
gular distribution of shower particles and their en- 
ergy spectrum could provide a means to study the 
inner structure of the nucleon. In several instances 
it is more convenient to consider the distribution 
in the Lorentz-invariant transverse momenta in- 
stead of the energy spectrum. 

In the majority of showers! the average value 
of the transverse component of the momentum 
amounts to ~(1-—1.5)m,c, where m, stands 
for the mass of the pion. In his papers* devoted 
to the problem of multiple production of mesons, 
Heisenberg observed that the average value of the 
transverse momentum of particles produced in the 
high energy region should be of just that order of 
magnitude. 

If the primary particle is sufficiently energetic 
to penetrate inside the nucleon, then depending on 
the initial conditions of the interaction (i.e., de- 
pending on the values of the impact parameter), 
the production of heavier mesons, e.g., K mesons, 
is possible and this process probably occurs in a 
volume characterized by the dimension ~ i/mxe. 
Such a phenomenological treatment (a different 
approach is given by Jastrov®) is discussed in 
great detail from various points of view in a 
series of papers by Blokhintsev et al. 
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FIG. 1 

It seems to us that a discussion of the interest- 
ing relation between the degree of anisotropy of 
shower particles and the character of the distri- 
bution of their transverse momenta is not without 
value. In Fig. 1 is shown the distribution in trans- 
verse momenta of particles produced in four show- 
ers: the showers 2+16p and 2+14n described by 
Edwards et al.,! the shower 2+15p described by 
Shein et al.,° and the shower 3+39p described by 
Debenedetti et al.* It is reasonably clear from 
this figure that the distribution of p; in the show- 
ers 2+16p, 2+14n and 3+39p corresponds to a 
significant number of particles with transverse 
momenta in excess of m,c, whereas in the 
shower 2+15p the values of transverse momenta 
of the particles do not exceed 1.5m,c. When this 
fact is related to the character of the angular dis- 
tributions of the indicated showers, them it becomes 
possible to reach an interesting conclusion. In 
Fig. 2 are shown integral angular distributions of 


log F/1—F 


FIG. 2 


the particles in the showers 2+16p, 2+14n, and 
2+15p. The angular distribution of the particles 
in the shower 3+39p is nearly identical to that of 
the showers 2+16p and 2+14n. The straight line 
I corresponds to a particle distribution in the cen- 
ter of mass system that is isotropic in angle and 
monoenergetic, curve II corresponds to one aniso- 
tropic in angle (of the type cos” 9*) and mono- 
energetic. We see upon comparison of the data 
shown in Figs. 1 and 2 that when the angular dis- 
tribution is anisotropic the values of transverse 
momenta are essentially of order m,c, whereas 
for a smaller degree of anisotropy (showers 
2+16p, 2+14n, and 3+39p) values of transverse 
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momenta in excess of myc occur frequently. 
(Let us note that in the case of collisions between 
a nucleon and a complex nucleus large values of 
Pp; may appear as a consequence of scattering. ) 
We propose that in the case of smaller anisotropy 
(which corresponds approximately to small values 
of the impact parameter) the production of heav- 
ier mesons is more probable, whereas in the case 
of a strongly anisotropic distribution (which cor- 
responds to larger values of the impact param- 
eter) essentially only a mesons are produced. 
From this point of view the relation between the 
degree of angular anisotropy and the character 

of distribution in transverse momenta of particles 
produced in the high energy region becomes com- 
prehensible. At the present time we are engaged 
in an attempt to establish this relation between 
the degree of angular anisotropy and the distribu- 
tion in transverse momenta for particles in show- 
ers produced by 10-Bev protons from the proton 
synchrotron of the Joint Institute for Nuclear Re- 
search. 
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Springer, Berlin-Gottingen-Heidelberg, 1953. 
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Suppl. No. 2, 355 (1954). 

6 Debenedetti, Garelli, Tallone, and Vigone, 
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Bets ERS et al.! have shown that Overhauser’s? 
method can be used to polarize hydrogen nuclei in 
the free radical of diphenyl picryl hydrazyl (DPPH). 
When the AM=+1 and Am =0 transitions 
(where M and m are the projections of the elec- 
tron and nuclear spins respectively in the direction 
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of the magnetic field) are saturated, on account of 
the electron-nucleus interaction, an increase occurs 
in the difference in population of the nuclear levels 
of hydrogen. When the quantity 2(un+s|pel) H/kT 
is small, it is easy to show that this difference in- 
creases by a factor of (unt+e)/un [Mn and pe are 
the magnetic moments of the proton and electron re- 
spectively, and s_ is the coefficient of saturation of 
paramagnetic resonance (p.r.)]. 

We investigated the possibility of polarizing hy- 
drogen nuclei in DPPH at liquid-helium tempera- 
tures. We cooled a sample of DPPH down to 4°K 
and then applied three mutually perpendicular mag- 
netic fields to it: a constant field with H ~ 3300 oe, 
an ultrahigh-frequency (UHF) field of frequency ve 
= 9419 Mcs for the purpose of saturating the p.r., 
and a high-frequency field with vy = 14 Mcs for 
the purpose of observing the nuclear resonance 
(n.r.) of the protons. 

The frequency and power of the UHF field re- 
mained constant in the course of the experiment. 
We plotted the dependence of the amplitude of the 
n.r. signal on the constant field. Theory leads one 
to expect that the n.r. signal will increase by a fac- 
tor of (unt+s|uel)/un at a value of the field Hy 
=hve/2.003 ue. However, the effect was not ob- 
served at the Hy point. An increase of the n.r. 
signal was observed for the two values of the field, 
Hy) + AH. We gave an incorrect interpretation of 
this phenomenon earlier.® 

At the Hy + AH point the polarity of the n.r. 
signal indicates that n, >n_, while in the case 
of Hj) — AH we get n_>n, (n_ and n, are the 
number of hydrogen nuclei with spins against and 
along the field respectively). The accompanying 
figure shows the dependence of the amplitude of 
the n.r. signal on the constant field. 

Uebersfeld et al.4 observed a similar effect in 
the case of protons in benzene absorbed by carbon. 
Abragam et al.® have explained this phenomenon. 

The UHF field causes AM = Am = +1 and 
AM = —AM = +1 transitions. If the probabilities 
of such transitions are much greater than those 
of nuclear transitions due to other processes, we 
obtain in equilibrium 

n,fn_= exp {+2 | Yel H/RT), 
the plus sign in the exponent is taken in the first 
case. Correspondingly, the magnetic field will be 
H =H) (1+4n/te), which in our case will yield 
H = (3360 + 5) oe. On this basis, when the fre- 
quency and power of the UHF field remain constant, 
one would expect the field dependence of the ampli- 
tude of the n.r. signal to have the shape of two 
Gaussian distributions with maxima of +|pUe|/py 
situated at H = (Hy) + 5) oe respectively and half- 
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widths equal to the sum of the half-widths of the 
p.r. and n.r. lines. If the distributions are so wide 
that they overlap, these lines of opposite sign will 
interfere with each other. 

We observed a strong temperature dependence 
of the p.r. line width. At 4°K the half-width of the 
p.r. line is ~ 40 oe, while that of the n.r. line is 
~ 15 oe. We therefore observed the total picture. 


Dependence of the 
magnitude of the n.r. 
signal on the field at 
constant frequency 
and constant UHF 
power (the n.r. signal 
in the absence of the 
UHF field is taken as 
the unit of signal 
magnitude). The 
crosses designate the 
experimental points. 
The lines were ob- 
tained by a summation 
of Gaussian distribu- 
tions with maxima 
taken to equal 42 © 
units (solid line), 38 
units (broken line), 
and 46 units (dot- 
dash line). 


For the purpose of comparison with experiment, 
the figure shows the curves resulting from the 
summation of two Gaussian distributions of oppo- 
site sign with centers at (Hy + 5) oe and half- 
widths equal to 55 oe. The maximum was selected 
to obtain the best agreement with the experiment. 
As can be seen from the figure, it is possible to 
state, with an accuracy within 10%, that the n.r. 
signal should have increased by a factor of 42 in- 
stead of 660. 

At fixed values of ve and H the amplitude of 
the n.r. signal versus the power of the UHF field 
is given by the following values: 


UHF power, mw 
amplitude of n.r. signal 


0.26 0.85 1.6 18 
Less: 10.7 saeal MSI67/ 
From this it can be seen that we were close to 
saturation. 

It is interesting to note that the unpaired elec- 
tron of the DPPH molecule can cause the polari- 
zation of not only the protons of its own molecule 
but also those of distant molecules. . 

Before the experiment the sample was subjected 
to vacuum melting (1 to 0.1mm Hg) and kept in 
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that condition for several hours. This led to a de- 
crease in the number of unpaired electrons and a 
consequent increase in the number of protons per 
unpaired electron. The accompanying data corre- 
spond to a sample in which the number of protons 
per unpaired electron is of the order of 10°. As 
the experiment shows, we had too weak a concen- 
tration of unpaired electrons. 

Borghini and Abragam® have carried out sithilar 
experiments. 

I wish to express my deep gratitude to S. Ya. 
Nikitin, G. R. Khutsishvili, V. T. Smolyankin, 
A. V. Lebedev, and V. Z. Kolganov for their valu- 
able advice and unfailing interest in my work, to 
V. N. Latyaeva for preparing the DPPH, and to 
V. 8S. Zhurkov and M. A. Veselov for assistance 
with the experiments. 
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DAMPING DECREMENT OF A HOLLOW 
CYLINDER IN ROTATING HELIUM II 


D, S. TSAKADZE and I. M. CHKHEIDZE 
Tbilisi State University 
Submitted to JETP editor September 25, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 637-638 
(February, 1960) 


ie is well known, the fundamentals of the theory 
of the rotation of a superfluid liquid have been set 
forth in the publications of Feynman, based on On- 
sager’s concept of the existence in rotating helium 
Il of vortex lines. According to these papers, the 

number of vortex lines grows as the rotational ve- 
locity increases, while each such line has a defi- 
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nite energy per unit length. Investigation of the 
properties of vortex lines in rotating helium II 
has been carried out both by the stack-of-disks 
method,!~ and by the method of a single disk os- 
cillating about its axis, with the latter parallel to 
the vortex lines (references 4 and 5, as well as 
private communication by Hall). . 

In one of these papers‘ Andronikashvili and 
Tsakadze have shown that with increasing rota- 
tional velocity the logarithmic damping decrement 
of the disk passes through a maximum, which must 
be explained (cf. reference 6) by a corresponding 
change in the elastic-plastic properties of rotating 
helium II. In accordance with this hypothesis the 
superfluid component of helium II should, at small 
velocities of rotation, be regarded as a system of 
relatively few vortex lines not interacting among 
themselves, while at large velocities, these lines 
form a single elastic-plastic tangle. In the two 
cases, of both low and high velocities, the vortex 
lines may be considered to be bound at their ends, 
to a greater or lesser degree, to the surface of the 
oscillating disk. It was natural to assume that ro- 
tating helium II should show different viscous prop- 
erties in experiments in which the surface of the 
solid body subjected to retardation moves perpen- 
dicular to the direction of the vortex lines and in 
which it moves parallel to them. 

With the object of verifying this hypothesis, the 
single disk in the previously-described*»>»’ appa- 
ratus was replaced by a hollow cylinder, machined 
from organic glass and having circular graduations 
ruled on its cylindrical surface to facilitate its im- 
mersion to various depths in the rotating helium II, 
suspended upside down on an elastic fiber. As in 
the work with the single disk, the hollow cylinder 
took part simultaneously in both rotational and os- 
cillatory motion. The cylinder had a diameter of 
24.06 mm, a height of 49.80 mm, and a thickness 
of 0.49 mm. The distance between the rulings was 
5.0 mm. The number of rulings was 9. The outer 
container, which rotated uniformly together with 
the helium II with which it was filled, had a diam- 
eter of 44 mm and a height of 62 mm. 

The solution of the hydrodynamic problem of a 
cylinder immersed in a rotating classical liquid 
and performing axial-rotational oscillations of 
small amplitude superimposed upon rotation leads 
to the formula 


(52 — 81) / (lp — 21) = (20? 7? / J) /24p] 2, et) 


where 6,(6,) is the logarithmic damping decre- 

ment for the oscillations of the cylinder when it is 
immersed in the liquid to a depth J,(1,), r is the 
radius of the cylinder, 7» and p are the viscosity 
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and density of the liquid, J is the moment of in- The results of experiments carried out by us 
ertia of the suspended system and Q is the fre- at three different temperatures agreed within 
quency of oscillations. the limits of experimental error with equation (2) 
The experiments which we carried out with sta- over the whole range of velocities investigated. It 
tionary helium II showed that the viscosity of he- is evident from the figure that the dependence found 
lium II as determined with the aid of the hollow experimentally has a linear form, and that the char- 
cylinder agrees with the viscosity measured for- acteristic maximum of the curve 6(w) found pre- 
merly by E. L. Andronikashvili using the single- viously® in the case of the oscillating disk is absent. 
disk method.® We have thus shown that the viscous properties 
Experiments performed in water rotating uni- of rotating helium II do in fact depend upon the di- 
formly within the limits 0 < wy < 100 x 107° sec”! rection along which the damping is measured, not 
led to values for the viscosity agreeing with tabu- only in magnitude, but in their very character. 
lated data. These circumstances permitted us to The authors take this opportunity to express 
apply the “inverted beaker” method to the meas- their deep gratitude to E. L. Andronikashvili for 
urement of the damping in rotating helium II when his valued advice and constant interest in this work. 
the surface subjected to drag is parallel to the The authors thank Yu. G. Mamaladze and S. G. 
vortex lines. Matinyan for their discussion of these results. 
The hydrodynamic problem of the damping of 
the motion of a cylindrical surface placed within ~ 1p, §. Tsakadze, &. L. Andronikashvili, 
rotating helium II and performing uniform-rota- Coo6mexua AH Ppy3.CCP (Commun. Acad. Sci., 
tional motion, on one hand, and harmonic axial- Georgian S.S.R.) 20, 677 (1958). 
rotational oscillations, on the other, has been in- 2. E. Hall, Proc. V Internat. Conf. on Low 
vestigated by Mamaladze and Matinyan,” who ob- Temperature Physics and Chemistry, 1958; p. 66. 
eee eavlon 3H. E. Hall, Proc. Roy. Soc. A245, 546 (1958). 
2g 23 Von a 4. L. Andronikashvili and D. 8S. Tsakadze, 
ee E | aS 4 (2) a 37, 322 (1959), Soviet Phys. JETP 10, 227 
where pg is the density of the superfluid compo- 5 e L. Andronikashvili and D. S. Tsakadze, 
nent, Ww, is the rotational frequency and B is the JETP 87, 562 (1959), Soviet Phys. JETP 10, 397 
mutual friction coefficient of Hall and Vinen.!® (1960). 
(6-4).0%m ® Andronikashvili, Tsakadze, Mamaladze, and 
TI, 


Matinyan, Paper presented to the Fifth All-Union 
Conference on Low Temperature Physics, Tbilisi, 
1958. 
"Andronikashvili, Mamaladze, Tsakadze, Tp. 
MUn-ra pusuxu AH Tpy3.CCP (Trans. Inst. Phys. 
Acad. Sci. Georgian SSR) 7, 1 (1959). 
Dependence of the 8&. L. Andronikashvili, JETP 18, 429 (1948). 
logarithmic damping 9Yu. G. Mamaladze and S. G. Matinyan, JETP, 


decrement for a hollow OS : 
= Peiler 
en ee oe this issue, p. 656, Soviet Phys. JETP, this issue, 


helium II upon the rota- B. eee ; 
tional frequency. Curves H. E. Hall and W. F. Vinen, Proc. Roy. Soc. 
taken for the case 1 = A238, 215 (1956). 
b= laa ricm. 
a a a “W 60. 0 1 m0 Translated by S. D. Elliott 
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THE SCHWINGER EFFECT WITH ACCOUNT 
OF THE SCREENING OF THE NUCLEUS BY 
THE ATOMIC ELECTRONS 


V. M. KOPROV /) 
Submitted to JETP editor September 27, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 639-641 
(February, 1960) 


An important effect in the scattering of neutrons 
by heavy nuclei at small angles (@ < 10°) is the 
interaction of the magnetic moment of the neutron 
with the electric field of the nucleus. This effect 
was first considered by Schwinger,’ who found that 
the additional cross section for an unpolarized cur- 
rent, Ao(@), has, in first order perturbation the- 
ory, the form 

Ao() = Freot® +, e=2lul ZH, (1) 
where the zero order functions are taken to be 
those corresponding to the absence of the scatter - 
ing center (first Born approximation). We note 
that this cross section is infinite at the origin. 
Later Sample? calculated Ac (6) using in zeroth 
approximation functions corresponding to the scat- 
tering from a hard sphere. Sample’s cross sec- 
tion is also infinite at the origin and differs very 
little from that obtained by Schwinger. Both 
Schwinger and Sample used for the perturbing 
potential 


V, =sLS/r’. (2) 


Experimentally this effect was observed by 
Voss and Wilson’ for U (energy ~ 100 Mev) and 
Aleksandrov and Bondarenko! for Pb (energy 
~ 3—4 Mev). Later Aleksandrov® also measured 
this effect for Cu, Sn, Pb, Bi, U, and Pu at the 
energy ~ 2 Mev. According to references 4 and 5 
the cross section increases as the angle becomes 
smaller in the region of small 6; this dependence 
is well described by formula (1) in the cases of Cu, 
Sn, Pb, and Bi. There is some disagreement for 
U and Pu, but even in these cases formula (1) does 


reproduce the general behavior of the cross section. 


Owing to the screening of the nucleus by the 
atomic electrons the electric field of the atom 
is different from the Coulomb field. Let #(r) 
describe the screening of the potential U, i.e., 
U(r) =(Ze/r) @(r). Then E(r) =—(Ze/r*) 
xa(r)r, where a(r) = @(r)-ré’(r), and 


V, = ea(r) LS/r*. (3) 
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For @(r)=1 formula (8) coincides with (2). If 
~1 (vr) are the zero order functions, i.e., solutions 
of the radial equation for the scattering from the 
unperturbed potential and 67 the corresponding 
phases, the following formulas hold for the addi- 
tional cross section in the first order of perturba- 
tion theory: 


Ac (8) = | a, (8) + a, (8) |?, 


a, (8) = — = cot -K | ®()sin Krdr, 
0 
co © 15 k 
a (8) = = >} (21 + 1)|\ it aes 
t=] 0 
od 2 
x \ Ve = a (r) dr | PL) (cos 8), (4) 
0 


where K = 2k sin(0/2), k is the wave number, 
and the jy = jj.1/2 are spherical Bessel functions. 
The %j are normalized by the condition 77 (r) 
— sin (kr —In/2 + 67)/kr for r—~. It follows 
from these formulas that 


Ko (0) = 0. (5) 


The screening factor ®(r) can be obtained from 
the statistical Thomas-Fermi model of the atom: 


®(r) = 9 (2), 
te = My (Q?/2Z)"" (N/An*mee?), (6) 


x=r/y, 


where g is the solution of the Thomas-Fermi 
equation.® 

For the calculation of Ao(6@) according to for- 
mulas (4) and (6) with Z=92 we used as the un- 
perturbed potential 


Vo (r) =—Vo(1 + &)/{1 + exp [(r — R) /a)} 


with VW = 44 Mev, R=7.72x 107% cm, a = 0.5 
10° em, £ = 0.075; the energy is 2.5 Mev. The 
contribution from the term a,(@) which is deter- 
mined by the functions and phases of the zeroth ap- 
proximation appeared to be negligible for 6 © 10% 

| a, (0)| <|a,(@)| for @< 10° The screening 
changes the angular distribution considerably at 
very small angles. The behavior of the cross sec- 
tion for @ < 16’ is shown in the figure. The relative 
magnitude of the correction to the screening, 


[ 42 (6) — (22/16) cot? >| / (&2/16) cot? =. 


is 2.6% for @=20’. For larger angles it de- 
creases as sin */2( 6/2). In the region of angles 
in which the measurements‘’*® were carried out the 
correction to the screening is somewhat smalier 


than the experimental error. 
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Curve I: cross section of Schwinger 
scattering with screening; curve II: the 
same cross section without screening. 
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INVESTIGATION OF BETA RADIATION OF 
Nb % AND Cet“ BY THE METHOD OF AB- 
SORPTION IN AIR rie 


N. E. TSVETAEVA and L. A. ROZENFEL’D 
Submitted to JETP editor September 29, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 641-642 
(February, 1960) 


le Beta radiation of Nb®®. A spectroscopic inves- 
tigation of this radiation has been the subject of 
many papers. The values of the 8 radiation energy 
of Nb®, obtained by different authors, range over 
sufficiently wide limits, 0.140 —0.171 Mev, i.e., 
the outermost values differ by 20%.1-4 These in- 
vestigations were performed with spectrometers 
of different constructions. 
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FIG. 1 


We have investigated the B radiation of Nb” 
by the previously described method of absorption 
in air.’ The absorption curve of B radiation from 
Nb®* in air (Fig. 1) was obtained by varying the air 
pressure p between the BFL T-25 counter and a 
compound located 8 cm from the counter window. 
Using the empirical relation for K(E)), where 
K=I(p=0)/I(p=1 atmos) (Fig. 2), we have de- 
termined from the value of Kyp95 = 8.75 (Fig. 1) 
the energy of B radiation from Nb, found to be 
Ey = (0.166 + 0.004) Mev. The error AE, = 0.004 
Mev was determined from the statistical measure- 
ment error, 6 = 2%. 


FIG. 2 


In determining the empirical relation for K (E9) 
at small energies, we used isotopes with simple f 
spectra, such as C’* (Ey = 0.155 Mev) and 9% 
(E) = 0.167 Mev). The results of the measure- 
ments of these B emitters, obtained by different 
authors, agree well with each other.® 


2. Beta radiation from Ce!#4, One of the most 
interesting objects for spectroscopic investigation 
is Ce'“*, For a long time this substance was asso- 
ciated with a 8 radiation of energy on the order of 
0.3 Mev.’ An investigation in regions of small en- 
ergies with the aid of the Fermi-Curie graph is 
difficult in this case, owing to the presence of a 
large number of conversion electron peaks in the 
soft part of the spectrum. Porter and Cook® were 
first to propose the existence of a softer component 
in Ce‘, with an energy E) = 0.170 Mev, ata con- 
tent of approximately 30%. This assumption was 
based on the investigation of conversion lines of y 
rays from Pr'“4, These data were later confirmed 
by other authors.?»!9 
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FIG. 3 


We have investigated the 6 radiation of Ce 
by the method of absorption in air. Figure 3 shows 
an absorption curve in air of the summary f radi- 
ation of Ce!*4 and Pr‘44. By means of absorption 
in an aluminum foil we have eliminated from the 
total curve the 8 radiation of Pr’#4 (E) = 3 Mev). 
With this, we extrapolated the curve of absorption 
in aluminum for Pr‘“* to zero thickness of absorber 
in accordance with the variation of the absorption 
curve* for Ru! — Rh!%, 

The elimination of Pr!“4 from the total curve 
of absorption in air at less than atmospheric pres - 
sure was also carried out in accordance with the 
course of the absorption curve in air for Ru! — 
Rh!8, As a result we obtain for Ce!*4 the absorp- 
tion curve in air shown in Fig. 3. 

As can be seen from Fig. 2, the value of the air 
coefficient of Ce!44, equal to 3.35, differs greatly 
from the assumption that only a single B -radia- 
tion component with energy ~ 0.3 Mev exists in 
Ce!44, as stated by several authors.’ The 0.3-Mev 
B radiation corresponds to a considerably lower 
value of air coefficient, namely 2.30. Therefore, 
in addition to the 0.3-Mev component, one must 
assume that Ce! has at least one other softer 
component. Investigating the graph of the varia- 
tion of K(Ej)), and also the formulas derived 
earlier,® we obtained a  -radiation component 


with energy Ey = (0.168*$°}33) Mev, with a content 
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of (40 + 12)%. These data agree with the results 
obtained by Porter and Cook, and also by other 
authors .8-!0 


*The B radiation of Ru’ is completely absorbed by the 
counter window and by the air, and the character of the ab- 
sorption of 8 radiation from Pr*** and Rh**® in aluminum is 
approximately the same. 
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THE REACTION p+d—t+7* AT PROTON 
ENERGY 670 Mev pe 


Yu. K. AKIMOV, O. V. SAVCHENKO, and L. M. 
SOROKO 
Joint Institute for Nuclear Research 
Submitted to JETP editor October 15, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 643-644 
(February, 1960) 


A comparison of the cross sections for the re- 
actions 


pdt nt, (1) 
pt+d—-He? + 7° (2) 


allows us to test the principle of the charge inde- 
pendence of nuclear forces, since, for isotopic spin 
conservation, the angular distributions for the two 
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processes should be the same, and the ratio of 
their total or differential cross sections in the 
center-of-mass system should be 2: 1.52 A study 
of these two processes is interesting in itself, 
since they are connected with analogous processes 
of meson production in the reactions 


p+ pda, (3) 
panda (4) 


and they admit of a simple theoretical interpreta- 
tion.!+3 

A measurement of the cross sections for reac- 
tions (1) and (2) was carried out earlier at ener- 
gies of 340 Mev,' 450 Mev,° and 600 Mev.® In the 
present work, measurements were carried out to 
clarify the conditions for comparing processes (1) 
and (2) for the incident proton energy Ep = 670 Mev. 

The examination of the reaction p+ d—t+ 7 
was carried out on a proton beam with an intensity 
10! protons/sec. The secondary charged particles 
formed in the heavy polyethylene or carbon target 
were identified by momentum, specific ionization, 
and range. The selection by specific ionization 
was made simultaneously by five scintillation 
counters ina telescope,’ so that rare emissions 
of particles with high ionization could be detected 
against a background of irrelevant particles with 
smaller ionization. The emission of low-energy 
tritium nuclei in reaction (1) was measured for 
angles 5.4° and 11° in the laboratory system. The 
calibration of absolute cross sections was carried 
out with the aid of a measurement of the path of 
the deuterons in reaction (3), since the angular 
distribution there was well known for an energy 
of 660 Mev.® The differential cross sections for 
reaction (1), calculated in the center-of-mass 
system and relative to the pion emission angle, 
are equal to 


do (12°) /dQ = (9,3 + 1.5)- 107%, em’/sr, 
do (25°) {dO = (3,1£0,5)-10 om2/gr. 


These results are shown in the figure, together 
with the data obtained at different proton energies. 
As the energy of the incident protons is increased, 
a change is observed in the differential cross sec- 
tion of reaction (1), which tends to peak more in 
the forward, meson-emission direction. This kind 
of change in the differential cross section can be 
got qualitatively from the relation between the z+ 
formation processes in reaction (1) and in reaction 
(3). This relation was obtained by interpreting 
process (1) on the basis of a hard-core nucleon 
model and by application of the impulse approxi- 
mation.? 
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Since, for example, if the ratio of the pion for- 
mation cross sections in reaction (1) for incident 
proton energy 340 Mev for 0° and 180°, calculated 
on the basis of this theory with a core radius 
0.5h/m,c is equal to ~ 10, then this ratio for 
670-Mev protons increases to ~ 120 if the same 
wave function parameters are used and if the de- 
pendence of the angular distribution of reaction 
(3), which is indispensable for the calculation, is 
obtained by extrapolating the data for the inverse 
reaction for the meson energy region 174 to 370 
Mev.’ The differential cross sections calculated 
by this model for the incident proton energy 670 
Mev, is 


ds (12°)/dQ = 3.1-107°, ds (25°) /dQ=2.4-10-°cm*/sr 


The quantitative disagreement between the cal- 
culated values and the experimental data is evidently 
due to the fact that in all these calculations one 
looks at the formation of positive pions from the 
collision of the incident proton with the proton of 
the deuteron only as reaction (3), and one does not 
take into account the contribution from pion for- 
mation in the reaction p+p—-n+p+7*, whose 
total cross section exceeds by a factor of a few 
tens the total cross section for (3) in the inci- 
dent proton energy region near 900 Mev, that used 
in the impulse approximation theory calculations. 
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ON THE MAGNETIC SUSCEPTIBILITY OF 
A RELATIVISTIC ELECTRON GAS 
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P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor October 24, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 645-646 
(February, 1960) 


Lanpavt was the first to show that a gas consist- 
ing of free electrons is diamagnetic, if one neglects 
the electron spins, and that its diamagnetism is 
equal to one third of the spin paramagnetism. Lan- 
dau evaluated the magnetic susceptibility of an elec- 
tron gas, starting from the expression of the ener- 
gy spectrum of a non-relativistic electron in a mag- 
netic field. 

To evaluate the magnetic susceptibility of a rela- 
tivistic electron gas one could use the solution of 
the Dirac equation for an electron in a magnetic 
field. It is, however, simpler to use the method 
of the quantum transport equation with a self-con- 
sistent interaction.’ Starting from the Dirac equa- 
tions for an electron in an external transverse 
electromagnetic field, we obtain the following trans- 
port equation with a self-consistent interaction for 
the quantum distribution function which depends on 
the momentum p, the coordinate r and the spin 


indices a, 8, y 


0 al oa ot 
iw) = op \ dz dy dk drei (—9)rikle— 8) 


i : 

{lea BE) ea (es — 8) + 00], fort 
PLOT a sia ae 

—|(@: ee (1— Seal Fri SK au Foley} (1) 

where @ and £8 are the Dirac matrices, p= mc’, 

A is the vector potential of the transverse electro- 
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magnetic field. To determine the magnetic suscep- 
tibility it is necessary to evaluate the current den- 
sity which in the case of the relativistic electron 
gas is of the form 

j= ec \ dp (tashas), (2) 
The magnetic susceptibility of the gas x* is deter- 
mined using a solution of the stationary linearized 
equation (1) as follows: jj, =ck’yA,, where j, and 
A, are the Fourier components of the current and 
the vector potential. After simple calculations we 
find the magnetic susceptibility of a relativistic 
electron gas 


jee) 


{ 4 


— neh? j1 — —|\ 


0 


EnV cpt"). (3) 


fo (Pp) 
E, dp, 
where f)(p) is the equilibrium momentum distri- 
bution function of the electrons normalized to the 
total number of electrons per unit volume. The 
one in the curly brackets in (3) is caused by the 
electron spins and corresponds to the spin para- 
magnetism of the electron gas, while the second 
term '/; corresponds to the diamagnetism of the 
free electrons. The diamagnetism of a relativistic, 
as of a non-relativistic, electron gas is thus equal 
to.one third of its spin paramagnetism. In the non- 
relativistic limit Ep = = me? and Eq. (3) goes 
over into Landau’s well-known expression. 
For a relativistic degenerate electron gas a 

simple evaluation of the integral in (3) gives 


Po + V p2 + mec? 
mc : 


/ eh \2 mc 1 
Xo = (sas) rhs {1 z{ In 


where py =f (37N)'/3_ In the ultrarelativistic 
limit, pp > mc, we get from Kq. (4) 


{1 —s}[ In 2h (Sa2N) 


(4) 


a 
a. inc 


hh 
LE Sie a ) mAs 


mec? | 
mc 4K2(3r2N)/s J 


(5) 
It follows from Eq. (5) that the magnetic suscepti- 
bility of.an ultrarelativistic degenerate electron 
gas increases logarithmically with increasing 
density 


ep = 0.5- 10-8 In (2h (3n2N)"* /me). 


In real cases yg K 1. 

For an ultrarelativistic Boltzmann electron gas 
(kT > mc?) Eq. (3) goes over into the following 
expression for the magnetic susceptibility 


mc 
“xT 


ei Nee Nit 26 ‘Naval % 7 
te= (er) or (SE) (1- shin 6 + one]. ©) 
In the equilibrium state of the system the number 
of electron-positron pairs formed through collisions 
is for kT > mc” equal to! N*=N7 = 0.183 (kT/ic)?. 
Taking this into account in Eq. (6) we conclude that 
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the magnetic susceptibility of the system increases 
logarithmically with increasing temperature, Xp 
~ 1074 In(xT/mc?). In real systems xyp< 1. 

We express our gratitude to V. L. Ginzburg for 
his interest and for discussions of this paper. 


*We emphasize that we are dealing with the susceptibility 
of an electron gas in a thermodynamic equilibrium state. The 
magnetic moment of the system may ina non-equilibrium state 
be appreciably higher. 


1T,, Landau, Z. Phys. 64, 629 (1930). 

2v.A. Fock, Hauana kBanToBos Mexanuku (Prin- 
ciples of Quantum Mechanics ) Leningrad, 1932. 

3. P. Silin, Proc. Inst. Phys. Acad. Sci., 
U:S.S:R.°6;- 201 (1955): 

41,. D. Landau and E. M. Lifshitz, 
Crarucruyeckaa pusuka (Statistical Physics ) Goste- 
khizdat, 1951, Statistical Physics, Pergamon Press, 
London, 1958. 


Translated by D. ter Haar 
124 


ELECTRICAL RESISTANCE MAXIMUM 
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We showed earlier! that for nickel the ratio 
Ap/AI (where Ap is the change of electrical re- 
sistivity for a change in magnetization of AI pro- 
duced by a magnetic field, in the region of magnetic 
saturation) is approximately equal to the ratio 

(pT —py)/(Iy)-IT), where pT and IT are the 
specific resistivity and saturation magnetization 

at temperatures T< 20°K, py is the residual re- 
sistivity and I) is the saturation magnetization 
derived by extrapolation to absolute zero. It was 
also established that at hydrogen temperatures and 
below, the law pp - py = aT?/? holds for iron and 
nickel, where a is the constant of proportionality, 
and that above hydrogen temperatures the differ- 
ence PT —/po —aT?/? igs roughly proportional to T°.: 
From this it was deduced that at hydrogen and he- 
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Dependence of electrical resistivity 
of copper-nickel alloys on temperature. 
Curve 1~— alloy with 58% copper; H = 0; 
2a — 59.25% Cu, H =0; 2b—59.25% Cu, 
H = 1540 oe; 2c — 59.25% Cu, H = 2310 oe. 
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lium temperatures, the main cause of the increase 
in resistivity with temperature for ferromagnetic 
metals is the increase in disorder of the magnetic 
moment of the lattice (the increase in the number 
of ferromagnons, which scatter conduction elec- 
trons), and above hydrogen temperatures it is due 
to the greater intensity of lattice vibrations (the 
increase in the number of phonons). 

In the region of the Curie point, where fluctua- 
tions in the magnetic ordering occur, a maximum 
in the resistivity could be expected. This maxi- 
mum should be most marked when the Curie point 
lies at hydrogen or helium temperatures, where the 
phonon part of the resistivity is small. 

The first indication of the existence of such a 
maximum occurred in the work of Krivoglaz and 
Rybak,” where the effect of various kinds of static 
disorder of the lattice was examined, and a theo- 
retical study made of the influence of fluctuations 
in the magnetic moment on the conductivity of fer- 
romagnetic semiconductors. It follows from equa- 
tions (43), (44), and (54) of that paper that the mean 


20 40 60 Tx | 


free path and mobility of the electrons due to scat- 
tering by the fluctuations of magnetic moment in- 
creases on application of a magnetic field which 
reduces these fluctuations. 

The purpose of the present work was an experi- 
mental verification of the existence of the resistiv- 
ity maximum in the region of magnetic saturation 
for ferromagnets with low transition temperatures. 
The specimens used were copper-nickel alloys with 
58 and 59.25% copper, for which the Curie points 
lie below 20°K. The resistivity was determined 
by the method described previously .' 

The figure shows the dependence of resistivity 
on temperature. There are maxima in the region 
of the magnetic transition, and that for the 59.25% 
Cu specimen with a Curie point near to helium 
temperatures is especially marked. These max- 
ima are smoothed out when a magnetic field is ap- 
plied. At the maximum of the 59.25% Cu specimen 
the value of p—py is 0.7% of the residual resistiv- 
ity and agrees with the calculation given by Krivo- 
glaz and Rybak.? We should point out that this cal- 
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culation was made for semiconductors, whereas 
our result is for a metal, so that a quantitative 
comparison is hardly possible. Nevertheless the 
existence of a resistivity maximum in the region 
of the magnetic transition of metals confirms the 
theory and the deductions made from our previous 
work about the effect of disorder of the magnetic 
moment on the electrical resistivity of ferromag- 
nets at low temperatures. 
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THEORY OF THE UNIVERSAL FERMI 
INTERACTION 
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Tuere is great interest at present in a test of the 
form factors in the theory of the weak interaction. 
These form factors are commonly expressed by 
“weak magnetism” terms and by pseudoscalar in- 
teraction terms.! Unfortunately, however, this 
effect is small in beta decay, is difficult to exam- 
ine, and up to now has not been observed.” In the 
present note we calculate the process of yu capture 
by spin-¥, nuclei without emission of neutrons and 
protons, supposing that after the capture the nucleus 
makes a transition from the spin-'/, state to the 
spin-’/, state. The density matrix of the initial 
state has the form? 


74 (1) 


>) and &, are the polarizations of the nucleus and 
the muon; they are equal to each other for the trip- 
let state and equal to zero for the singlet state; € 

= ¥, for the triplet state and ¢ =-—1 for the sing- 
let state. The density matrix can also be written 

in an analytic form for a mixed state. Here ¢€ 


- 
Sp Sp + Sp Su + 6p Op)y 
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takes on values between —1 and '% and character- 
izes the distribution of muons between the singlet 
and triplet states. We will take as the nuclear ma- 
trix element that of Chou Kuang-Chao and Maev- 
skii.4 We neglect the momenta of the proton and 
muon in the initial state. After calculation we get 
the probability for the transition of the nucleus 
from spin-'¥, to spin-*/, in the form 


W = (G?Z9/2n°a3) No | Ma.r.|?q? (1 — q/Amp), 


No= (1 +8) 1/0? 4 


Sp SS ye ao: u 1) 


2 Che tees) 


ry)? 
(2) 


Here G is the Fermi constant; a, is the muon 
Bohr-orbit radius; q is the neutrino energy, A is 
the ratio of the Gamow-Teller and Fermi constants, 
equal to 1.25 for beta decay; pw is the anomalous 
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gyromagnetic ratio which characterizes “weak mag- 


netism” and is equal to 3.7; f is the pseudoscalar 
coupling constant, equal to about 8A for muon cap- 
ture by protons; B = q/Mp; A is the atomic num- 
ber; |Mer |? is the square of the matrix element 
for Gamow-Teller transitions, which, as Ioffe 
showed,° is equal to 


[Mor |? =|ME a |? (Ltd a), (3) 


where Mer is the matrix element for the corre- 
sponding beta decay, <r?> A is the mean square 
charge radius, corresponding to the axial vector 
transition and equal to the square of the radius ob- 
tained from the transition of nuclei related to a 
single isotopic multiplet. 

We see from (2) that if the muon is captured by 
a nucleus in the singlet state, that is, « =—1, and 
if the process is considered without form factors, 
then » =f=0 and A = 1,and this process is com- 
pletely forbidden in our approximation. But if a 
form factor exists, then this transition is possible 
and its probability is on the order of '% of the or- 
dinary transition. In such a way, an experiment 
on capture in the singlet state can serve as a cri- 
terion for the presence of form factors. 

The result obtained is connected with the fact 
that in the transition considered the neutrino is 
always inthe J=', state if the muon and nucleus 
are in the singlet state, and conservation of angu- 
lar momentum completely forbids this process, 
except when the neutrino carries away orbital mo- 
mentum. As is well known, a form factor is al- 
ways tied up with 1=0. Therefore, if the number 
of neutrinos with J ='4 is small, the contribution 
from the form factors is comparable to that from 
other terms which we neglect. An analogous situ-_ 
ation exists in nuclei with spin greater than ae 


CETTE RS TO THE EDITOR 


It is well known that for » capture from a 
Singlet state in a metal, a muon which is ina 
higher state in the hyperfine structure has a 
large probability of making a transition into a 
lower state and giving its energy to a conduction 
electron.® For example, the probability of such a 
transition in Al is ~ 10° sec™!. Thus for light nu- 
clei we can test for the presence of a form factor 
by comparing the transition probabilities in metals 
and nonmetals. The muons in nonmetals are dis- 
tributed statistically among the hyperfine state 
levels (if there is not some other kind of transi- 
tion mechanism ). In addition, a muon in a higher 
hyperfine state can also make a magnetic dipole 
transition to a lower state. It is known! that the 
probability of this transition varies as Z*4, where 
Z* is the effective charge. Thus for nuclei heavy 
enough to have an effective charge greater than 35, 
almost all the muons at a high hyperfine level make 
the transition to a lower state. Of course, a strong 
magnetic field would effect the magnetic dipole 
transition, and we could change the distribution of 
muons among the states of the hyperfine distribu- 
tion. 
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COLLISIONS AT E = 9 Bev PS 


Vv. S. BARASHENKOV, WANG PEI, and V. M. 
MAL’ TSEV 


Joint Institute for Nuclear Research 
Submitted to JETP editor November 13, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 650-652 
(February, 1960) 


PicuREs 1 and 2 show theoretical and experimen- 
tal momentum spectra of particles of different 
kinds, produced in inelastic collisions between nu- 
eleons (in the center-of-mass system of the col- 
liding nucleons). The theoretical spectra are cal- 
culated with the statistical theory, while the ex- 
perimental results are taken from reference 2. 
Statistical measurement errors are indicated. 

The table lists the values of the average mo- 
menta of the nucleons and pions, p, calculated 
from the data of Figs. 1 and 2. The experimental 
values of p for the laboratory system of coordi- 
nates were obtained by the Lorentz transformation 
from the mass system under the assumption that 
in the p-p collisions the angular distributions of 
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Shapiro for useful comments and advice. 
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SV. L. Telegi, Phys. Rev. Letters 8, 59 (1959). 
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Pions Protons 
Experi- he-| Experi- 
ment ory ment | Theory 
Dig. Bevic 4.040.2|1.46} 3.6-L0.5 | 2.9 
Pern oo eboUe 0.40-+0.1 |0.57|1.24-+0.25] 0.79 


the pions and nucleons in the center-of-mass sys- 
tem are symmetrical with respect to the angle 
@=7/2. (This assumption agrees with the theo- 
retical and experimental results obtained in ref- 
erences 3 and 4.) The values obtained are close 
to the values of p obtained in reference 5 from 
an analysis of the interaction between protons and 
photoemulsion nuclei, p © Pgp = (3.0 + 0.5) Bev/c 
for protons and p & pez = (1.0 + 0.2) Bev/c for 
pions (Psp is the momentum of fast protons, Doz 
is the momentum of fast pions ). 

It is seen from the table and from the diagrams 
that the experimental momentum spectra of the nu- 
cleons are harder and the spectra of the pions are 
softer than those calculated theoretically. Accord- 
ingly, the theoretical energy losses to the produc- 
tion of new particles in one act of inelastic p-p in- 
teraction, AE, is equal to ~ 58% of the primary- 
nucleon energy (of which approximately 50% is 
consumed for the production of pions and approxi- 
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i The difference between the theoretical and ex- 
wan perimental values of the spectra and energy losses 
can be understood qualitatively, if it is considered 
i that in the experimental investigations”»*® the cen- 
tral N-N collisions were not separated in the 
FIGs Mcnentim measurements from the peripheral ones. On the 
spectra of 7, K,and K, other hand, the nucleon spectrum after a peripheral 
mesons. Dotted curve — collision is on the average harder than the spectrum 
experimental histogram of nucleons produced in a central collision. To the 
for pions. The momenta contrary, the pions produced in a peripheral colli- 
ICL 12 sion are on the average softer than the pions due 
nits Ne) erobepiy to central collisions. 
of momentum p normal- : 
ieedtto unit it was shown in reference 4 that an allowance 
for the peripheral collisions is also essential to 
explain the angular distributions of the particles 
produced in N-N collisions. 


U ; 25 


ols 
Mh) | 


: { 
O06) | | 
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*Theoretical values of the energy losses are calculated on 
the basis of the momentum distributions, given in Figs. 1 and 
2. This is followed by a changeover to the laboratory system 
under the assumption that the angular distributions of the par- 
ticles, produced in p-p collisions, are symmetrical in the cen- 
ter-of-mass system about the angle 0=7/2. 


1 Barashenkov, Barbashev, and Bubelev, Nuovo 
cimento 7, Suppl. 1, 117 (1958). 

2 Bogachev, Bunyatov, Merekov, Sidorov, and 
Yarba, Marepuasbl exeroqHou KoHpepeHUMAK NO PusnKke 
BbICOKUX 9Heprui (Materials of the Annual Confer- 
ence on High-Energy Physics, Kiev, 1959). 

3 Bogachev, Bunyatov, Gramenitskii, Lyubimov, 
Merekov, Podgoretskii, Sidorov, and Tuvdendorzh, 
JETP 37, 1225 (1959), Soviet Phys. JETP 10, 872 
(1960). 

4 Barashenkov, Mal’tsev, and Mikhul, JETP 37, 
1484 (1959), Soviet Phys. JETP 10, 1052 (1960); 
Nucl. Phys. 18, 583 (1959). 

* Barashenkov, Belyakov, Wang Shu-Fen, Glago- 
lev, Dolkhazhav, Kirillova, Lebedev, Mal’tsev, 
Markov, Tolstov, Tsyganov, Shafranova, and Yao 


Ch’ing-Ze, Atromuas sHeprua (Atomic Energy), 7, 
FIG. 2. Momentum spectra of nucleons, antinucleons, 376 (1959) 


A hyperons, and & hyperons. The dotted curves show the theo- 
retical and experimental spectra of the nucleons, and also the 
spectrum of & hyperons. The momenta p are given in units of 

mrc; W(p)—probability of momentum p normalized to unity. 


mately 8% for the production of strange particles,)* 

are found to be considerably higher than the aver- 

age experimental values, namely AE = (30 to 40)%,° 

(40 + 10)%,° and (35 + 2)% (private communica- Translated by J. G. Adashko 
tion from Bunyatov). 127 
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ON THE QUESTION OF A RESONANT 17 
INTERACTION 
Py 


V. M. MAKSIMENKO 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor November 16, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 652-654 
(February, 1960) 


lee question of a resonant mz interaction has 
been the subject of much discussion!~? in the re- 
cent past. So far, however, there is no convincing 
experimental proof that such an interaction exists. 
It is therefore of value to discuss experiments in 
which this interaction may manifest itself. In the 
present note the angular correlation of mesons 
is analyzed for the case of stopped antinucleons 
annihilating according to the scheme 


p+p Lobes Wyo an Phases: (1) 


Let us make the assumption which was made by 
other authors®~® and which is in agreement with 
Belenkii’s!® ideas regarding the inclusion of a reso- 
nant interaction between particles, that the reaction 
(1) may proceed through two channels: 


1 Sasa (2) 


N+ N—~—3s+27-—3n. (3) 


where the symbol o denotes a m-mesic “isobar” 
—a “particle” of mass mg=(3—4)py (where pu 
is the mass of the pion), spin J and isospin I, 
which decays into two pions with a lifetime of the 
order of, or somewhat larger than, nuclear times. 
By making use of isotopic invariance we obtain the 
probabilities for the final states in reaction (3) for 
various possible values of I (see table; the decay 
products of the isobar are put in parentheses ). 


Final state | 


(gras )us 1p Ole is 2/15 
remem?) ron a Si 
(ete Na | P/12 3/16 


(co ONerce lf, = abt 


Assuming that the o decays isotropically in 
its proper coordinate system, we find the distribu- 
tion of the number N of pairs of pions as a func- 
tion of the angle ~ between them in the laboratory 
system. It turns out that the pions from the decay 
of the o form narrow pairs whereas the pion pro- 
duced directly together with one of the “decay” pions 
form a wide pair. 
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As can be seen from the table, the relative frac- 
tion of pairs of the first and second type in the 
case of charged pions in reaction (1) will be sig- 
nificantly different depending on the value of I. 

The figure shows the dependence of dN/dcosz 

on cosy for I=0, J=0 (a) and I[=1, J=1 

(b) for two values of mg: mg=3y (solid curve) 
and mg=4u (dotted curve). In constructing 
these curves statistical theory* was used to deter- 
mine the relation between processes (2) and (8). 
The curves for I=2 are not shown since in this 
case the situation qualitatively differs little from 
the case I=1 as can be seen from the table. The 
analogous graph for the process (2) alone (absence 
of a resonant interaction) is shown in Fig. (c). The 
curves differ significantly from each other and there- 
fore a comparison with appropriate experimental 
data may yield some information on the resonant 
wr interaction. The curves in the Figs. (a) and (b) 
are calculated for the minimum possible values of 
J; for larger values of J the relative contribution 
of process (3) will increase and the difference be- 
tween the curves will be even more pronounced. 

In conclusion I express my gratitude to I. L. 
Rozental’ and M. I. Podgoretskii for a discussion 
of these problems, and also to Z. S. Maksimova 
for numerical calculations. 

*The peaks for small angles have almost a ‘‘5-function”’ 
character and are therefore shown in a somewhat distorted form 
in order to make it easier to see the relation between the areas 


under various portions of the curves. 
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DESTRUCTION OF SUPERCONDUCTIVITY 
BY A CURRENT 


E. TROINAR 
Moscow State University 
Submitted to JETP editor November 17, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 654-655 
(February, 1960) 


Ir was shown by Shubnikov and Alekseevskii! as 
early as 1936 that when the superconductivity of 

a cylindrical specimen is destroyed by a current, 
there is a sharp jump in resistance to a value which 
is less than that in the normal state, and then the 
resistivity gradually returns to its normal value. 
This phenomenon was examined theoretically by 
London? and by Landau.® It was shown that the re- 
sistance jump must be 0.5Ry (Ry being the re- 
sistance in the normal state). 

In the first experiments!‘ the jump was greater 
than the theoretical value and reached 0.7 —0.8Rpn, 
and Scott® suggested a dependence of Re/Ry (Re 
is the resistance of the specimen for the critical 
current) on the specimen diameter, due to the 
surface energy. It therefore seemed interesting 
to carry out measurements on specimens of dif- 
ferent diameters. In addition, by using specimens 
of different purity, it would be possible to test 
Kuper’s” view on the connection between the mag- 
nitude of the resistance jump and the ratio of spe- 
cimen diameter to the mean free path. 
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Speci- Diameter, Length, | 10%p,, 8{°cm 10*R 3, 8° 

Ne cm cm at 3.8°K Raoge 
4 0.050 6.3 il cei) 0.80 
2 0.032 Sah Apa) 0.96 
3 0.0184 0,84 a OM 4:28 
4 0.0083 0,50 2.30 ial 
5 0.0044 0,90 PA 2.0 
6 0.034 1°65 18 15 
7 0.0181 0.82 20 17 
8 0.0083 0.43 20 17 
9 0.0041 0.78 20 17 


We made two series of specimens from two tin 
samples of different purity. The specimens were 
prepared from wires obtained by extruding the 
metal through fine holes. The specimen character - 
istics are shown in the table. They were mounted 
on a frame and placed horizontally in a Dewar ves- 
sel to avoid a temperature gradient along the spe- 
cimen. The earth’s magnetic field was compen- 
sated to an accuracy of 3%. From the measure- 
ments, curves were obtained of the dependence of 
Re /Ry on the temperature of the helium bath for 
various specimens (Fig. 1). In the value of Ry 


: Ke /Ry 
~~ 
Se een ogt N2 
= 89 
05 N28] 
Z 3 T°K 
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account was taken of the effect of the magnetic 
field of the current. When the values of Re /Ry 
at temperatures above and below the A-point are 
compared, it can be seen that the heating of the 
specimen above the temperature of the helium 
bath has a considerable effect. The dependence 
of Re/Ry on the heat flow from the specimen 
per unit area, q, is shown in Fig. 2. (The points 
on the curves for each temperature correspond to 
the specimens 1, 2, 3, 4, 5, 6, 7, 8 and 9 of the 
table.) The shapes of the curves suggest that 

Re /Rn depends primarily on q. It is probable 
that the dependence, found by Scott, on the diam- 
eter of the specimen is mainly determined by the 
dependence of q on d, since q ~ Hope /d (Pn 
is the specific resistivity of the specimen). 

If the variation of Re/Ry with q is extrapo- 
lated to q=0, the limiting value depends on tem- 
perature (increasing with falling temperature) 
and is about 0.5 only near Tg. It is not impossible 
that the reason for this is the surface forces be- 
tween the superconducting and normal phases, 
which increase with decreasing temperature. 


«|| 
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GW -em™? 


FIG. 2 


The data presented thus indicates that it is only 
possible to elucidate the influence of surface forces 
(Scott) and mean free path (Kuper) if overheating 
of the specimen is avoided. 


11,. W. Shubnikov and N. E. Alexejevski, Nature 
138, 804 (1936). 

2 London, Superfluids, Wiley, New York 1950, 
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DAMPING OF THE OSCILLATIONS OF A 
CYLINDER IN ROTATING HELIUM II 


Yu. G. MAMALADZE and S. G. MATINYAN 


Institute of Physics, Academy of Sciences, 
Georgian S.S.R. 


Submitted to JETP editor November 20, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 656-657 
(February, 1960) 


We have previously shown! that the interaction 
of a disk oscillating in rotating helium II with the 
Onsager-Feynman vortex lines leads to a specific 
dependence of the damping upon the rotational ve- 
locity, with a characteristic maximum?’? which is 
not to be explained by consideration of the influence 
on the disk of the normal component of the helium 
II alone (even when the mutual friction between 
the normal and superfluid liquids is taken into ac- 
count). A decisive role in the explanation of the 
formulas derived in reference 1 is played by the 
circumstance that the vortex lines, being perpen- 
dicular to the plane surface of the disk, lie with 
one end upon this surface. Distorted by the per- 
pendicular displacement of the surface, they act 
upon it with a force which depends upon their ten- 
sion. The relation between the tension of a vortex 
line and its circulation, moreover, determines the 
effective viscosity of the superfluid component 
(the quantity ng in reference 1). 


=D: Shoenberg, Superconductivity, (Russ. Transl.) 
IIL, 1955, p. 128, [Cambridge, 1952]. 

4N. E. Alekseevskii, JETP 8, 342 (1938). 

5R. B. Scott, J. Res. Nat. Bur. Stand. 41, 581 
(1948). 

°C. G. Kuper, Phil. Mag. 43, 1264 (1952). 
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From what has been said, it is clear that if the 
disk be replaced by a cylinder whose surface’ is 
parallel to the axes of the vortex lines, then the 
possibility of direct interaction of the oscillating 
body with the vortices which form when a super- 
fluid liquid is rotated is completely excluded. The 
presence of the vortices manifests itself solely in 
mutual friction effects. 

Solving the system of hydrodynamic equations 
for rotating helium II, 4s! for boundary conditions 
corresponding to small oscillations of an infinite 
cylinder rotating together with an unbounded liquid 
about their common axis,* one can readily verify 
that the force acting upon the surface of the cylin- 
der is wholly determined by the momentum flow 
of the normal component. 

The sum of the moments of the forces acting 
upon unit length of the outer and inner surfaces of 
a thin-walled cylinder of radius R turns out to be 


M = — 2niR®q,Qegk [HM (RR) / HY (RR) * 
— Jy (RR) / J, (RR) eo. (1) 


Here, Ny is the viscosity of the normal component, 
Q and gy are the frequency and amplitude of the 
oscillations of the cylinder, Jp is a Bessel func- 
tion, H® is a Hankel function, and k is the com- 
plex wave number, determined by the equation 


iQ | 1 7200 g 1 j 2% oe ) 
Name Oy we Q 1+ 2i093,,/Q : 


(2) 
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with Imk>0O. Here vy is the kinematic viscosity 
of the normal component, wy, is the angular veloc- 
ity of rotation, and Bn and Bg are the coefficients 
for the mutual friction between the superfluid and 
normal components (cf. reference 1). 

As was to be expected, Eqs. (1) and (2) show that 
the dependence of M upon the rotational velocity 
vanishes for Bn= Bg = 0. Consequently, the influ- 
ence of rotation upon the damping of the oscilla- 
tions of a cylinder is characteristic only of helium 
Il. Measurements®»® have confirmed the absence of 
such an effect in a classical fluid. 

Using Eq. (2) it is not difficult to show that over 
a broad range of frequencies wy, and & and for 
R = 1cm the penetration depth of the cylindrical 
waves excited by the oscillations of a cylinder in 
rotating helium II is appreciably less than the ra- 
dius of the cylinder. This makes it possible to use 
an asymptotic expansion of the cylindrical functions 
for large values of the argument. 

As a result, the damping y’ at the surface ofa 
unit length of the cylinder is 


ae TRE V 20? 2 (1 Op ae / 


i 7, (3) 


Where I, is the moment of inertia of the cylinder 
(per unit length), 6)=V2v,/Q is the penetration 
depth in the absence of rotation, and py, is the nor- 
mal component density. Equation (3) is written in 
the linear approximation to the product of 2w)/Q 
and the mutual friction coefficients. 

To eliminate boundary effects it is convenient 
to measure the quantity (y,—y;)/(l,—-1,), which 
is equivalent to y’; here yp and y; are the val- 
ues of the damping for immersion of the cylinder 
to depths 7, and 1,, respectively. (In addition, 

I, should be replaced in Eq. (3) by the moment of 
inertia of the suspended system I, which is pre- 
sumed to be sufficiently great that the period of 
the oscillations is the same in both stationary and 
rotating helium, and for various depths of immer- 
sion. ) 

It can readily be seen that the ratio of the quan- 
tities y,—‘y, ‘as measured in rotating and in sta- 
tionary helium II is 


(¥2 — 11) [ (Y2— Yr)omeo = 1 + yp; B/2Q0, (4) 


where p,/p is the relative density of the super- 
fluid component, and B is the coefficient of Hall 
and Vinen’»® (8. = —p.B/2p). Equations (3) and 
(4) are also confirmed by experiment.® 

The authors regard it their pleasant duty to 
thank E. L. Andronikashvili and his colleagues in 
the cryogenic laboratory of the Tbilisi State Uni- 
versity for their constant interest in this work. 


THE EDITOR 


*In solving this problem the necessity of using additional 
boundary conditions for the velocity of the superfluid liquid 
does not arise (cf. references 1 and 4), since its components 
tum out to be proportional to the corresponding components 
of the normal fluid velocity. 
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ON THE POSSIBILITY OF MEASURING A 
GRAVITATIONAL FREQUENCY SHIFT IN 
THE SUN’S FIELD 


B. D. OSIPOV 


12, IN|, Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor November 20, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 657-658 
(February, 1960) 


See authors!** have discussed the possibil- 
ity of using artificial earth satellites to measure 
the gravitational frequency shift. However, they 
have considered only the shift due to the earth’s 
field. We wish to present a calculation which shows 
that the frequency shift due to the sun’s field can 
also be measured with earth satellites. 

The frequency shift due to the sun is 


Av/v= —kMo/c?r, (1) 


where k is the gravitational constant, Mo = 2.0. 
x 10*8 g is the mass of the sun and r is the dis- 
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tance from the satellite to the sun. If the satellite 
travels on a circular orbit lying in the plane of the 
earth’s orbit, then the distance r can be written 
in the form r=ry+ Arcos Qt, where Ar is the 
radius of the satellite’s orbit, Q is its frequency 
and ry is the distance between the earth and sun. 
The time-dependent part of (1) is then 


Av fv = (kMg/c* 12) Ar-cos Qt. (2) 


This experiment could be done by putting a stable 
oscillator on either an artificial satellite or on the 
moon. 

For a generator on the moon (Ar = 3.8 x 10!? 
cm) the fractional frequency change amounts to 
5 x 1071! (which can be compared with a maximum 
change of 7 x 107!° in the earth’s field). Although 
the effect due to the sun is smaller than that due 
to the earth, the experiment using the sun’s field 
has the advantages that the frequency of the oscil- 
lator need not be unaffected by the rocket flight 
to put the satellite in orbit, and the effect is peri- 
odic with the period of the satellite. 


1V. L. Ginzburg, JETP 30, 213 (1956), Soviet 
Phys. JETP 8, 136 (1956). 
2S. F. Singer, Phys. Rev. 104, 11 (1956). 
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ON THE APPLICABILITY OF THE FERMI- 
TELLER ‘“‘Z-LAW”? TOA PHOTOEMULSION 
CONTAINING URANIUM 


G. E. BELOVITSKII 
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(February, 1960) 


Ir has been shown recently!** that the relative 
probability of capture of slow yp” mesons by 
various atoms in chemical compounds, (such as 
Al,O3, AgCl, UF,, etc) does not follow the ex- 
pected law (proportionality to Z) obtained by 
Fermi and Teller,’ but is proportional to the num- 
ber of atoms of the given element in the molecule. 
This unexpected result dictates a cautious ap- 
proach to the conclusions previously drawn in many 
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investigations, particularly those devoted to the in- 
vestigation of fission of uranium by slow m mes- 
ons. In these works it has been assumed in the 
calculation of the fission probability Pg that the 
probability of capture of a m meson by various 
atoms contained in the photoemulsion gelatine obeys 
the Fermi-Teller “Z-law.” In this connection it 
becomes advisable to clarify the applicability of 
the Fermi-Teller “Z-law” to an emulsion to which 
some other substance (uranium) has been added. 

To make the experimental data more precise 
(the previously obtained values of Pg range from 
0.18 to 0.5), the experiments on the fission of 
uranium by slow m mesons were repeated in this 
investigation. The value of Pg was calculated 
under several assumptions, and it has been dem- 
onstrated by comparison with electronically -per- 
formed experiments that the capture of 7 mes- 
ons by various atoms in a medium comprising 
gelatine + uranium obeys the Fermi-Teller Law. 

NIKFI-R emulsions 200 pw thick and impregnated 
with uranyl acetate were used in the experiments. 
The number of uranium nuclei introduced into the 
emulsions was determined by counting the alpha 
particles from the natural radioactivity of the 
uranium. The plates were irradiated in the slow 
™ -meson beam of the synchrocyclotron of the 
Joint Institute for Nuclear Research. The p’ - 
meson admixture was found to be 20%. Since Pr 
of uranium is very low for u~ mesons (0.07),4 
the fissions due to the »” mesons did not exceed 
3% of the total and were taken into account in the 
final result. The experimental data are listed in 
the table. 


Number of experiments 4 2 
Number of fissions 20 61 
Number of stopped 77- mesons 1445 9060 
Number of uranium nuclei per cm* of 1.8 - 1020 Arrow dOee 
emulsion 

Probability of cap- |nsater Tide AO 6334105 
ture of 7- mesons ) number of 
in uranium atoms yay) oO 5. Ol Ose 


0.45 + 0.11) 0.42 + 0.07 
number of 


Fission probability |“Z-law” 
atoms ~6 ~6 


The probability of uranium fission by m™ mes- 
ons was calculated on the following assumptions: 
1) the uranium is completely adsorbed in the gela- 
tine, as established experimentally by Lozhkin and 
Shamov;° 2) the probability of capture of the 1m 
meson by the various elements in the gelatine (with 
the exception of hydrogen) was calculated under two 
assumptions: a) the capture of m mesons is pro- 
portional to Z, and b) the capture of the m mes- 
on is proportional to the number of atoms of the 
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given element in the gelatine.!»? As can be seen 
from the table, in the former case Pf ~ 4 and in 
the latter case Ps ~ 6, which is impossible. This 
excludes the applicability of item b) to the gelatine 
+ uranium medium. 

To the contrary, the applicability of the Fermi- 
Teller “Z-law” to the gelatine + uranium medium 
can be corroborated by comparing P¢ for the fis- 
sion of uranium by 7 mesons and the fission of 
Th?22 by protons® (experiments with thorium were 
performed electronically). In either case, iso- 
topes of the same substance are first produced 
(Pa288 and Pa®33), In the fission of Th??? by pro- 
tons of energies from 10 to 340 Mev, Pr in- 
creases rapidly with energy and reaches a con- 
stant value, 0.45 + 0.07, at approximately 50 Mev. 
At equal excitation energies (noticeably higher 
than the fission-threshold energies), Pg is 
smaller for the isotopes with the larger mass 
number. Therefore Pr (Pa?%8) cannot be greater 
than 0.45. 

Nor can P¢ (Pa’**) be noticeably less than this 
quantity, as will now be shown. The mean excita- 
tion energy of uranium upon capture of slow 1 
mesons is 60 to 80 Mev. At such excitation ener- 
gies, fission of the nucleus is preceded by emis- 
sion of several neutrons. Upon emission of five 
neutrons, the nuclear excitation energy diminishes 
by the amount of the binding energy (~ 25 Mev) 
and the kinetic energy carried away by these neu- 
trons (~ 10 Mev).’ The result is the nucleus 
Pa?%3 (the same isotope as in the fission of thori- 


um by protons) with excitation energy 25 —45 Mev. 


It follows from the experiments on the fission of 
Th?” by protons that at such excitation energies 
0.35 < Ppp = 0.45. If Pg ~ 0.35, then by putting 
the probability of mt -meson capture by the vari- 
ous nuclei to be proportional to Z™, a value close 
to unity is obtained for n (n=1.25). 

Thus, the probability of m -meson capture in 
a gelatine + uranium medium (which is not a 
homogenous chemical compound) obeys more 
readily the “Z-law” than the proportionality to 
the number of atoms. This conclusion holds also 
for other types of mesons, since the capture of 
mesons on the atomic shells does not depend on 
the nuclear properties of the mesons. 

These results, in conjunction with earlier ex- 
periments,» indicate that the probability of me- 
son capture by various atoms in inhomogeneous 
media depends apparently on the structure of the 
medium. 
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lks reference 1, the differential cross sections for 
elastic n-p collisions, Opp ( 6), for Ep = 630 Mev 
and for the center-of-mass angular interval 160° 

<= 6 = 180° were used to determine the pion-nucleon 
coupling constant f? by the Chew method.” For this 
the measured cross sections Onp(@) were multi- 
plied by the quantity 


x? = (1 + p?/2k? + cos 6)? 
(u is the pion mass, k is the nucleon c.m.s. mo- 
mentum ) and the values obtained xonp( 6) by the 


method of least squares were approximated by a 
power series of the form 


x Gnp (0) = A+ B+ Cx? +... + dx, (1) 


According to present meson theory, the coeffi-_ 
cient A of this series can be directly expressed 
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by the constant f*. In order to approximate the 
experimental values xonp( 0) a series of trial 
functions was used, beginning from a linear depend- 
ence up to and including a fourth-power parabola. 
Using polynomials of higher order (m > 4) was not 
reasonable, since the number of points x onp( 6) 
was relatively small. The results of the calcula- 
tions showed that the best values of f* were 0.04 
and 0.085. However, the relatively low statistical 
accuracy and the small number of points on the 
curve Onp(@) in the angular interval mentioned 
above prevented choosing one of these two values 
of the constant. Here it also appeared that in all 
the remaining cases (excluding the linear depend- 
ence A+Bx) 0.04 < f* < 0.085. Averaging all the 
values of f* found gave f? = 0.06 + 0.02. 

The necessity of getting supplementary informa- 
tion to more accurately determine the constant f? 


led us to continue the measurements and to markedly 


increase the number of points on the curve Onp( 4) 
in the angular interval 160°< 6 = 180° (0° <9 <9°, 
gy is the recoil angle in the laboratory system). 
The measurements of the differential cross sec- 
tions for n-p collisions at 630 Mev were carried 
out by two methods: by the method of a ring scat- 
terer® and by an ordinary detector which records 
the recoil proton. 

The ring scatterer method, as is well known, 
has the advantage that for small angular resolu- 
tions a detector encompasses a relatively large 
solid angle. By this method, however, it is pos- 
sible to investigate only a limited angular region 
(2.5° =< @ =< 8°). An ordinary detector of proton 
recoil can function in the whole angular interval 
under investigation, but since in our case a small 
angular resolution (0.5°) and a high-energy thresh- 
old were required, after a short time it was impos- 
sible to carry through the experiment for the avail- 
able intensity of the neutron beam. In this way, 
these two methods supplemented one another. The 
differential cross sections were measured in rela- 
tive units. Their absolute values were found from 
the known differential cross section for elastic n-p 
scattering at gy = 8°, measured previously in ref- 
erence 1. 

As a result of the measurements the number 
of points on the curve dpp(@) in the angular inter- 
val 160° < 6 = 180° which were suitable for deter - 
mining the pion-nucleon coupling constant was in- 
creased to twice that of the preceding work (ten 
points were established ). 

The approximation to the experimentally obtained 
dependence of xonp( 6) by a power series of the 
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form (1) was carried out by the computing depart- 
ment of the Joint Institute for Nuclear Research. 
In this, by the method of least squares, curves for 
trial functions were fitted to the experimental 
points, the functions beginning with a linear de- 
pendence and ending with a fifth-order polynomial. 

As has been explained, a further increase in the 
number of terms of the series was not sensible, 
since the calculations showed that the coefficients 
for powers of x higher than the fifth had values 
small compared with the error, which exceeded 
100%. A series of the form A + Bx’, according to 
the criteria of reliability, seemed the best of the 
calculated trial series. The coefficient A gives 
there the value f? = 0.04 + 0.005 for the pion- 
nucleon coupling constant. 

Not long ago we received a letter from Morav- 
cesik, Cziffra, and Larsen at Berkeley, in which 
they kindly report that, using the data from elastic 
n-p scattering for E, = 630 Mev! which was com- 
municated earlier at the International Conference 
on High-Energy Physics (Kiev, 1959), they got a 
most probable value of f* = 0.04 + 0.015. Here, 
however, at variance with reference 1, they used 
the whole investigated region of scattering angles 
11° = 6 = 180°, just as they had for energies Ey 
= 90 and 400 Mev.* 

The result of the present work and, equally, the 
values of f? calculated by Cziffra and Moravesik* 
for values of Onp(9) at energies Ey = 90 and 400 
Mev show that, in determining f? from the scatter- 
ing of neutrons from protons by the method sug- 
gested by Chew, the constant f* takes on an evi- 
dently smaller value than the 0.08 obtained from 
experiments on pion-proton scattering. 

The authors take pleasure in expressing their 
gratitude to Yu. N. Simonov for his help in the 
work, to S. N. Sokolov and T. P. Kochkina for car- 
rying out necessary calculations and for examining 
the results of the work. 
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| N three-dimensional cascade theory, the functions, 


of angular and spatial distribution of particles are 
usually calculated under the assumption that the 
energy of the primary particle is infinitely large. 
However, the energy of the electrons and photons 
near the axis of the shower is comparable with the 
energy Ey of the primary particle, and therefore 
Ey cannot be assumed infinite. We give here a 
convenient approximate method of calculating 
these functions, which yields a sufficiently accu- 
rate account of the influence of the finite E,) on 
the form of the distribution function. Let, for ex- 
ample, Np (Eo; E, r, t)dr be the number of elec- 
trons with energy greater than E ata depth t and 
a distance r, r+dr from the shower axis, due to 
a primary particle with energy Ep). If we introduce 
x = Er/Eg, where Eg = 21 Mev, then when E, = © 
the function Np (Ep, E, r,t) can be represented 
in the form*! 


Weegee ty. b=], (xX a8) Np (EGE St) E2Ne 7 ah) 


where Np (Eo, E, t) is a function that describes 
the one-dimensional development of the shower. 
The function of lateral distribution fp (i348 )cis 
normalized as follows: 

\ fo (x, s)xdx = 1. 


0 


In one-dimensional cascade theory, the quanti- 
ties Ep, E, and t are related as follows 


—r,(s)t =y, (2) 


where s is the cascade parameter, y = In(E)/E), 
and A;(s) is a tabulated function. In three-dimen- 
sional theory for a finite value of Ey, the quantities 
Ey, E, X and t are related by 


—,(s)t=y+Inx, (3) 


which holds when 1 >x > E/E. It is seen from 
(3) that at a finite value of Ey) and a fixed depth t, 
the quantity x isa function of s, andas r de- 
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creases s increases, reaching a limiting value 

s =o when Xmin = E/E. If we let Ey approach 
infinity in (3), then the dependence x =x(s) be- 
comes weaker and weaker, and in the limit Ey) = © 
it disappears entirely. In this case the parameter 
s is constant for 0 <x < © and coincides with the 
parameter s of the one-dimensional theory. Tak- 
ing this into account, the function of lateral distri- 
bution of particles at a depth t in a shower, in- 
duced by a primary particle of energy Ey, can 

be represented in the form 


Nx (Boss En ASE US) 
Sf QRS IN» (Eq; ep SIE (4) 


where the dependence x(s) at constant Epo, E, 
and t is determined from (3), while t(s) is de- 
termined from (2). To calculate Np[ Ep, E, x(s), 
t(S)], we can use the functions fe (x, S) which 
were previously calculated” by the method of mo- 
ments. Actually, the moments @"9(E), E, s) and 
r (Ep, E, s) of the functions of angular and spa- 
tial distribution depend little on Ey if s is con- 
stant and E,/E>10, (reference 3). Consequently, 
one can assume approximately that at constant s 
the functions fEo (x, S) depend little on Ey) /E 
>10, ie., fho(x, s) ~ f(x, s). Therefore, if 
we determine the variation of x(s) from (3) at 
constant Ey, E, and t, we get 


Np (Eo, E, x(s), #(5)) 


Ze Fale SON a. (Eins Ei esse (Sa ace (5) 


We introduce the function of spatial distribution of 
electrons for a finite value of Ey, normalized to 
one particle: 


fp lBowieeyae) 

= Np (Eoy Ee 6), ts) EG N (Eyes Ge eto) 
We then obtain finally 
PACE GE, 13F°0) 


=lp (x,.8) Np (Ey, E, s; /Np (Een Bo set), (7) 


It is easy to calculate analogously the functions 
of spatial distribution of photons with energy greater 
than E, and also the corresponding distribution 
functions of particles with energies E >0, with 
allowance for ionization losses. The method used 
for the calculation can be applied to the calculation 
of angular -distribution functions. 

Let us obtain the lateral distribution function of 
electrons with energy greater than E for the case 
of equilibrium. In reference 4 it was shown that if 
the electrons and photons of energy Ey are gener- . 
ated over the entire thickness of the substance in 
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accordance with the law e-Ht6(E)-—E), then §, 
t and y are related by 
— 1 (s) [f= 1/04 (8) -wWl=y, (8) 


where yp is the coefficient of absorption of the 
component that generates the primary electrons 
or photons. The integral energy spectrum of the 
electrons has the form 


Np (Eo, E, t) = 2® exp [ys +4 @)t— In fy @) + a 
Te NG . ; 5) | ae Ss lm 
x Bae js, ees Calera | (9) 


[Ar (s) + FP 
It can be shown that in the case of continuous gen- 
eration in depth, the quantities s, t, y, and x in 
three-dimensional theory are related by 


— i (s)[¢— 1/04 


(s) + 4)J= y+ Inx. (10) 


We used the foregoing method to calculate the 
following functions: the laterial distribution func- 
tion of electrons and photons with energy greater 
than E (approximation A) at s = 0.4, 0.6, 0.8, 
1.0, 1.2, 1.4, and 1.6 for various values of the 
ratio E)/E = 10°, 104, 10°, 10? and 10; the func- 
tions of lateral distribution of electrons with en- 
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P RESENT experimental possibilities have allowed 
a rather close approach to a measurement of the 
cross section for scattering of a neutrino by an 
electron.! This process is a very important one 
for testing the theory of the universal weak inter- 
action. 

In the laboratory system, in which the electron 
is at rest, and for incident neutrino energy w, >m, 
the cross section for scattering of a neutrino by an 
electron is 


c, = (g?/3n) ma, (1) 


i.e., a linear function of a. 

There is another process, v+Z—~v+Z+t+e* 
+e, for which the laboratory system coincides 
with the center-of-mass system. On one hand, it 
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ergy E >0 (approximation B) for s = 0.6, 0.8, 
1.0, 1.2, 1.4, 1.6 and for values of the ratio E)/8 
= 10°, 104, 103, 10? and 10. We also calculated the 
equilibrium functions of angular and lateral distri- 
butions of electrons for several values of the pa- 
rameters. 


*The condition E, = ~ is used here only for calculating 
the function fr, s). 
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could be expected that the cross section for this 
process would be smaller than that for scattering, 
since it contains the factor (Ze? yes and the phase 
volume gives an additional numerical factor (avec. 
On the other hand, the phase volume is proportional 
to w%, since there are three particles in the final 
state. 

This process is described by two second-order 
diagrams. The calculation of the contributions of 
the two diagrams to the cross section leads to ex- 
tremely cumbersome formulas. We shall, how- 
ever, get the right order of magnitude for the total 
cross section if we confine ourselves to the con- 
tribution of one diagram. The differential cross 


section for the process then has the form 


F 16g? (Ze?)? dp_dp_dk» (Rik) 
do, = S AGE oes 
@1W2e_ ¢_ Ga 270). 9 ne aie 
. igs ie a Pay | 
x | 2545 == (5 Oo) ere is mea | 
% 6 (@; — O; — 2. —s_.), (2) 
where 
jf =ki—k.— p-, G = hy — ky— Paes 


Here ky, ky, p,, and p_ are four-vectors that 
refer respectively to the neutrino in its initial and 
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final states and to the positron and electron; w, 
Ws, €,, and €_ are the corresponding energies. 
For high energies of all the particles involved 
in the process the differential cross section do, 
has a sharp maximum near the direction of the 
momentum of the incident neutrino. All of the 
emerging particles are concentrated in a narrow 
cone around this direction, with angular aperture 
3 x m/w,. This follows from the fact that the de- 
nominator of the expression (2) contains the factor 


[@,@. (1 — cos 949) + aye, (1 — v, cos 94,) 


— Woe, (1 — 0, cos %2,)] 


(3; is the angle between the momenta of the i-th 
and k-th particles, and v, is the velocity of the 
positron), together with the fact that the effective 
recoil momentum of the nucleus is q ~ m. 

The reduction of the “effective” solid angle 
sharply lowers the degree of the energy depend- 
ence of the total cross section. Apart from terms 
of second order in m/w, the total cross section is 


a (In — B) : 


where a, B~ 1; 1<£8< 2. Comparison of Eqs. (1) 
and (3) shows that for Z/137 ~ ¥% the cross section 
0, becomes comparable with o, only for incident 
neutrino energy w, ~ 10 Mev. It is only at ener- 
gies higher than this that the process of production 


8g? (Ze?) wr 


3 (an om, (3) 


og = 


of an electron-positron pair may become observable. 


The writers express their gratitude to Ya. A. 
Smorodinskii for his interest in this work and for 
a discussion of the results. 
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Kee ape has shown! that a crystal of germanium 
or silicon, of the p type, in which there exists a 
strong field in the [100] direction ( “longitudinal” 
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direction), will have in any direction perpendicular 
to the [100] (“transverse directions”) a negative 
conductivity. The use of this negative conductivity 
for amplification and generation is precisely the 
idea of the new semiconductor instrument proposed | 
by Krémer, the NEMAG (negative effective mass 
amplifier and generator ). 

This device differs from diodes with negative 
conductivity (for example, tunnel or parametric ) 
in that its negative conductivity is specific. This 
circumstance leads to an unstable operating state 
of the device, as can be seen from the following | 
consideration. Assume that in a certain microvol- | 
ume, the thermal fluctuations of the hole concen- | 
trations result in an accumulation of a small posi- 
tive charge. Then the field produced by this charge © 
causes in the surrounding medium a current flow- 
ing not from the charge (as in the case of positive 
specific conductivity ) but to the charge (more ac- 
curately, to the [100] line, passing through the 
charge). The charge will start increasing expo- 
nentially with a time constant called the time of 
dielectric relaxation (tT =|¢€p| where ¢€ is the 
dielectric constant and p the negative specific 
resistivity of the semiconductor) and this process 
will slow down and cease only when a transverse 
field Et is produced strong enough to make the 
conductivity in it positive (a negative conductivity 
is observed only at sufficiently small transverse 
fields ). 

An analogous process leads to the formation of 
a negative charge (region where the concentration 
of the holes is less than the concentration of the 
charged impurity centers — acceptors), if the ini- 
tial fluctuation reduces the concentration of the 
holes compared with the equilibrium value. 

In the stationary state the charge is arranged 
around the [100] axis with a density that decreases 
with the distance from this axis. The state with 
negative conductivity (weak transverse field) is 
retained only in a thin cylinder about this axis, 
and the finite thickness of the cylinder is deter- 
mined only by the diffusion loss of holes, and 
amounts to a fraction of a micron (of the order 
or less than kT/eE;). Such cylinders are attracted 
to each other when their charges are of the same 
polarity, and are repelled when they are different, 
and consequently, as can be shown, the distances 
between the cylinders in the state of stable equi- 
librium are of the same order as or greater than 
the thickness of the crystal in the transverse di- 
rection. But this thickness is always much greater 
than the thickness of the cylinder and furthermore 
the lineary density of the charge in the cylinder 
is negligible (on the order of kT/2); therefore 
the contribution of the cylinders to the total con- 
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ductivity of the crystal is negligibly small. This 
conductivity will be determined essentially by the 
conductivity of the regions with strong transverse 
field (the region of the crystal outside the cylin- 
ders), i.e., it will be positive. 

It may turn out that the qualitative considera- 
tions given by us clearly refute the idea of using 
the negative effective mass for amplification and 
generation. This is not so, however. Let us con- 
sider the NEMAG to be a carrier-poor layer, pro- 
duced in a reverse-biased junction,* in which we 
introduce holes one by one at time intervals greater 
than the travel time of the holes. Clearly in such 
an instrument there will be no transverse field pro- 
duced and its action will obey in its entirety the 
Kromer theory. Naturally, in order for the device 
to have resistance, the hole need not be alone; one 
merely needs a sufficiently small number of holes. 
In terms of the phenomenological theory, this con- 
dition will be formulated as follows: the negative 
specific conductivity should be so small, and the 
length of the device in the longitudinal direction 
should be so short, that the time of the dielectric 
relaxation be greater than, or at least of the same 
order as the travel time of the carrier through the 
entire device. The point is that since the positive 
electrode producing the longitudinal field is an 
equipotential surface (the field is perpendicular 
to the surface), it causes the material to have a 

negative conductivity. The process of charge for- 
mation and the formation of the transverse field 
requires a finite time, equal to several times the 
dielectric relaxation time. But simultaneously 
with accumulation of charge, the charges are car- 
ried away by drift motion towards the negative 
electrode and leave the device. The meaning of 
the requirement formulated above is that the de- 
vice can have a negative conductivity only when 
the process of formation of the transverse field 
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has not yet a chance to be completed and the 
charges formed have already drifted out from the 
instrument. It is possible to obtain negative con- 
ductivity without limitations on the lengths of the 
structure by operating in the pulsed mode. 

Thus, although the possibility of using the nega- 
tive effective mass is not completely eliminated 
by the appearance of instability, it is considerably 
restricted, and the idea of the device loses a con- 
siderable portion of its attractiveness. Probably 
the NEMAG as an amplifier will be a highly noisy 
device (in contrast to what Kroémer predicts ), 
since the initial stage of the process of charge 
formation should be subject to very strong fluctu- 
ations. On the other hand, small negative conduc- 
tivities and short structures, which are required 
for continuous operation, necessitate a large value 
of RC (on the order of the time of flight) and a 
small thickness of the device. One should indicate 
that the device could be used as a noise generator. 

Although all the foregoing is in the nature of 
rough qualitative ideas, they indicate undoubtedly 
that the distribution of the charges and fields in 
this device, and also its properties, will be much 
more complicated than proposed by Krémer’s 
theory. 


*I.e., in the double charge layer of the donor and acceptor 
impurities, which are formed around the junction (Separation 
boundary) between the regions of the semiconductor with n 
and p conductivities, when a reverse voltage is applied to 
the semi-conductor: plus to the electron region and minus to 
the hole region. 
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physics, the physics of accelerators, and molecular physics. 


Twelve issues, approximately 2000 pages, $55 domestic, $59 
foretgn. Libraries* $25 domestic, $29 foreign. Single copies, $8. 


Soviet Physics—ACOUSTICS 


A translation, beginning with 1955 issues of *‘Akusti- 
cheskit Zhurnal”’ of the USSR Academy of Sciences. De- 
voted principally to physical acoustics but includes 
electro-, bio-, and psychoacoustics. Mathematical and 
experimental work with emphasis on pure research. 


Four issues, approximately s00 pages. $12 domestic, $14 
foreign. (No library discounts.) Single copies, $4. 


Soviet Physics -DOKLADY 


A translation, beginning with 1956 issues of the physics 
sections of ‘‘Doklady Akademii Nauk SSSR,”’ the pro- 
ceedings of the USSR Academy of Sciences. All-science 
journal offering four-page reports of recent research in 
physics and borderline subjects. 


Six issues, approximately 1500 pages. $35 domestic, $38 
foreign. Libraries* $15 domestic, $18 foreign. Single copies 
Vols. 1 and 2, $5; Vol. 3 and later issues, $7. 


Soviet Physics -CRYST ALLOGRAPHY 


A translation, beginning with 1957 issues of the journal 
‘Kristallografiya’’ of the USSR Academy of Sciences 
Experimental and theoretical papers on crystal structure, 
lattice theory, diffraction studies, and other topics of 
interest to crystallographers, mineralogists, and metal- 
lurgists. 


Six issues, approximately 1000 pages. $25 domestic, $27 
foreign. Libraries* $10 domestic, $12 foreign. Single copies, $5. 


SOVIET ASTRONOMY—ASJ 


A translation, beginning with 1957 issues of ‘‘Astro- 
nomicheskii Zhurnal’’ of the USSR Academy of Sciences. 
Covers various problems of interest to astronomers and 
astrophysicists including solar activity, stellar studies, 
spectroscopic investigations of radio astronomy. 


Six issues, approximately 1100 pages. $25 domestic, $27 
forezgn. Libraries* $10 domestic, $12 foreign. Single copies, $s. 


Soviet Physics -USPEKHI 


A translation, beginning with September, 1958, issue of 
“Uspekhi Fizicheskikh Nauk’’ of the USSR Academy of 
Sciences. Offers reviews of recent developments com- 
parable in scope and treatment to those carried in ‘‘Re- 
views of Modern Physics.’’ Also contains reports on 
scientific meetings within the Soviet Union, book re- 
views, and personalia. 


Six issues, approximately 1700 pages. (Contents limited to 
material from Soviet sources.) $45 domestic, $48 forezgn. 
Libraries* $20 domestic, $23 foreign. Single copies $9. 


*For libraries of nonprofit academic institutions. 
Subscription prices subject to annual variation, depending on size of Russian originals. 


Please send orders and inquiries to 


American Institute of Physics 
335 East 45 Street, New Yorkirg) Noe 
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